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We dedicate this second edition to our late master Jacques-Louis Lions.

Professor J.-L. Lions passed away in 2001; at the time this book was written he
was also the chief scientific advisor to the CEO at Dassault-aviation; our
gratitude goes to him for his renewed encouragement and support.
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PREFACE

The first edition of this book was written in 2001 when computers in industry
were hardly sufficient to optimize shapes for fluid problems. Since then com-
puters have increased twenty fold in power; consequently methods which were
not feasible have begun giving results, namely evolutionary algorithms, topolog-
ical optimization methods and level set algorithms. While these were mentioned
briefly in the first edition, here they now have separate chapters. Yet the book
remains mostly a differential shape optimization book and our coverage of these
three new methods is still minimal, each requiring in fact a separate book. To
our credit, it should also be said that genetic algorithms are not yet capable
of solving problems like wing optimization when the number of parameters is
bigger than a few dozen without intensive distributed resources; similarly topo-
logical optimization is great for structure optimization but only an interesting
alternative for fluid flows in most cases. Level sets, on the other hand, are more
general but simply another parameterization method; the optimization is done
with a gradient or Newton algorithm, so it is within the scope of the book.
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1

INTRODUCTION

Nowadays the art of computer simulation has reached some maturity; and even
for still unsolved problems engineers have learned to extract meaningful answers
and trends for their design from rough simulations: numerical simulation is one
of the tools on which intuition can rely! Yet for those who want to study trends
and sensitivities more rationally the tools of automatic differentiation and op-
timization are there. This book deals with them and their application to the
design of the systems of fluid mechanics. But brute force optimization is too
often an inefficient approach and so our goal is not only to recall some of the
tools but also to show how they can be used with some subtlety in an optimal
design program.

Optimal shape design (OSD) is now a necessity in several industries. In air-
plane design, because even a few percent of drag reduction means a lot, aerody-
namic optimization of 3D wings and even wing body configurations is routinely
done in the aeronautics industry. Applications to the car industry are well un-
derway especially for the optimization of structures to reduce weight but also
to improve vehicle aerodynamics. Optimization of pipes, heart valves, and even
MEMS and fluidic devices, is also done. In electromagnetism stealth objects and
antenna are optimized subject to aerodynamic constraints.

However, OSD is still a difficult and computer-intensive task. Several chal-
lenges remain. One is multi-objective design. In aeronautics, high lift configu-
rations are also challenging because the flow needs to be accurately solved and
turbulence modelling using DES or LES is still too heavy to be included in
the design loop, but also because shape optimization for unsteady flows is still
immature.

From a mathematical point of view, OSD is also difficult because even if the
problem is well posed success is not guaranteed. One should pay attention to the
computing complexity and use sub-optimal approaches whenever possible. As
we have said, demand is on multi-disciplinary and multi-criteria design and local
minima are often present; a good treatment of state constraints is also a numer-
ical challenge. Global optimization approaches based on a mix of deterministic
and nondeterministic methods, together with surface response model reduction,
is necessary to break complexity. Care should also be taken when noise is present
in the data and always consider robustness issues.

From a theoretical point of view, OSD problems can be studied as infinite
dimensional controls with state variables in partial differential equations and
constraints. The existence of a solution is guaranteed under mild hypothesis in
2D and under the flat cone property in 3D. Tikhonov regularization is easily
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done with penalization of the surface of the shape. In variational form results
translate without modifications to the discrete cases if discretized by the finite
element or finite volume methods. Gradient methods are efficient and convergent
even though it is always preferable to use second order methods when possible.
Geometric constraints can be handled at no cost but more complex constraints
involving the state variables are a real challenge. Multicriteria optimization and
Pareto optimality have not been solved in a satisfactory way by differentiable
optimization, either because the problems are too stiff and/or there are too
many local minima. Evolutionary algorithms offer an expensive alternative. The
black box aspect of this solution is a real asset in the industrial context. The
consensus seems to go to a mix of stochastic and deterministic approaches using
reduced order or surrogate models when possible. Topological optimization is a
very powerful tool for optimizing the coefficients of PDEs. It is ideal for structure
optimization where the answer can be a composite material or for low Reynolds
flows. However, it does not look to be a promising technique for high Reynolds
number flow.

Different choices can be made for the shape parameter space following the
variety of the shapes one would like to reach. If the topology of the target shape
is already known and if the available CAD parameter space is thought to be
suitable, it should be considered as a control parameter during optimization. On
the other hand, one might use a different parameter space, larger or smaller,
during optimization having in mind that the final shape should be expressed in
a usable CAD format. For some applications it is important to allow for variable
topology; then shape parameters can be, for instance, a relaxed characteristic
function (level set and immersed boundary approaches belong to this class). The
different parameter spaces should be seen as complementary for primary and
final stages of optimization. Indeed, the main advantage of a level set over a
CAD-based parameter space is in primary optimization where the topology of
the target shape is unknown and any a priori choice is hazardous.

An important issue in minimization is sensitivity evaluation. Gradients are
useful in multi-criteria optimization to discriminate between Pareto equilibrium
even when using gradient-free minimization algorithms. Sensitivities also permit
us to introduce robustness issues during optimization. Robustness is also central
in validation and verification as no simulation or design can be reliable if it is
too sensitive to small perturbations in the data.

For sensitivity evaluation when the parameter space is large the most effi-
cient approach is to use an adjoint variable with the difficulty that it requires
the development of specific software. Automatic differentiation brings some sim-
plification, but does not avoid the main difficulty of intermediate state storage,
even though check-pointing techniques bring some relief. The use of commercial
software without the source code is also a limitation for automatic differentia-
tion and differentiable optimization in general. Incomplete sensitivity formula-
tion and reduced order modelling are therefore preferred when possible to reduce
this computational complexity and also because these often bring some extra un-



Introduction 3

derstanding of the physics of the problem. These techniques are also useful for
minimization with surrogate models as mentioned above.

Another important issue is that the results may depend on the evolution of
the modelling. It is important to be able to provide information in an incremen-
tal way, following the evolution of the software. This means that we need the
sensitivity of the result with respect to the different independent variables for the
discrete form of the model and also that we need to be able to do that without
re-deriving the model from scratch. But again use of commercial software puts
serious limitations on what can be efficiently done and increases the need for
adaptive reduced order modelling.

Hence, any design should be seen as constrained optimization. Adding ro-
bustness issues implies most likely a change in the solution procedures. From a
practical point of view, it is clear that adding such requirements as those men-
tioned above will have a prohibitive cost, especially for multi-criteria and multi-
physics designs. But answers are needed and even an incomplete study, even a
posteriori, will require at least the sensitivity of the solution to perturbation of
independent variables.

As implied by the title, this book deals with shape optimization problems for
fluids with an emphasis on industrial application; it deals with the basic shape
optimization problems for the aerodynamics of airplanes and some fluid-structure
design problems. All these are of great practical importance in computational
fluid dynamics (CFD), not only for airplanes but also for cars, turbines, and
many other industrial applications. A new domain of application is also covered:
shape optimization for microfluidic devices.

Let us also warn the reader that the book is not a synthesis but rather a col-
lection of case studies; it builds on known material but it does not present this
material in a synthetic form, for several reasons, like clarity, page numbers, and
time. Furthermore a survey would be a formidable task, so huge is the literature.

So the book begins with a chapter on optimal shape design by local shape vari-
ations for simple linear problems, discretized by the finite element method. The
goal is to provide tools to do the same with the complex partial differential
equations of CFD. A general presentation of optimal shape design problems and
of their solution by gradient algorithms is given. In particular, the existence of
solutions, sensitivity analysis at the continuous and discrete levels are discussed,
and the implementation problems for each case are pointed out. This chapter
is therefore an introduction to the rest of the book. It summarizes the current
knowhow for OSD, except topological optimization, as well as global optimiza-
tion methods such as evolutionary algorithms.

In Chapter 3 the equations of fluid dynamics are recalled, together with the
k — € turbulence model, which is used later on for high Reynolds number flows
when the topology of the answer is not known. The fundamental equations of
fluid dynamics are recalled; this is because applied OSD for fluids requires a
good understanding of the state equation: Euler and Navier-Stokes equations in
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our case, with and without turbulence models together with the inviscid and/or
incompressible limits. We recall wall functions also later used for OSD as low
complexity models. By wall function we understand domain decomposition with
a reduced dimension model near the wall. In other words, there is no universal
wall function and when using a wall function, it needs to be compatible with the
model used far from the wall. Large eddy simulation is giving a new life to the
wall functions especially to simulate high-Reynolds external flows.

Chapter 4 deals with the numerical methods that will be used for the flow
solvers. As in most commercial and industrial packages, unstructured meshes
with automatic mesh generation and adaptation are used together with finite
volume or finite element discretization for these complex geometries. The itera-
tive solvers and the flux functions for upwinding are also presented here.

Then in Chapter 5 sensitivity analysis and automatic differentiation (AD)
are presented: first the theory, then an object oriented library for automatic dif-
ferentiation (AD) by operator overloading, and finally our experience with AD
systems using code generation operating in both direct and reverse modes. We
describe the different possibilities and through simple programs give a compre-
hensive survey of direct AD by operator overloading and for the reverse mode,
the adjoint code method.

Chapter 6 presents parameterization and geometrical issues. This is also one
of the key points for an efficient OSD platform. We describe different strategies
for shape deformation within and without (level set and CAD-Free) computer
aided design data structures during optimization. Mesh deformation and remesh-
ing are discussed there. We discuss the pros and the cons of injection/suction
boundary conditions equivalent to moving geometries when the motion is small.
Some strategies to couple mesh adaptation and the shape optimization loop are
presented. The aim is to obtain a multi-grid effect and improve convergence.

Chapter 7 gives a survey of optimization algorithms seen as discrete forms of
dynamical systems. The presentation is not intended to be exhaustive but rather
reflects our practical experience. Local and global optimizations are discussed. A
unified formulation is proposed for both deterministic and stochastic optimiza-
tions. This formulation is suitable for multi-physic problems where a coupling
between different models is necessary.

One important topic discussed in Chapter 8 is incomplete sensitivity. By
incomplete sensitivity we mean that during sensitivity evaluation only the de-
formation of the geometry is accounted for and the change of the state variable
due to the change of geometry is ignored. We give the class of functionals for
which this assumption can be made. Incomplete sensitivity calculations are il-
lustrated on several model problems. This gives the opportunity of introducing
low-complexity models for sensitivity analysis. We show by experience that the
accuracy is sufficient for quasi-Newton algorithms and also that the complexity
of the method is drastically reduced making possible real time sensitivity analysis
later used for unsteady applications.
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In Chapter 9 we put forward a general argument to support the use of ap-
proximate gradients within optimization loops integrated with mesh refinements,
although this does not justify all the procedures that are presented in Chapter 8.
We also prove that smoothers are essential. This part was done in collaboration
with E. Polak and N. Dicesare.

Then follows the presentation of some applications for stationary flows in
Chapter 10 and unsteady problems in chapter 11. We gather in Chapter 10
examples of shape optimization in two and three space dimensions using the
tools presented above for both inviscid and viscous turbulent cases. Chapter
11 presents applications of our shape optimization algorithms to cases where
the flow is unsteady for rigid and elastic bodies and shows that control and
OSD problems are particular cases of a general approach. Closed loop control
algorithms are presented together with an analogy with dynamical systems.

Chapter 12 gathers the application of the ingredients above to the design of
microfluidic devices. This is a new growing field. Most of what was made for
aeronautics can be applied to these fluids at nearly zero Reynolds and Mach
numbers.

The book closes with Chapter 13 on topological shape optimization described
in simple situations.

The selection of this material corresponds to what we think to be a good
compromise between complexity and accuracy for the numerical simulation of
nonlinear industrial problems, keeping in mind practical aspects at each level of
the development, illustrating our proposal, with many practical examples which
we have gathered during several industrial cooperations. In particular, the con-
cepts are explained more intuitively than with complete mathematical rigor.
Thus this book should be important for whoever wishes to solve a practical OSD
problem. In addition to the classical mathematical approach, the application
of some modern techniques such as automatic differentiation and unstructured
mesh adaptation to OSD are presented, and multi-model configurations and some
time-dependent shape optimization problems are discussed.

The book has been influenced by the reactions of students who have been
taught this material at the Masters level at the Universities of Paris and Montpel-
lier. We think that what follows will be particularly useful for engineers interested
in the implementation and solution of optimization problems using commercial
packages, or in-house solvers, graduate and PhD students in applied mathe-
matics, aerospace, or mechanical engineering needing, during their training and
research, to understand and solve design problems, and research scientists in ap-
plied mathematics, fluid dynamics, and CFD looking for new exciting research
and development areas involving realistic applications.
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OPTIMAL SHAPE DESIGN

2.1 Introduction

In mathematical terms, an optimal shape design (OSD) requires the optimization
of one or several criteria {E;(z)}{ which depend on design parameters z € X
which define the shape of the system within an admissible set of values X.

Multi-criteria optimization is a difficult field in itself of which we shall retain
only the min-max idea:

mi)r(l{J(z) D Ei(x) < J@), i=1,...,I}.

xTE

By definition a Pareto optimum x € X is such that there is no y € X such that
Ei(y) < Ei(x) for all i € I. For convex functionals E; and convex X, it can be
shown that a Pareto point also solves

For some suitable values of «; € (0,1), both problems are related and solve in
some intuitive sense the multi-criteria problem. Differentiable optimization and
control theory is easily applied to these derived single criteria problems.

Optimal control for distributed systems [35] is a branch of optimization for
problems which involve a parameter or control variable u, a state variable y, and
a partial differential equation (PDE) A (with boundary conditions b), to define
y in a domain Q:

min{J(u,y) : A(z,y,u) =0 Ve Q, blz,y,u) =0 Va € 9N}.
u,y
For example,

min{/(y—1)2 . —Ay=0 Vzeq, y|aQ:u}, (2.1)
Q

u,y

attempts to find a boundary condition u for which y would be as close to the
value 1 as possible.

For (2.1) there is a trivial unique solution © = 1 because y = 1 is a solution
to the Laplace equation.
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Optimal shape design is a special case of control theory where the control is
the boundary 0 itself. For example, if D is given, consider

. 2 . _ _
i { =175 —ar=g. sl =0}, (22)
When g = —9.81 this problem has a physical meaning [51]; it attempts to answer
the following: is it possible to build a support for a membrane bent by its own
weight which would bring its deflection as close to 1 as possible in a region of
space D?

The intuitive answer is that y = 1 in D is impossible unless ¢ = 0 and
indeed it is incompatible with the PDE as —A1 =0 3# ¢g. If g = 0 then y = 0
everywhere and so the objective function is always equal to the area of D for
any {2 containing D : every shape is a solution.

Thus uniqueness of the solution can be a problem even in simple cases.

In smooth situations, the PDE can be viewed as an implicit map u — Q(u) —
y(u) where u — Q(u) is the parameterization of the domain by a (control)
parameter v and the problem is to minimize the function J(u,y(u)). If it is
continuously differentiable in u, then the algorithms of differentiable optimization
can be used (see [49] for instance) and so it remains only to explain how to
compute J,,.

Analytic computation of derivatives for OSD problems is possible both for
continuous and discretized problems. It may be tedious but it is usually possible.
When it is difficult one may turn to automatic differentiation (AD), but then
other difficulties pop up and so it is a good idea to understand the theory even
when using AD.

Therefore we begin this chapter by giving simple examples of OSD problems.
Then we recall some theorems on the existence of solutions and give, for sim-
ple cases, a method to derive optimality conditions. Finally, we show the same
on OSD problems discretized by the finite element method of degree one on
triangulations. More details can be found in [11,25-27,33,36,45,42,44,47).

2.2 Examples
2.2.1  Minimum weight of structures

In 2D linear elasticity, for a structure clamped on I = 952, and subject to volume
forces F', the horizontal displacement u = (u1,ug) € V is found by solving:

/ Tij(u)eij(v) = / Fv YweVo={ue H(Q)?: u|r=0}
Q Q

1
where ¢;;(u) = 5(811@' + 0ju;), and

T11 2M+ A A 0 €11
T22 A 2u+X0 €99
T12 0 0 2,[1, €12
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and where A\, u are the Lamé coefficients.

Many important problems of design arise when one wants to find the structure
with minimum weight yet satisfying some inequality constraints for the stress
such as in the design of light weight beams for strengthening airplane floors, or
for crankshaft weight optimization.

For all these problems the criterion for optimization is the weight

J(Q) = /Q pla)da,

where p(x) is the density of the material at = € Q. But there are constraints of
the type

7(2) - d() < Tamax;

at some points = and for some directions d(x).

Indeed, a wing, for instance, needs to have a different response to stress span-
wise and chord-wise. Moreover, due to coupling between physical phenomena,
the surface stresses come in part from fluid forces acting on the wing. This
implies many additional constraints on the aerodynamic (drag, lift, moment)
and structural (Lamé coefficients) characteristics of the wing. Therefore, the
Lamé equations of the structure must be coupled with the equations for the fluid
(fluid structure interactions). This is why most optimization problems nowadays
require the solution of several state equations, fluid and structure in this example.

2.2.2  Wing drag optimization

An important industrial problem is the optimization of the shape of a wing to
reduce the drag. The drag is the reaction of the flow on the wing; its component
in the direction of flight is the drag proper and the rest is the lift. A few percent
of drag optimization means a great saving on commercial airplanes.

For viscous drag the Navier-Stokes equations must be used. For wave drag
the Euler system is sufficient.

For a wing S moving at constant speed u., the force acting on the wing is

2
F:/ [u(Vu—&-VuT) — —uV.u} n—/pn,
s 3 5

where n is the normal to S pointing outside the domain occupied by the fluid.
The first integral is a viscous force, the so-called viscous drag/lift, and the
second is called the wave drag/lift. In a frame attached to the wing, and with
uniform flow at infinity, the drag is the component of F' parallel to the velocity
at infinity (i.e. F.us). The viscosity of the fluid is x4 and p is its pressure.
The Navier-Stokes equations govern u the fluid velocity, 6 the temperature,
p the density and E the energy:
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Op + V.(pu) =0,
Oc(pu) + V.(pu ® u) + Vp — pAu — %uV(V.u) =0,
O[pE]l + V - [upE] + V - (pu)
=V - {kVO0+ [u(Vu + Vu') - ;u)IV -uu},

2
where F = % +6 and p=(y—1)pb.

The Euler equations are obtained by letting x = p = 0 in the Navier-Stokes
equations.
The problem is to minimize

J(S) = Ftioo,

with respect to the shape of S.

There are several constraints: a geometrical constraint such as the volume
being greater than a given value, else the solution will be a point; and, an aero-
dynamic constraint: the lift must be greater than a given value or the wing will
not fly.

The problem is difficult because it involves the Navier-Stokes equations at
high Reynolds number. It can be simplified by considering only the wave drag,
i.e. the pressure term only in the definition of F' [32]. Then the viscous terms
can be dropped in the Navier-Stokes equations (¢ = x = 0); Euler’s equations
remain.

However, there may be side effects to such simplifications. In transonic re-
gimes, for instance, the “shock” position for a Navier-Stokes flow is upstream
compared to an inviscid (Euler) simulation at the same Mach number. Figures
2.1 and 2.3 display the results of two optimizations using Euler equations and
a Navier-Stokes equations with k& — ¢ turbulence modeling for a NACA 0012 at
Mach number of 0.75 and 2° of incidence. One aims at reducing the drag at given
lift and volume.

Simplifying the state equation Assuming irrotational flow an even greater sim-
plification replaces the Euler equations by the compressible potential equation:

u=Ve, p=Q1-|Ve )0V p=p, V.(pu)=0,
or even, if at low Mach number, by the incompressible potential flow equation:

u=Vep, —Ap=0. (2.3)
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‘Initial inviscid’ —
1.5¢ ‘Initial viscous turbulent’ -

‘Optimized inviscid’ -~
‘Optimized viscous turbulent’ -
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Fic. 2.1. Transonic drag reduction. Pressure coefficient.

The pressure is given by the Bernoulli law p = pyo¢ — 3u? and so only an

optimization of the lift would be :

2
minf/ f (u_) n-uk subject to (2.3) and
s

SeaG
% — . %| =0
on r-s = Uso " M, anS_ ,

for some admissible set of shapes G and some local criteria f.

Multi-point optimization Engineering constraints on admissible shapes are nu-
merous: minimal thickness, given length, maximum admissible radius of curva-
ture, minimal angle at the trailing edge.

Another problem arises due to instability of optimal shapes with respect to
data. It has been seen that the leading edge at the optimum is a wedge. Thus if
the incidence angle for u, is changed the solution becomes bad. A multi-point
functional must be used in the optimization:

msinJ(S) = Z%‘Uéo -F' or min{J : v’ -F'<J Vi},
at given lifts where the F* are computed from the Navier-Stokes equations with
boundary conditions u = u’_, u|s = 0.

[}
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Initial and final shapes
0.08 . . .

‘Initial” —
‘Optimized with inviscid state’ -

0.06

0.04

0.02

—0.02

—0.04

—0.06

X/Chord

Fic. 2.2. Transonic drag reduction. Initial and final shapes for inviscid and
viscous optimizations. The differences between the two shapes increase with
the deviation between the shock positions.

2.2.3  Synthetic jets and riblets

The solution to a time dependent optimization problem is time dependent. But
for wings this would give a deformable shape, with motion at the time scale
of the turbulence in (2.3). As this is computationally unreachable, suboptimal
solutions may be sought.

One direction is to replace moving surfaces by mean surfaces which can
breathe. For instance, consider a surface with tiny holes each connected to a
rubber reservoir activated by an electronic device capable therefore of blowing
and sucking air so long as the net flow is zero over a period. The reservoir may be
ignored and the mean surface may be considered with transpiration conditions

[22,38,41].

In the class of time-independent shapes with time-dependent flows it is not
even clear that the solution is smooth. In [22], the authors showed that riblets,
little groves in the direction of the flow, actually reduce the drag by a few percent.
The simulation was done with a large eddy simulation (LES) model for the
turbulence and at the time of writing this book shape optimization with LES
is beyond our computational power. But this is certainly an important research
area for the future.
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Convergence history for |dJ/dx|
0.012 - - . :

‘ ‘Optimization with viscous turbulent state’ ——
0.01 ‘Optimization with inviscid state’ ------- i

0.008

0.006

0.004

0.002

O 1 1 1 1 i
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Dynamic optimization iterations with incomplete sensitivities
FiG. 2.3. Transonic drag reduction. Convergence histories for the gradients us-
ing inviscid and viscous flows. The convergence seems to be more regular the
viscous flows: with a robust solver for the turbulence model, optimization is

actually easier than with the Euler equations. Of course, the CPU time is
larger because the viscous case requires a finer mesh.

2.2.4  Stealth wings

Mazwell equations The optimization of the far-field energy of a radar wave
reflected by an airplane in flight requires the solution of Maxwell’s equations for
the electric field E and the magnetic field H:

E+VxH=0, V.E=0, uo,H-VxE=0, V.H=0.

The electric and magnetic coefficients €, 1 are constant in air but not so in an
absorbing medium. One variable, H for instance, can be eliminated by differen-
tiating the first equation with respect to ¢:

1
e@ttE—i—V X (;V X E) = 0.

It is easy to see that V.E = 0 if it is zero at the initial time.

Helmholtz equation Now if the geometry is cylindrical with axis z and if
E = (0,0,E.)T then the equation becomes a scalar wave equation for E.,.
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Furthermore, if the boundary conditions are periodic in time at infinity, £, =
Revoce™? and compatible with the initial conditions then the solution has the
form E, = R.v(z)e’™! where v, the amplitude of the wave E, of frequency w, is
the solution of:

1
V(-=Vv) +w?ev = 0. (2.4)
w

Notice the incorrect sign for the ellipticity in the Helmholtz equation (2.4). This
equation also arises in acoustics. In vacuum pe = c?, ¢ the speed of light, so
for numerical purposes it is a good idea to re-scale the equation. The critical
parameter is then the number of waves on the object, i.e. we/(27L) where L is
the size of the object.

Boundary conditions The reflected signal on solid boundaries S satisfies
v=0 or d,v=0 on S,

depending on the type of waves (transverse magnetic polarization requires Dirich-
let conditions).

When there is no scattering object this Helmholtz equation has a simple
sinusoidal set of solutions which we call vo:

Voo(x) = acsin(k - ) + S cos(k - x),

where k is any vector of modulus |k| = we. Radar waves are more complex, but
by Fourier decomposition they can be viewed as a linear combination of such
simple unidirectional waves.

Now if such a wave is sent onto an object, it is reflected by it and the signal
at infinity is the sum of the original and the reflected waves. So it is better to
set an equation for the reflected wave only u = v — V.

A good boundary condition for  is difficult to set; one possibility is

Optt + iau = 0.

Indeed, when u = €% 9, u+iau = i(d-n+a)u, so that this boundary condition

is transparent to waves of direction d when a = —d - n. If we want this boundary

condition to let all outgoing waves pass the boundary, we will set a = —ik - n.
To summarize, we set, for u, the system in the complex plane:

& (qu> +w?u =0, inQ,
1
Opu—ik-nu=0 on I'y,

u=g=—e*" on S,

where 0€) = S UT'. It can be shown that the solution exists and is unique.
Notice that the variables have been rescaled, w is we, p is pu/pvacuum-
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Usually the criterion for optimization is a minimum amplitude for the re-
flected signal in a region of space D at infinity (hence D is an angular sector).
For instance, one can consider

min / |Vul? subject to (2.5)
SeO TooND

1
wiu+ V- (;VU) =0, uls=g, (—=ik-nu+dyu)lr, =0.

In practice p is different from 1 only in a region very close to S so as to model
the absorbing paint that most stealth airplanes have.

But constraints are aerodynamic as well, lift above a given lower limit for
instance, and thus require the solution of the fluid part as well.

The design variables are the shape of the wing, the thickness of the paint,
the material characteristics (e, 1) of the paint.

Here, again, the theoretical complexity of the problem can be appreciated
from the following question: would riblets on the wing, of the size of the radar
wave, improve the design?

Homogenization can answer the question [1,6,7]; it shows that an oscillatory
design is indeed better. Furthermore, periodic surface irregularities are equiva-
lent, in the far field, to new effective boundary conditions:

u =0 on an oscillatory S€ can be replaced by

au+ Opu =0 on amean S,

for some suitable a [2].

If that is so then the optimization can be done with respect to a only. But
optimization with respect to the parameters of the PDE is known to generate
oscillations [55]; this topic is known as topological optimization (see below).

Optimization with respect to u also gives rise to complex composite structure
design problems.

So an aerodynamic constraint on the lift has been added. The flow is assumed
inviscid and irrotational and computed by a stream function ¥:

2
u:wa,p:pref—%, Ay =0in Q,

sls=0 vl = (Gog)
where u, p are the velocity and pressure in the flow, S is the wing profile, 6 its
angle of incidence, and n its normal. The constant § is adjusted so that the
pressure is continuous at the trailing edge [48].
The lift being proportional to 3 we impose the constraint § > Gy the lift
of the NACAO0012 airfoil. The result after optimization is shown in Fig. 2.4.
Without constraint the solution is very unaerodynamic.
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Fia. 2.4. Stealth wing. Optimization without and with aerodynamic constraint.
(Courtesy of A. Baron, with permission.)

2.2.5 Optimal breakwater

Here the problem is to build a calm harbor by designing an optimal breakwater
[12,30,31]. As a first approximation, the amplitude of sea waves satisfies the

Helmholtz equation
V- (uVu) 4+ eu =0, (2.6)

where p is a function of the water depth and e is function of the wave speed.
With approximate reflection and damping whenever the waves die out on the
coast or collide on a breakwater S which is surrounded by rocks, we have

Opt+au=0 on S. (2.7)

for some appropriate a.
At infinity a non-reflecting boundary condition must be used, for instance

On (U — Uoo) + 9a(U — Uso) = 0. (2.8)

The problem is to find the best S with given length and curvature constraints
so that the waves have minimum amplitude in a given harbor D:

min/ |u|? : subject to (2.6), (2.7), (2.8). (2.9)
2 Jp
To illustrate the chapter we show the results of the theory on an example.

We seek the best breakwater to protect a harbor of size L from uniformly
sinusoidal waves at infinity of wave length A x L and direction «.. The amplitude of
the wave is given by the Helmholtz equation (2.6). The real part of the amplitude
is shown in Fig. 2.5 before optimization (a straight dyke) and after optimization.
Constraints on the length of the dyke and on its monotonicity have been imposed.



16 Optimal shape design

>
(

&

R

®0V a0
@G
QOO
IS PNE PR T =l i A a W

L
@

";::_‘\

QE
5 @cff

F1G. 2.5. Breakwater optimization. The aim is to get a calm harbor. (Courtesy
of A. Baron, with permission.)

2.2.6 Two academic test cases: mozzle optimization

For clarity we will explain the theory on a simple optimization problem for
incompressible irrotational inviscid flows. The problem is to design a nozzle so
as to reach a desired state of velocity ug in a region of space D. Incompressible
irrotational flow can be modeled with a potential function ¢ in which case the
problem is

min/ Vo —ug> : —Ap=0 in Q, d,ploa =09, (2.10)
o9 Jp
or with a stream function in 2D, in which case we must solve
Ig}zn/ |Vp —vg? @ =AY =0 inQ, 9¥[sq = Yr. (2.11)
D

In both problems one seeks a shape which produces the closest velocity to ug in
the region D of €. In the second formulation the velocity of the flow is given by:

(821/)7 _81#})1’7 S0 Vg = (Udg, _u’dl)T
The difference between the two problems is in the boundary condition, Neumann
in the first case and Dirichlet in the second.
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Application to wind tunnel or nozzle design for potential flow is obvious but
it is academic because these are usually used with compressible flows.

2.3 Existence of solutions
2.3.1 Topological optimization
In a seminal paper, Tartar [55] showed that the solution u™ of a PDE like

L(a™u:=u—V-(a"Vu) = f, ue H}Q),

may not converge to the solution of £L(a*)u = f when lim,,_,o a™ = ¢*. In many
cases the limit u* would be solution of

u—V-(AVu) = f, ue€ H}Q),

where A is a matrix. Homogenization theory [14] gives tools to find A. X
The same phenomena can be observed with domains Q™. Indeed, let Q2 be

a reference domain and consider the set of domains T'(€2) where the mapping
T : R* — R? has bounded first derivatives. Further, assume that for some
domain D: T(xz) = Vx € D. Define

O={TQ) : TR -RY TeWL(R) T(D)=D}.
Recall that
/ VyVzdr = / Vy T 7'V 2 det T'di.
Q Q

Therefore, problem (2.2) for instance, is also

. NN294 .
gnelg/D(y 1)2dz - (2.12)
/Q[Vy T TV — g2 det Tdd = 0 Vz € HL (D). (2.13)

When (2.12) is solved by an optimization algorithm a minimizing sequence T"
is generated, but the limit of 7™ may not be an element of 0. This happens,
for instance, if the boundary of Q™ oscillates with finer and finer oscillations of
finite amplitude or if 2 has more and more holes.

Topological optimization [3-5,13] studies the equations of elasticity (and oth-
ers) in media made of two materials or made of material with holes. It shows that
a material with infinitely many small holes may have variable Lamé coefficients
in the limit for instance.

Consequently if oscillations occur in the numerical solution of (2.12) it may be
because it has no solution or because the numerical method does not converge;
then one should include more constraints on the admissible domains to avoid
oscillations and holes (bounded radius of curvature for instance) or solve the
relaxed problem V- (AVz) = 0. In this book we will not study relaxed problems
but we will study the constraints, and/or Tikhonov regularizations, which can
be added to produce a well-posed problem.
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2.3.2  Sufficient conditions for existence

For simplicity we translate the non-homogeneous boundary conditions of the
academic example (2.11) above into a right-hand side in the PDE (f = Ar).
So denote by ¥(£2) the solution of

~AY=f in Q Ylog=0.

Assume that ug € L3(Q), f € H1(Q). Let O D D be two given closed
bounded sets in R%, d = 2 or 3 and consider

. 7 B 2
min () = [ [99(0) i
with

O={QcR!:0>0>D, |9 =1},

where || denotes the area in 2D and the volume in 3D.

In [21], it is shown that there exists a solution provided that the class O is
restricted to €2’s which are locally on one side of their boundaries, and satisfy
the Cone Property, i.e. that D.(z,d), the intersection with the sphere of radius
€ and center x of the cone of vertex x direction d and angle € is such that:

Cone property: There exists € such that for every x € 02 there exists d
such that Q@ O D¢(z,d).

These two conditions imply that the boundary cannot oscillate too much.

In 2D an important result of existence has been obtained by Sverak [53] under
very mild constraints.

Theorem 2.1 Let O = O be the set of open sets ) containing D and included
in O, possibly with a constraint on the area such as |2 > 1, and which have less
than N connected components. The problem

rginJ(Q):/ V() —wal® : —AP(Q) = f in Q, $(Q)]aq =0
N D

has a solution.

In other words, two things can happen to minimizing sequences. Either ac-
cumulation points are solutions, or the number of holes in the domain tends to
infinity (and their size to zero).

This result is false in 3D as it is possible to make shapes with spikes such that
a 2D cut will look like a surface with holes and yet the 3D surface remains singly
connected. An extension of the same idea can be found in [18] with the flat cone
hypothesis: If the boundary of the domain has the flat cone insertion property
(each boundary point is the vertex of a fized size 2D truncated cone which fits
inside the domain) then the problem has at least one solution.



Solution by optimization methods 19

2.4 Solution by optimization methods

Throughout this section we will assume that the cost functions of the opti-
mization problems are continuously differentiable: let V' be a Banach space and
v eV — J(v) € R. Then J/(v) is a linear operator from V' to R such that

J(v+ év) = J(v) + Jy(v)dv + of||6v]]).
2.4.1 Gradient methods
At the basis of gradient methods is the Taylor expansion for
J(v+ dw) = J(v) + MGrad, J,w) + o(A||w|]), Yv,w eV, YAeR, (2.14)

where V is now a Hilbert space with scalar product (-,-) and Grad,J is the
element of V' given by the Ritz theorem and defined by

(Grad,J,w) = JJw, Yw e V.
By taking w = —pGrad,J(v) in (2.14), with 0 < p << 1 we find:
J(v+w) = J(v) = —p||GradyJ (v)[|* + o(p]| Grad,, J (v)]])-

Hence if p is small enough the first term on the right-hand side will dominate
the remainder and the sum will be negative:

plGrad, JW)[? > o(pl|Grad, J)) = J(v+w) < J(v).
Thus the sequence defined by :
V"t =" — pGrad, J(v), n=0,1,2,... (2.15)
makes J(v™) monotone decreasing. We have the following result:

Theorem 2.2 If J is continuously differentiable, bounded from below, and +oo
at infinity, then all accumulation points v* of v™, generated by (2.15) satisfy

Grad,J(v*) = 0.

This is the so-called optimality condition of order 1 of the problem. If J is convex
then it implies that v* is a minimum; if J is strictly convex the minimum is
unique.

By taking the best p in the direction of descent w™ = —Grad, J(v"),

p" = argmin, J(v" + pw™), meaning that
J" + p"w") = min J(v" + pw™).
P

We obtain the so-called method of steepest descent with optimal step size.

We have to remark, however, that minimizing a one parameter function is
not all that simple. The exact minimum cannot be found in general, except
for polynomial functions J. So in the general case, several evaluations of J are
required for the quest of an approximate minimum only.

A closer look at the convergence proof of the method [49] shows that it is
enough to find p™ with the gradient method with Armijo rule:
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e Choose W’,0<a<fg<1;

e Looponn
* Compute w = —Grad, J(v™),
* Find p such that

—pBllw|* < J(@" + pw) = J(v") < —pa|wl]?,

* Set vt =™ + pw,
e end loop

An approximate Armijo rule takes only one line of slope a||w]||? and first finds
the largest p of the form p = po2** which gives a decrement for J below the line
for p and above the line for 2p:

Choose pyp > 0, a € (0,1) and find p = pp2*¥ where k is the smallest signed
integer (k can be negative) such that

J(" 4 pw) — J(v") < —palw|?® and - 2palw|® < J(™ 4 2pw) — J(v™).

A good choice is p° = 1, a = 1/2. Another way is to compute p}, p¥ iteratively

from an initial guess p and p§ = p, p = 2p by pI'™ = (p} + pi)/2 or pitt = p?

K2
(i = 1,2) such that pJ " produces an increment below the line and p5** above

it.

2.4.2 Newton methods

The method of Newton with optimal step size applied to the minimization of J
is

w solution of J!! w = —Grad, J(v"),
,Un+1 =" +pnwn7

with p" = argmin J(v" + pw).
P

Near to the solution it can be shown that p™ — 1 so that it is also the root-finding
Newton method applied to the optimality condition

Grad,J(v) = 0.

It is quadratically convergent but it is expensive and usually J” is difficult to
compute, so a quasi-Newton method, where an approximation of J” is used,
may be preferred. For instance, an approximation to the exact direction w can
be found by:

Choose 0 < e € 1, compute an approximate solution w of
1

—(Grad, J (v" + ew) — Grad, J(v")) = —Grad,J (v").

€
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2.4.3 Constraints

The simplest method (but not the most efficient) to deal with constraints is by
penalty. Consider the following minimization problem in z € R™ under equality
and inequality constraints on the control z and state wu:

min J(z,u(z)) :  with A(z,u(x)) =0, and also subject to
B(z,u(z)) <0, C(z,u(z)) =0, Tmin < < Tmax- (2.16)
Here A is the state equation and B and C' are vector-valued constraints on x

and u while the last inequalities are box constraints on the control only.
The problem can be approximated by penalty

min  {E(x) = J(z,u(2)) + BBT]* +1|C]* : Az, u(z)) = 0},

Tmin <T<Tmax

where [ and v are penalty parameters, which, it must be stressed, are usually
difficult to choose in practice because the theory requires that they tend to
infinity but the conditioning of the problem deteriorates when they are large.

Calculus of variation gives the change in the cost function due to a change
x—x+dx:

E(x + 6x) — E(x) ~ (J, + 28B% B, 4+ 2yC'C")sx
+(J. +28BT B, 4+ 24C'C.,.C)éu,

where ~ stands for equality up to higher order terms. But,
Alu+Alse ~0 = du~—A, Az
So, we find that by defining p by
A p = Grad,J + 28Grad, BB" + 2vGrad,C C.
We have

(J, +28BY Bl +2yC'Cl)ou = 6u. A p = Al su.p = —pT Al sz,
E, =J.+28B" B, +2yCC. —pTA..

At each iteration of the gradient method, the new prediction is kept inside this
box by projection :

U R p(Grad,J + 23Grad, BB™ + 2yGrad,CC — Grad, Ap),

n+1

T = min(max(m”Jr% » Tmin), Tmax )

where the min and max and applied on each component of the vectors.
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2.4.4 A constrained optimization algorithm

The following constraint optimization algorithm [29] has been fairly efficient on
shape optimization problems [12,23,34]. It is a quasi-Newton method applied to
the Lagrangian. Consider

min{J(z) : B(z) < 0}.
It has for (Kuhn-Tucker) optimality conditions:

J'(z) + B'(z).)A =0,
B(z)A=0 B(z)<0 X>0.

Apply a Newton step to the equalities:

J// +BN.>\ B/T xn+1 " . Jl + B/)\n N 7(]/
B\ B AL\ ) B.A" “ \—p(\".e)e)’
where e = (1,1,...,1)T because B;(z") < 0, A; > 0 implies 0 > > Bli(a").\;

which is crudely approximated by —p ) A; for some p > 0.
Notice that it is an interior algorithm: (B(z™) < 0 for all n).

2.5 Sensitivity analysis

In functional spaces, as in finite dimension, gradient and Newton methods require
the gradient of the cost function J and for this we need to define an underlying
Hilbert structure for the parameter space, the shapes. Several ways have been
proposed:

Assume that all admissible shapes are obtained by mapping on a reference
domain Q: Q = T(€). Then the parameter is T : R* — R%. A possible Hilbert
space for T is the Sobolev space of order m and it seems that m = 2 is a good
choice because it is close to W1 (see [39]).

For practical purposes it is not so much the Hilbert structure of the space
of shapes which is important, but the Hilbert structure for the tangent plane
of the parameter space, meaning by this that the scalar product is needed only
for small variations of 9). So one works with local variations defined around a
reference boundary ¥ by

INa) ={z+ a(z)ns(x) : z € X},

where ny is the outer normal to X at = and €2 is the domain which is on the left
side of the oriented boundary I'(«). Then the Hilbert structure is placed on «,
for instance o € H™(X).

Similarly with the mappings to a reference domain it is possible to work with
a local (tangent) variation ¢V (x) and set

QV)={z+tV(z) : z€Q} tsmall and constant, (2.17)

where tV (z) is the infinitesimal domain displacement at .
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One can also define the shape as the zero of a level set function ¢:
Q={z : o(x) <O}

Then the unknown is ¢ for which there is a natural Hilbert structure, for instance
in 2D, the Sobolev space H? because the continuity of ¢ is needed (see Fig. 2.6).

=

Fia. 2.6. Finding the right shape to enter the atmosphere using the character-
istic function of the body (see Chapter 6 for shape parameterization issues).
The final shape does not have the same regularity at the leading and trailing
edges as the initial guess.

Another way is to extend the operators by zero inside S and take the char-
acteristic function of €2, x, for unknown

min /D W= e : — V-V =0, $(1—x) =0, Ylon=da (2.18)

X€Xa

This last approach, suggested by Tartar [55] and Cea [20] has led to what is now
referred as numerical topological optimization.

It may be difficult to work with the function x. Then, following [3], the
function x can be defined through a smooth function 1 by x(x) =bool(n(x) > 0)
and in the algorithm we can work with a smooth 7 as in the level set methods.

Most existence results are obtained by considering minimizing sequences S™,
or T™ or x™ and, in the case of our academic example, show that ¢ — 1 for
some ¢ (resp. T — T or x" — x), and that the PDE is satisfied in the limit.

By using regularity results with respect to the domain Chenais [21] (see
also [43] and [52]) showed that in the class of all S uniformly Lipschitz, problem
(2.20) has a solution. However the solution could depend upon the Lipschitz
constant.

Similarly Murat and Simon in [39] working with (2.13) showed that in the
class of T'€ W uniformly, the solution exists.
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However working with (2.18) generally leads to weaker results because if
X" — X, x may not be a characteristic function; this leads to a relazed problem,
namely (2.18) with

Xg={x : 0<x(z) <1} instead of X4 = {x : x(z) =0or 1}. (2.19)

These relaxed problems usually have a solution and it is often possible to show
that if the solution is not in Xy then it is the limit of a composite domain made
of mixtures of smaller and smaller subdomains and holes [40].

In 2D and for Dirichlet problems like (2.20) there is a very elegant result due
to Sverak [53] which shows that either there is no solution because the minimizing
sequences converge to a composite domain or there is a regular solution; more
precisely: if a maximum number of connected components for the complement of
Q is imposed as an inequality constraint for the set of admissible domains then
the solution exists.

For fluids it is hard to imagine that any minimal drag geometry would be
the limit of holes, layers of matter and fluids. Nevertheless in some cases the
approach is quite powerful because it can answer topological questions which are
embarrassing for the formulations (2.20) and (2.13) such as: is it better to have
a long wing or two short wings for an airplane? Or is it better to have one pipe
or two smaller pipes [16,17] to move a fluid from left to right?

It is generally believed that control problems where the coefficients (here
T') are the controls are numerically more difficult than shape optimization. Ac-
cordigly the second approach should be simpler as it involves a smaller parameter
space.

Before proceeding we need the following preliminary result. In most cases
only one part of the boundary I' is optimized; we call this part S.

Proposition 2.3 Consider a small perturbation S’ of S given by
S"'={z+Xan:x e S},

where a is a function of x(s) € S (s is its curvilinear abscissa) and X is a positive
number destined to tend to zero. Denote Q' = Q(S’). Then for any f continuous
in the neighborhood of S we have

[ 1= [ 1=n [ ot +otn
/’f_/52f:/69+f_ 6Q*f7

Ot =N\ NQ), 0 =0\(QNAQ).

In a neigborhood O of x € S a change of coordinates which changes n into
(0,...,0,1)T gives

Proof

where
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QN0 ={(z1,...,2a-1,y9)" €0 : y <0}

Then the contribution of O to the integral of f in Q7T is

Ao
/ ( f(iUla-wxd—l,:Ud—Fy)dy) dxy...dxg_q.
sno \Jo

Applying the mean value theorem to the integral in the middle gives, for some
¢ (function of x)

/ Aaf(z1, ..y xag—1, x4 + &)dy) dxq...dxg_1.
SNO

By continuity of f the results follow because the same argument can be used for
60~ with a change of sign.

If S has an angle not all variations S’ can be defined by local variation on S.
However the use of n for local variations is not mandatory: any vector field not
parallel to S works. Similarly, the following can be proved [47]:

Proposition 2.4 Ifg € H'(S) and if R denotes the mean radius of curvature of
S (1/R =1/R1+1/Ry in 8D where Ry, Ry are the principal radius of curvature)

" //g—/gng/ga(%—%)-&-o()\).

2.5.1 Sensitivity analysis for the nozzle problem
Let DC R? a€R, g€ HY(R?) and uq € L?(D) and consider

90€e0
subject to: — A¢p=01in Q, ap+ 0,¢ = g on IN. (2.20)

min / |V — ugl?
D

If a = 0 it is the potential flow formulation (2.10) and if a — oo and g = af it
is the stream function formulation (2.11).

Let us assume that all shape variations are in the set of admissible shapes
O. Assume that some part of I' = 012 is fixed, the unknown part being called S.
The variational formulation of (2.20) is

Find ¢ € H'(Q) such that
/V¢-Vw+/a¢w:/gw, Yw e HY(Q).
0 r r

The Lagrangian of the problem is
LowS)= [ Vo-uP+ [ Fo-ut [(agw-gu,
D Q(s) r

and (2.20) is equivalent to the min-max problem
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min max L(¢, v, S).
yinmax L(9,v, )

Apply the min-max theorem and then derive the optimality condition to find
that:
J5(S,¢) = L's(¢,v,5) at the solution ¢, v of the min-max.

Let us write that the solution is a saddle point of L.

INL(¢p+ A, v, 8)|rm0 = 2/D(v¢—ud) Vo + s V- Vo

+ /aq’;v =0, VQAS
r
8,\L(¢,v+)\w,5’)|,\:0=/ VqS-Vw—&—/(aq’)w—gw):O Yw.
Q(s) r
According to the two propositions above, stationarity with respect to S is

tim H{L(6. 0. 5) — L(6,0.)] =

/ alVé - Vw + 0, (adpw — gw) — %(a(bw —gw)] =0,
s

and so we have shown that

Theorem 2.5 The variation of J defined by (2.20) with respect to the shape
deformation S" = {x + a(x)ng(x) : x € S} is

57 = J(S',6(S")) — J(S, 6(S)) = /S V6 - Vo + O (adv — gv)

= (agv — gu)] + ol ),

where v € HY(Q(S)) is the solution of

VU-VuH—/

avw = —2/ (Vo —uq) - Vw, Yw e H(QS)). (2.21)
r D

Q(s)

Corollary 2.6 With Neumann conditions (a =0)

1
5= [a <as<z> ot —vg) +ofllal),
g R

and with Dirichlet conditions on S (a — o0)

57 = —/aam-amo(nan).
S



Sensitivity analysis 27

So, for problem (2.20) N iterations of the gradient method with Armijo rule is:
e S0 0<a<xpf<l;
e for n = 0 to N do

Solve the PDE (2.20) with S = S™,

Solve the PDE (2.21) with S = S™,

Compute v(z) = —[V¢ - Vv + On(adv — gv) — £ (agv — gv)], x € S,

Set S(p) = {z + py(z)n(z), =€ 5"},

Compute a p™ such that

—p"BlIVI? < J(¢(S(p™) — J(S™) < —p"allv|?,

* Set ST = S(p").
e done

I SR G SO

This algorithm is still conceptual as the PDEs need be discretized and we must
also be more precise on the norm for ||7/|.

The generalization to the Navier-Stokes equation is given at the end of this
chapter.

Alternatively the partial differential equation could be put into the cost func-
tion by penalty or penalty-duality and then the problem would be a more classical
optimization of a functional; this is known as the one shot method [54]. Although
it is simpler to solve the problem that way, it may not be the most efficient [56].

2.5.2  Numerical tests with freefem-++

Freefem++ is a programming environment for solving partial differential equa-
tions by finite element methods. Programs are written in a language which
is readible without explanation and follows the syntax of C++ for non-PDE-
specific instructions. The program is open source and can be downloaded at
www.freefem.org.
The following implements the gradient method with fixed step size for the

academic nozzle problem treated above.
real x1 = 5, L=0.3;
mesh th = square(30,30, [x,y*x(0.2+x/x1)]);
func D=(x>0.4+L && x<0.6+L)*(y<0.1); real rho = 50;
func psid = 0.8x*y;
fespace Vh(th,P1);
Vh psi,p,w,u,a=0.2+x/x1, gradJ;
problem streamf (psi,w) = int2d(th) (dx(psi)*dx(w) + dy(psi)x*dy(w))

+ on(1,4,psi = y/0.2)

+ on(2,psi=y/(0.2+1.0/x1)) + on(3,psi=1);

problem adjoint(p,w) = int2d(th) (dx(p)*dx(w) + dy(p)*dy(w))
- int2d (th) (D*x(psi-psid)*w)+ on(1,2,3,4,p = 0);
for(int i=0;i<50;i++){
streamf; adjoint;
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real J = int2d(th) (D*(psi-psid)~2)/2;

gradJ = dx(psi)*dx(p) + dy(psi)*dy(p);

a=a(x,0)-rho*gradJ(x,a(x,0))*x*(1-x) ;

th = square(30,30, [x,y*a(x,0)]);

plot(th,psi);

if (i==0 || i==50)

cout<<"J= "<<J<<" gradJ2= "<<int1d(th,3) (gradJ~2)<<endl;

3

Starting from a trapezoidal shape after 50 iterations the shape fixing v nearest
to g4 is shown on the left in Fig. 2.7 for D = (0.4,0.6) x (0,0.1). When D =
(0.4,0.6) x (0, 10) there is no bounded solution. Furthermore oscillations develop
on the free boundary. Figure 2.7 (center) shows them at iteration 5 (to obtain
this, change the definition of D in the program above and change p = 5.

Oscillations can be controled by using Sobolev grandients for J. For this add
in the program the definition of the operator ”smooth” and change the definition
of gradJ to the one below:

problem smooth(u,w) = int2d(th) (wkw+dx(u)*dx(w) + dy(u)*dy(w))
- int2d(th) (wx(dx(psi)*dx(p) + dy(psi)*dy(p))) ;

smooth; gradJ = u;rho=500;
The result at iteration 5 is shown on Fig. 2.7 on the bottom.

2.6 Discretization with triangular elements

For discretization let us use the simplest, a finite element method of degree 1
on triangles. Unstructured meshes are better for OSD because they are easier to
deform and adapt to any shape deformation.

More precisely, €2 is approximated by €, = U}”, T}, where the T, are triangles
such that:

e the vertices of 9€);, are on 9f) and the corners of 02 are vertices of 9Q,;

e T, NT;, (k#1)is either a vertex or an entire edge or empty.
Triangulations are indexed by h the longest edge, and as h — 0 no angle should
go to zero or .

The Sobolev space H'(Q) is approximated by continuous piecewise linear
polynomials on the triangulation

H;, = {wh S CO(Qh) : wh|Tk c Pl Vk},

where P! = P1(T},) is the space of linear polynomials on triangle T}.
In variational form, a discretization of (2.20) is

min  J(gh o q™) = / IV 6n — wanl®
D

) n
{(¢)iz, eQ}
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FiG. 2.7. Solution of the academic problem with freefem++. The problem is to
find the stream function as closed to a given stream function in a D. Left:
D = (0.4,0.6) x (0,0.1), the solution after 50 iterations of a gradient method
of the program 2.5.2; right and bottom D = (0.4, 0.6) x (0, 10), a case in which
there is no bounded solution. Right corresponds to a gradient method without
smoother and oscillations develop even at iteration 5 (shown). Bottom: the
same with a gradient smoother (the Sobolev gradient of Chapter 6); there
are no oscillations at iteration 5.

subject to ¢ € Hp, solution of

Von - Vul + / appw’ = / gw’ Yjel,...n,) (2.22)
Qn r r

The dimension of Hj equals n, the number of vertices ¢' of the triangulation
and every function ¢ belonging to Hj is completely determined by its values
on the vertices ¢; = ¢ (q°).

The canonical basis of Hy, is the set of so-called hat functions defined by

w' € Hy, w'(¢’) = by
Denoting by ¢; the coefficient of ¢; on that basis,

Ny

on(z) =) piw' (@),
1
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the PDE in variational form (2.22) yields a linear system for ® = (¢;)
AP =F, A;;= Vuw'Vuw! +/ aw'w’!, F; = gu’ .
Qp T'n Tn
Hence the
Proposition 2.7 In matriz form the discrete problem is:

Find g = (¢', 4>, ...,q") solution of

néig{J(q) =3"B® —2U-® : A(q)® = F}, (2.23)

where

Bij:/ Vw' 'V, Uj:/ ug - V.
D D

Notice that B and U are independent of ¢ if the triangulation is fixed inside
D. For simplicity we shall assume that F' does not depend on ¢ either, i.e. that
g=0onS.

The method applies also to Dirichlet conditions treated by penalty. However,
in practice it is necessary for numerical quality to use a lumped quadrature in
the integral of the Fourier term, or equivalently to apply ¢ = ¢r at all points of
I" by another penalty

Ay = | Vw'Vuw +pdi;1(q' €T), Fj =por(¢)1(q’ € Th),

Qp

where p is a large number and 1(b) is 1 if b is true and zero otherwise.
We present below a computation of discrete gradients for a Neumann problem
but the method applies also to Dirichlet conditions.

2.6.1 Sensitivity of the discrete problem

A straightforward calculus, first described by Marrocco and Pironneau [37], gives
0J =2(B® —U) 6P with AdP = —(5A)D.

Introducing ¥ a solution of ATW = 2(B® — U) leads to
§J = (ATW) . 60 = VT A5D = —T - ((64)D).

To evaluate 6 A we need three lemmas which relate all variations to dg, the vector
of variation of vertex positions (i.e. each vertex ¢* moves by d¢*). We define

San(x) = Y bq'wi(x), Vo€,
1

and denote by Q) the new domain.
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Lemma 2.8
ow? = =Vuw? - §qn + o(||dqrl])-

/mhfzf%f—/ﬂh’f: [ (0w + ol

Lemma 2.10

[ o=[ o[ a=[ at-0b0+ [ 5059+ otsul
3T h Iy Tn Tn

Lemma 2.9

31

where 05 denotes the derivative with respect to the curvilinear abscissa and ¢

the oriented tangent vector of I'y,.

In these the integrals are sums of integrals on triangles or edges and so f and
g can be piecewise discontinuous across elements or edges. Proofs for Lemmas

2.8 and 2.9 are in [48].

Proof of Lemma 2.10 Consider an edge e; = ¢/ — ¢° and an integral on that

edge
~ ¢’ — q ||/ 7+ M@ — g)dn
Then
8 = (0’ —dq") - (¢ —a')l&’ — &' %Ly
+ll¢? — ¢'ll /01((1 — N)8q" + A0¢")Vg(q' + Mg’ — ¢"))dA + o(dgn)
= / gt-0s0qn + [ 6qnVg + o(dqn).
Ty I'n

Proposition 2.11

8= | VLAV gy — Végn — (Vogn) )V,
Qp

Up, - @ut™ (Véqn)t + o([|0gnll),
T'n

where 1 is the identity matriz, t is the tangent vector to Tp, ¥p = > W;w', an

VU is solution of ATV =2(B® —U).

Corollary 2.12 The change of cost function due to inner nodes is O(h?) and

o :/ Vi Vonan -nt+a | - @t (Vo) + olaul) + o(h).
T

Tn

d
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Indeed consider a change of variable x = Z,(y), linearized at Z,(y) = y + z1(y);
it gives

/ Vb Vpnder = / (VZ, ') - (VZ;, ' Vpr) detV Zy,)dy
Qn

Z Q)
~ Vi, - (I + Vzp + VZ,I; —-V- Zh)Vph + / Voy, - Vpp.
Qn Z; N () -
Therefore
Vi (V- 2 — Vi — V5 Vpy ~ / Vi - Vi
Q Z; N () -

~ / Vor - Vor(zn - n).
In

This corollary links the continuous and the discrete cases. In the continuous case
we considered variations of the boundary only while in the discrete case we have
to account for the variations of the inner vertices. The corollary shows that a
change of position of an inner node has a second-order effect on the cost function
compared with a change of position of a boundary node in the direction normal
to the boundary.

Proof of Proposition 2.11

Now putting the pieces together

§ | Vuw'-Vuw! ~ / Vw' - Vul + / [Vow' - Vw! + Vw' - Viuw?)
Qh 5Q]L Qh
~ [ [V-(6qgVw' - Vu?) — V(Vuw' - q) - Vud
Q. )
— Vw' - V(Vu - dqn)],

5/ w' - w! :/ wi-wj—l—/ [6w" - w! +w' - duw]
'y o'y 'n
~ w' - wit - 9y8qp + SqnV(w' - w’)
Ty Tn
- / [(Vw' - dqp) - w! + (Vw? - 5qp) - w'].
'y
Consequently an iterative process like the method of steepest descent to compute
the optimal shape will move each vertex of the triangulation in the direction
opposite to the partial derivative of .J with respect to the vertex coordinates (e*
is the k" unit vector of R%). This is the gradient method for (2.22)):
e Choose an initial domain and a triangulation for it. Denote by (¢, ..., ¢™)
the vertices of the triangulation.
e forn =1 to N Replace ¢}, k=1,..,d i=1,...,n, by

aii=di = ol | VULV () - V() - (V(etw) ) Ve
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o [ oV
'y
where p is computed by the Armijo rule.

2.7 Implementation and numerical issues

Computation of discrete derivatives of cost functional is, as we have seen, crafty
work, reasonable only for simple problems.

Another difficulty is that for practical applications the definition of the op-
timization problem is often changed by the designer until a feasible problem is
found: a cost function and constraint sets are tried, but the solution is found
to violate certain unexpected constraints so the constraint set is changed; later
multi-point optimization may be desired so the cost function and equations are
changed, and each time the discrete gradients must be computed. Automatic
differentiation is the cure but as we shall see it has its own difficulties.

Mesh deformation is also a big problem. After a few iterations the mesh is
no longer feasible. Remeshing will induce interpolation errors of data defined on
the old mesh. It may cause divergence of the optimization algorithm if done too
often. Automatic mesh adaptation and motion is the cure but it must be done in
the correct functional framework; this will also be explained in a later chapter.

Finally, boundary oscillations are also a frequent curse usually due to an
incorrect choice of scalar product in the optimization algorithm. We will give
some elements of answers in later chapters.

2.7.1 Independence from the cost function
After discretization a typical OSD problem is of the form

inJ(q,®) : A(q,®) =0,
lgglgl(q) (¢, )

where g is the set of vertices of the triangulation, Q the set of admissible positions
for the vertices, A the state equation (usually nonlinear), and ® the degrees of
freedom of the state variables.
Sensitivity analysis gives
8.J = J;0q + Jpo® = (J, — O Al)dq,
where V¥ is the solution of .
Ap U = Jj.
So J appears in two places and by its partial derivatives. This is a very useful,
as we will see later, to set up incomplete gradients.

Finite differences These can be approximated by finite differences because:

0] J(q,®+05%,) = J(q,®) 9T _ J(g+dge", ®)—J(q,®)
o%; 6®; " 0q, sqi

The number of elementary computations is of order n,. Indeed, if n, is the
number of mesh nodes, the calculation cost has the same complexity as the
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solution of a Laplace equation [8,9]. So this computation can be considered as
not too expensive. The method applied to compute Ag or Aj, on the other hand,
would be too expensive.

By this we have independence with respect to J. However, the results are
sensitive to the values of §®; and dqj.

2.7.2 Addition of geometrical constraints

To add geometrical constraints is easy if we give a parameterized description of
the domain and its triangulation.

If the boundary to optimize is described by r parameters «;, we can define it
by a curve (e.g. spline) defined by «; and then generate the triangulation with
vertices {q¢'},i =1,...,n, on the curve.

Since in this case only the parameters o; move independently, we must com-
pute the variation of J with respect to o;. But

b
07 =3 OF 04 ;4 n. k=12
ki

da; aqF  day’

k
Therefore, we must be able to compute giﬁ and this is done also by finite
J

differences:
dq; _ af(oy +0ay) — g7 (ay)
aOéj o 504]'

)

which is not computationally expensive.
One might think that everything could be computed by finite differences,
even
A J(gf +dqf) = J(qf)
daf — 3qf ’

but this is far too expensive, since we have to solve the state equation every time
we compute J(gF). Thus, the computational cost is O(n2) which is the cost of
solution of n, partial differential equations.

2.7.3 Automatic differentiation

Of course, finite difference approximations can be replaced by exact formal
derivatives obtained with programs like Maple or Mathematica. However, this
may not be so easy because J is usually an integral and the dependence on q is
complex.

Then it has been noted that functions given by their computer programs are
in principle easy to differentiate because every line of the program is easy to
differentiate formally.

Efficient software such as (the list is not exhaustive):

Adol-C : http://www.math.tu-dresden.de/ adol-c/ [24],

Adifor: http://www.cs.rice.edu/ adifor/) [10],

Tapenade: http://www-sop.inria.fr/tropics/tapenade.html [50],
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are now available. The adjoint and the linearized state equation can even be
obtained automatically this way. We shall devote a chapter to this approach.

2.8 Optimal design for Navier-Stokes flows
2.8.1 Optimal shape design for Stokes flows

The drag and lift are the only forces at work in the absence of gravity. If the
body is symmetric and its axis is aligned with the velocity at infinity then there
is no lift and therefore we can equally well minimize the energy of the system,
which for Stokes flow gives the following problem:

Qeo
—vAu+Vp=0, V-u=0inQ uls=0, ulr,=us.

min J(Q2) = V/ |Vu|? subject to
Q

An example of O is:
O={Q, 0 =SUTl,,|S| =1},

where S is the domain inside the closed boundary S and |S| is its volume or area
in 2D.

Sensitivity analysis is as before; let ' € O be a domain “near” € defined by
its boundary IV = 9§/, with

I'" = {z + a(x)n(z), with a = regular, small, Vz € T = 0Q}.

Define also
du=u(Q) —u(Q)=u —u,

while extending u by zero in S. Then

dJ =vd (/ |Vu|2) = u/ |Vul|? +21// Véu : Vu 4 o(682, 0u).
Q 50 Q

When Vu is smooth, then

y/ Va2 = V/a|Vu|2+0(||a||Cz) _ V/oz|8nu|2—|—0((||a||cz).
Q0 T I
Now du, op satisfy

—vAu+Vip=0, V:-u=0in

dulp,, =0, du|ls = —adyu,

Indeed the only non obvious relation is the boundary condition on S. Now by a
Taylor expansion

u'(z+ an) = u/'(z) + ad,u’|s: + o(|a]) = 0 since u'|sr =0
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Now u |s= 0 so,
du|s = —adyuls

Consequently (A : B means }_,; A;; Bij)

v V&u:Vu:u/(—Au)~6u+l//8nu-5u
Q r

Q
z/pv-éu—/péu-n—i—u/anu-éu
Q r r

= /(V@nu —pn)-du
r

:—/l/oz|3nu|2
S

because, if s denotes the tangent component,
n-Opu=—s5-0su=0 onl.

We have proved
Proposition 2.13 The variation of J with respect to ) is

57 = ,y/ al@ul? + of[Jal]).
S

Two consequences of this proposition are:

-IfO={S:8D>C},as|0,ul? > 0, then C is the solution (no change around
C will decrease the drag in Stokes flow).

-If O ={S:Vol S =1}, then the object with minimum drag satisfies d,u- s
constant on S. Lighthill [46] showed that near the leading and the trailing edge
the only possible axisymmetric flow which can achieve this condition must have
conical tips of half angle equal to 60°. The method of steepest descent gives a
shape close to the optimal shape after one iteration [46].

2.8.2  Optimal shape design for Navier-Stokes flows

A similar analysis can be done for the Navier-Stokes equation for incompressible
flows. The result is as follows:

Proposition 2.14 The minimum drag/energy problem with the Navier-Stokes
equations s

min J(Q) = 1// |Vul?  subject to
Seo Q

—vAu+Vp+uVu=0, V-u=0, inQQ,
uls =0,  ulr, = Uoo,

and with O = {S : |S| =1}, T = 9Q = So, UT. The variation of J with respect
to normal shape variations o is
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oP
oJ = I//SOZ(% — Optt) - Opu + o),

where (P, q) is the solution of the linearized adjoint Navier-Stokes equation:
—vAP+Vq—uVP - (VP)u=—-2vAu, V-P=0 inQ Plp=0.

Proof
Let us express the variation of J(€2) in terms of the variation a of . As for the
Stokes problem,

§5J =J(Q) - J(Q) = l// |Vu|? +21// VuVéu + o(du, o),
682 Q

but now the equation for du is no longer self-adjoint

—vAdu + Viop + uVou + éuVu = o(du), V-déu=0,

dulp,, =0, du|ls = —adpu.

Multiply the equation for (P, ¢) by du and integrate by parts

/Z/VP:V&u—/@nP-éu—qV-éu—i—PV-(u®6u+6u®u)
Q S

ZZ/VVUSV(S’LLfQ/Vanu'(Su.
Q r

Then use the equation for Ju multiplied by P and integrated on 2
/ vVP :Véu+ PV - (u®du+du®u)=0.
Q

So
0J = 1// 04|Vu|2 +/ a(0n P — 20,u) - Opu.
50 s
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3

PARTIAL DIFFERENTIAL EQUATIONS FOR FLUIDS

3.1 Introduction

This chapter is devoted to a short description of the main state equations for fluid
flows solved for the direct problem. As the design approach described throughout
the book is universal, these equations can therefore be replaced by other partial
differential equations. However, as we will see, knowledge of the physics of the
problem and the accuracy of the solution are essential in shape design using
control theory. In particular, we develop wall function modeling considered as
reduced order models in incomplete sensitivity evaluation through the book.

3.2 The Navier-Stokes equations

Denote by €2 the region of space (R*) occupied by the fluid. Denote by (0,7!)
the time interval of interest. A Newtonian fluid is characterized by a density field
p(x,t), a velocity vector field u(z,t), a pressure field p(z,t), a temperature field
T (z,t) for all (x,t) € Q x (0,T1).

3.2.1 Conservation of mass

The variation of mass of fluid in O has to be equal to the mass flux across the
boundaries of O. So if n denotes the exterior normal to the boundary 00 of O,

8/ :f/ U n,
“Jo” 50"

By using the Stokes formula

/ov'(”“)/ao”“'”’

and the fact that O is arbitrary, the continuity equation is obtained:
Owp + V.(pu) = 0. (3.1)

3.2.2  Conservation of momentum

The forces on O are the external forces f (gravity for instance) and the force
that the fluid outside O exercises, on — pn per volume element, by definition of
the stress tensor . Hence Newton’s law, written for a volume element O of fluid

gives
/pd—u—/ (on —pn)
o dt  Jo0 '
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Now

du .1
E(:m t) = 51151210 &[u(:ﬂ + u(z, t)dt, t + o6t) — u(z, t)]

= Osu + Z u;0ju = Oyu + uVu,
J

p(Ou+uVu)+ Vp— V.o = f.

By the continuity equation, this equation is equivalent to the momentum equa-
tion:

O(pu) + V.(pu@u)+ V.(pI — o) = f. (3.2)

Newtonian flow To proceed further an hypothesis is needed to relate the stress
tensor o to u. For Newtonian flows o is assumed linear with respect to the
deformation tensor:

o= pu(Vu+Vul) + (€ - %“)W.u. (3.3)

The scalars p and & are called the first and second wviscosities of the fluid. For
air and water the second viscosity ¢ is very small, so £ = 0 and the momentum
equation becomes

A(pu) + V.(pu@u) + Vp — V.[1u(Vu + VuTl) — 2?MIV.u] = f. (3.4)

3.2.3  Conservation of energy and and the law of state

Conservation of energy is obtained by noting that the variation of the total
energy in a volume element balances heat variation and the work of the forces
O. The energy E(z,t) per unit mass in a volume element O is the sum of the
internal energy e and the kinetic energy u?/2. The work done by the forces is
the integral over O of u - (f + o0 — pI)n. By definition of the temperature T, if
there is no heat source (e.g. combustion) the amount of heat received (lost) is
proportional to the flux of the temperature gradient, i.e. the integral on 0O of
kVT.n. The scalar k is called the thermal conductivity. So the following equation
is obtained

d/ /
— E = OipE + V.[upE
i O(t)P (9{ tP [upE]}

_ /(9 w-f+ ~/60[U(U — pI) — KV T]n. (3.5)

With the continuity equation and the Stokes formula it is transformed into

H[pE) + V.(u[pE + p]) = V.(uo + kVT) + f - u.
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To close the system a definition for e is needed. For an ideal fluid, such as air and
water in nonextreme situations, C, and C}, being physical constants, we have

2

e=0C,T, E:QT+%, (3.6)

and the equation of state

L= rr, (3.7)

where R is the ideal gas constant. With v = C,,/C, = R/C, + 1, the above can
be written as

_pr
p(y—1)

With the definition of o, the equation for E becomes what is usually referred to
as the energy equation:

(3.8)

e =

2 2
Oy [p% + %] +VA{u {p% + 71 1p}} (3.9)
= VA{rVT + [M(VU + Vul) — %uIV.u} ut+ f-u. (3.10)

By introducing the entropy:

R
s=—log 2, (3.11)

y—1 " p

another form of the energy equation is the entropy equation:
2
pT (Ors + uVs) = g|Vu + Vul |2 - §M|V.u|2 + rAT.

3.3 Inviscid flows

In many instances viscosity has a limited effect. If it is neglected, together with
the temperature diffusion (k = 0,7 = £ = 0), the equations for the fluid become
the Fuler equations:

Bup + V.(pu) = 0, (3.12)

u? D u? y
el ) —_ 4 —— =f-u. 1
8t{p2+7_1]+V{u[p2+7_1p}} f-u (3.13)
Notice also that, in the absence of shocks, the equation for the entropy (3.11)
becomes

0s

a—f—uVs:O.
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Hence, s is constant on the lines tangent at each point to u (stream-lines). In
fact a stream-line is a solution of the equation :

and so

i((t)t)*asazlﬁra
T P VR

j*@ts—kuVS—O

If s is constant and equal to s¥, constant at time 0, and if s is also equal to s°
on the part of I' where u - n < 0, then there is an analytical solution s = sV.

Finally there remains a system of two equations with two unknowns, for
isentropic flows

Owp + V.(pu) =0, (3.14)
p(Ou + uVu) + Vp = f, (3.15)

where p = Cp” and C = 5" ("=D/R,

3.4 Incompressible flows

When the variations of p are small (water for example or air at low velocity) we
can neglect its derivatives. Then the general equations become the incompressible
Navier-Stokes equations

V.au =0, (3.16)

Ou+uVu+ Vp —vAu = f/p, (3.17)

with v = p/p the kinematic viscosity and p — p/p the reduced pressure. If
buoyancy effects are present in f, we need an equation for the temperature.

An equation for the temperature T and an analytic expression for p as a
function of T' can be obtained from the energy equation

O

pC —|Vu+VuT|2 (3.18)

3.5 Potential flows

For suitable boundary conditions the solution of the Navier-Stokes equations can
be irrotational

V xu=0.
By the theorem of De Rham there exists then a potential function such that
u = V.

Using the identities:
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2
Au=-VxVxu+V(Vau), uVu=—-ux(Vxu) —|—V(u7)7 (3.19)

when u is a solution of the incompressible Navier-Stokes equations (3.17) and
f =0, p is a solution of the Laplace equation:
Ap=0 (3.20)

and the Bernoulli equation, derived from (3.17), gives the pressure
1
p=k— §|Vg0|2. (3.21)
This type of flow is the simplest of all.
In the same way, with isentropic inviscid flow (3.15)

dip+ VoVp+ p’Ap =0,
1
v (w,t +§|V<p|2 + 70p07‘1p> =0.

If we neglect the convection term VpVp this system simplifies to a nonlinear
wave equation :

1
dup — cAp + 531t|V<P|2 = d(1), (3.22)
where ¢ = yCp®7 is related to the velocity of the sound in the fluid.
Finally, we show that there are stationary potential solutions of Euler equa-

tions (3.13) with f = 0. Using (3.19) the equations can be rewritten as

2
—puxqu—l—pV%—l—Vp:O.

Taking the scalar product with u, we obtain:
u?
U - [pv7 +Vp} =0.
Also, the pressure being given by (3.15)

u? 1
u- <pV? +p7" C’pr) =0.

or equivalently

2

So the quantity between the parentheses is constant along the stream lines; that

is we have
1/(v—1)

2
S A
pp( 5

Indeed the solution of the PDE uV¢ = 0, in the absence of shocks, is £ constant
on the streamlines. If it is constant upstream (on the inflow part of the boundary
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where u - n < 0), and if there are no closed streamlines then ¢ is constant
everywhere. Thus if p° and k are constant upstream then V x u is parallel to u
and, at least in two dimensions, this implies that u derives from a potential. The
transonic potential flow equation is then obtained

V.[(k = |Ve>)Y O~ Dvy] = 0. (3.23)

The time-dependent version of this equation is obtained from
2
u
u=Ve, p=p"k— (5 +0)"7Y), 9p+ V- (pu)=0.

3.6 Turbulence modeling

In this section we consider the Navier-Stokes equations for incompressible flows
(3.17).

3.6.1 The Reynolds number

Let us rewrite (3.17) in non-dimensional form. Let U be a characteristic velocity
of the flow under study (for example, one of the non homogeneous boundary
conditions). Let L be a characteristic length (for example, the diameter of )
and 71 a characteristic time (which is a priori equal to L/U). Let us put

Then (3.17) can be rewritten as

L

12
A =
T.U Y

1
r ’ / /
Vz/'u —0, 5‘t/u +uvx/u +mvx/p*ﬁ m
So, if we put Ty = L/U, p' = p/U?, v/ = v/LU, then the equations are the same
but with prime variables. The inverse of v/ is called the Reynolds number:
UL

14

Re

3.6.2  Reynolds equations

Consider (3.17) with random initial data, u® = u" + /%, where @ stands for the
expected value . Taking the expected value of the Navier-Stokes equations leads

to
V-u=0, (3.24)

Ou+V-(+u)® @+u)+ Vp—vAu=f, (3.25)

which is also
v 0, R=—-uv®u, (3.26)

U=
ou+V-(ueu)+Vp—vAu=f+V-R. (3.27)
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3.6.3 The k — e model

Reynolds hypothesis is that the turbulence in the flow is a local function of
vu+ vu':

R(z,t) = R(Va(z,t) + Va' (z,1)). (3.28)

If the turbulence is locally isotropic at scales smaller than those described by
the model (3.27) and if the Reynolds hypothesis holds , then it is reasonable to
express R on the basis formed with the powers of Vi + V@’ and to relate the
coefficients to the two turbulent quantities used by Kolmogorov to characterize
homogeneous turbulence: the kinetic energy of the small scales k and their rate
of viscous energy dissipation &:

1 B —
k=P, e = g|Vu’ FVuTP. (3.29)

For two-dimensional mean flows (for some a(x,t))

k2
R=vp(Vu+Va')+al, vr= Cn (3.30)
and k and € are modeled by
c, k? T k2
Ok +uVk — §?|VE+VH |? fv.(cﬂ?VkHs:O, (3.31)
_ C1 _ — T2 k2 52
Oe +uVe — 5k|Vu+Vu | —V.(CE?V&:) +02? =0, (3.32)

with ¢, =0.09, ¢; = 0.126, co = 1.92, c. = 0.07.

The model is derived heuristically from the Navier-Stokes equations with the
following hypotheses:

e Frame invariance and 2D mean flow, 14 a polynomial function of k, ¢.
u'? and |V x «/|? are passive scalars when convected by @ + u/'.
Ergodicity allows statistical averages to be replaced by space averages.
Local isotropy of the turbulence at the level of small scales.
A Reynolds hypothesis for V x v/ @ V x u'.
A closure hypothesis: |V x V x «/|2 = ¢3 €2 /k.

The constants ¢, ¢, c1, ca are chosen so that the model reproduces

e the decay in time of homogeneous turbulence;

e the measurements in shear layers in local equilibrium;

e the log law in boundary layers.
The model is not valid near solid walls because the turbulence is not isotropic
so the near wall boundary layers are removed from the computational domain.

An adjustable artificial boundary is placed parallel to the walls I' at a distance
0(x,t) € [10,100)v/ur.
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A possible set of boundary conditions is then

€ given initially everywhere;
¢ given on the inflow boundaries at all ¢;
vrOn@, v7Onk, vrOpe given on outflow boundaries at all ¢

NS

7I€7
7I€7

-n=20

IS

- 1 1
. —= S Zlog|6y/210e | +8=0 onT +s;
Vv|oRTl X v

klovs = v (@-s)lc,®,  elrys = 3 700 9)]

)

where xy = 0.41, 8 = 5.5 for smooth walls, n, s are the normal and tangent to the
wall, and ¢ is a function such that at each point of " + 6,

104/ v/|0n(T - 8)| < § < 100+/v/|0n(T - 3)|.

These wall functions are classical and are only valid for regions where the flow
is attached and the turbulence fully developed in the boundary layer. Below, we
show how to derive generalized wall functions valid up to the wall and also valid
for separated and unsteady flows.

3.7 Equations for compressible flows in conservation form

For compressible flows, let us consider the conservation form of the Navier-Stokes
equations with the k£ — ¢ model. As before, the model is derived by splitting the
variables into mean and fluctuating parts and use Reynolds averages for the
density and pressure and Favre averages for other variables. The non dimension-
alized Reynolds averaged equations are closed by an appropriate modeling [7],
and we have:

Op+ V- (pu) =0, (3.33)
O(pu) + V- (pu@u)+ V(p+ %pk) =V - ((p+m)S), (3.34)

W(pE)+V - ((pE+p+ gpk)u) =V ((p+ pe)Su) + V((x + x:)VT), (3.35)

with TH TH
¢

= — = — 3.36

X Pr’ Xt P?"t7 ( )

v=14, Pr=072 and Pr;=0.9, (3.37)

where p and p; are the inverse of the laminar and turbulent Reynolds numbers.
In what follows, we call them viscosities. The laminar viscosity p is given by

Sutherland’s law: s
T\ /T, +1104
= (g) (m) ’ (339
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where f., denotes a reference quantity for f or its value at infinity if the flow is
uniform there and

s:vu+vuT—§v-uL

is the deformation tensor.
We consider the state equation for a perfect gas:

p=(y—1pT.

Experience shows that almost everywhere pk < p, and we therefore drop the tur-
bulent energy contributions in terms with first-order derivative (the hyperbolic
part). This also improves the numerical stability, reducing the coupling between
the equations [7].

The k—e model [3] we use is classical; it is an extension to compressible flows
of the incompressible version [11]:

O¢pk + V.(puk) — V((p + pe) VE) = Sk, (3.39)

and
Ope + V.(pue) — V({1 + ceppr)Ve) = Se. (3.40)

The right-hand sides of (3.39) and (3.40) contain the production and the de-
struction terms for pk and pe:

S = P — %pkv.u — pe, (3.41)
Se = c1pkP — ﬁpEV.u — czpi. (3.42)
3¢, k
The eddy viscosity is given by:
2
pe = cup—_. (3.43)

The constant c,,c1,c2 and ¢, are respectively 0.09,0.1296, 11/6, 1/1.4245
and P =S : Vu. The constant ¢ and c¢. are different from their original values
of 1.92 and 1/1.3. The constant ¢y is adjusted to reproduce the decay of k in
isotropic turbulence. With v = 0, p = pso, T = T, the model gives

€0 ﬁ
k=ko <1 + (CQ - 1)—t> . (344)
ko

The experimental results of Comte-Bellot [1] give a decay of k in t~1-2 and this
fixes co = 11/6 while co = 1.92 leads to a decay in =297 and therefore to an
overestimation of k.

This has also been reported in [9], where the author managed to compute
the right recirculating bubble length for the backward step problem using the
standard k — ¢ model with this new value ¢y = 11/6, wall laws and ¢. = 1/1.3.
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Finally, the compatibility relation between the k — ¢ constants which comes
from the requirement of a logarithmic velocity profile in the boundary layer [7]
gives the c. constant:

1
K2\ /C.

to be compared to the classical value of ¢, = 1/1.3.

Ce = (c2cy — 1) = k=041,

1.423’

3.7.1 Boundary and initial conditions

The previous system of Navier-Stokes and k£ — ¢ equations is well posed in the
small, as the mathematicians say, meaning that the solution exists for a small
time interval at least, with the following set of boundary conditions.

Inflow and outflow The idea is to avoid boundary layers such that all second-
order derivatives are removed and that the remaining system (Euler-k —e model)
is a system of conservation laws no longer coupled (as we dropped the turbulent
contributions to first-order derivative terms). Inflow and outflow boundary con-
ditions are of characteristic types. Roughly the idea is to impose the value of
a variable if the corresponding wave enters the domain following the sign of the
corresponding eigenvalue (in 3D):

A =u.n +c, )\273’4 =un,As =u.n—-c, >\6,7 =u.n, (345)

where n is the unit outward normal. However, as the system cannot be fully
diagonalized, we use the following approach [8]. Along these boundaries the fluxes
are split into positive and negative parts following the sign of the eigenvalues of
the Jacobian A of the convective operator F .

/ F.ndo :/ (AT Wi, + A~ Wao).ndo, (3.46)
Foo P
where W, is the computed (internal) value at the previous iteration and W,
the external value, given by the flow.

Symmetry Here again the idea is to avoid boundary layers. We drop terms
with second-order derivatives and the slipping boundary condition (u.n = 0) is
imposed in weak form .

Solid walls The physical boundary condition is a no-slip boundary condition
for the velocity (v = 0) and for the temperature, either an adiabatic condition
(0,T = 0) or an isothermal condition (7" = Tr). However, the k — ¢ model above
is not valid [1] near walls because the turbulence is not isotropic at small scales.
In the wall laws approach the near-wall region is removed from the computational
domain and the previous conditions are replaced by by Fourier conditions of the

type
us.n =0, wust= f1 (anU5, (9TLT§)7 Ts = fg(anu(;7 8nT5) (3.47)

for isothermal walls. This will be described in more detail later.



Wall laws 51

Initial conditions For external as well as internal flows, the initial flow is
taken uniform with small values for ko and ey (basically 10~%Jug|). We take the
same value for k and e leading to a large turbulent time scale k/e = 1 which
characterizes a laminar flow:

U = Ug, P = Po, TZT(), kzk(), &€ =£&p. (348)

Internal flow simulations often also require given profiles for some quantities.
This is prescribed on the corresponding boundaries during the simulation.

3.8 Wall laws

The general idea in wall laws is to remove the stiff part from boundary layers, re-
placing the classical no-slip boundary condition by a more sophisticated relation
between the variables and their derivatives. We introduce a constant quantity
called friction velocity from:

ou ou
WU = === 3.49
Pty (u+ut)3y|5 uaylw (3.49)

where w means at walls and § at a distance § from the real wall. Using u, we
introduce a local Reynolds number:

+ _ PuwlYUr

™ (3.50)

The aim is now to express the behavior of u™ = u/u, in term of ¥ which means
that the analysis will be independent of the Reynolds number .

In this section we describe our approach to wall laws. We also give an ex-
tension to high-speed separated flows with adiabatic and isothermal walls. The
ingredients are:

e global wall laws: numerically valid up to the wall (i.e. Vy* > 0);

e weak formulation: pressure effects are taken into account in the boundary

integrals which come from integrations by parts;

e small  in wall laws: this means that the computational domain should not

be too far from the wall;

e fine meshes: in the sense that the computational mesh should be fine enough

for the numerical results to become mesh independent;

e compressible extension: laws valid for a large range of Mach number.

An important and interesting feature of wall laws is that they are compatible
with an explicit time integration scheme, something which is not so real with
low-Reynolds corrections.

3.8.1 Generalized wall functions for u

The first level in the modeling for wall laws is to consider flows attached (i.e.

without separations) on adiabatic walls (i.e . ?)_Z = 0). We are looking for laws
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valid up to the wall (i.e. valid Vy*). We consider the following approximated
momentum equation in near-wall regions (z and y denote the local tangential
and normal directions):

0, (1 + ) dyu) = 0, (3.51)
where

p = ti/ppuyur (1 — e /™) with y* p“:LTy (3.52)

is a classical expression for the eddy viscosity valid up to the wall. Equation
(3.51) means that the shear stress along y is constant. u, is a constant called
the friction velocity and is defined by:

o= (Lt

pw Oy
where the subscript w means at the wall.

1/2
) = constant, (3.53)

High-Reynolds regions In high-Reynolds regions the eddy viscosity dominates
the laminar one and this leads to the log law with u; = k\/ppwyu-,

ou Pw Ur Puw < )
— = U= Ur log —+ C R 3.54
3y oy \ p (y) (3.54)

provided that —E < ‘9“ which is acceptable because % () and g—z =0 as the

Oy
wall is adlabatlc. Therefore gﬁ ~ 0.
We can see that at this level, there is no explicit presence of the Reynolds
number. The dependency with respect to the Reynolds number is in the constant
C. To have a universal expression, we write

pw (1. yurpw )
P2 (L 3.55
w=u [ (K s 4 5 (3.55)

where 8 = —log(urpw/pw) + C) is found to have a universal value of about 5
for incompressible flows [2]:

u+:% \/?( log(y )+5). (3.56)

Note that we always use wall values to reduce y-dependency as much as possible.
This is important for numerical implementation.

Low-Reynolds regions In low-Reynolds regions, (3.52) is negligible and (3.51)
gives a linear behavior for u vanishing at the walls:

ou u
2
Puwlly = [bm— ~ [1—. 3.57
oy "1y (3.57)
In other words, we have:

ut = L = Yol _ o+ (3.58)
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General expression To have a general expression, we define the friction velocity

u, as a solution of
U=y, /%“’f(uT). (3.59)

where f is such that w = ur, /22 f(ur) is solution of (3.51) and (3.52). The

wall-function therefore is not known explicitly and depends on the density dis-
tribution. A hierarchy of laws can be obtained therefore by taking into account
compressibility effects starting from low-speed laws (see Section 3.10). Our aim
during this development is to provide laws easy to implement for unstructured
meshes. For low-speed flows, where density variations are supposed negligible, a
satisfactory choice for f is the nonlinear Reichardt function f, defined by :

ot Y osst
fr(yt) =2.5log(1 + kyt) + 7.8 vt/ =g ) (3.60)
This expression fits both the linear and logarithmic velocity profiles and also its
behavior in the buffer region.

3.8.2  Wall function for the temperature
Consider the viscous part of the energy equation written in the boundary layer

(l.e. Op < Oy):
) ou ) oT
o ( (u+ut)ay> + a <(x+xt)8—y) =0.

When we integrate this equation between the fictitious wall (y = 6) and the real
one (y = 0), we obtain:

8T or

Ju ou
Z) = = - AT 61
So, thanks to 2T  lo="0and u[,=0:
oT ou
(XJFXt)a—y ls +U(#+ﬂt)a—y 5= 0. (3.62)

Therefore, in the adiabatic case, there is no term for the energy equation to
account for [5,6] while for isothermal walls we need to close (3.63) providing an
expression for either the first term in the left-hand side or for the right-hand side
(see Section 3.10):

oT ou oT
(x+xt) Is +U(u+ut)8 l,= X5y, lo - (3.63)

As a consequence, to evaluate the heat transfer at the wall, we have to use:

Ch = Xa T |0 _ (X+Xt)8 T |5 +upwu

Poctidy Poctidy
This is important as industrial codes usually do the post-processing in a separate
level than computation and the fluxes are not communicated between the two
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modules. In other words, with these codes, when using wall functions as well as
with low-Reynolds models, only the first term is present in a heat flux evaluation
above. This might also explain some of the reported weakness of wall functions
for heat transfer

In separation and recirculation areas v and w, needed by our wall laws are
small. As a consequence, this leads to an underestimation of the heat flux. In
these areas, by dimension arguments, we choose the local velocity scale to be:

u=c,*"Vk, (3.64)

and redefine, the friction flux by:

8U o _3/4 8\/E
(1 + ,Ut)a_y = ¢, (u+ ) oy (3.65)
3.83 kande
Once u, is computed, k and ¢ are set to:
2
PR (3.66)

Ve B

where o = min(1, (%)2) reproduces the behavior of k£ when ¢ tends to zero (0
is the distance of the fictitious computational domain from the solid wall). The
distance ¢ is given a priori and is kept constant during the computation. . is a
length scale containing the damping effects in the near-wall regions.

gt
l. = nc;3/4y 1- exp(%) . (3.67)
2kcy, /

Again, here the limitation is for separation points where the friction velocity
goes to zero while a high level for & would be expected.

3.9 Generalization of wall functions

To extend the domain of validity of wall functions, the analytical functions above
can be upgraded to account for compressibility effects, separation and unsteadi-
ness. Beyond simulation, this is important for incomplete low-complexity sensi-
tivity evaluation in shape optimization as we will see.

3.9.1 Pressure correction
This is an attempt to take into account the pressure gradient and convection
effects in the classical wall laws.
To account for pressure and convection effects, f. is added to the Reichardt
equation (3.60):
f(u‘l') = f'f‘(uT) + fc(uq—)a (368)

fc is a new contribution when pressure and convection effects exist.



Generalization of wall functions 55

The simplified momentum equation (3.51) is enhanced to

0y (1 + p1)0yu) = Dup + 0 (pu®) + 0y (puv), (3.69)

where p; is given by (3.52). Suppose that the right-hand side of equation (3.69)
is known and constant close to the wall:

C' = 0up + 0z (pu®) + 9, (puv). (3.70)

We can then integrate this equation in y, not exactly unfortunately, but only
after a first-order development in y of the exponential near y = 0. The equation
is written in terms of y™:

Dy+ ((1 +ry (1 — ey+/70))8y+u) = Cuu;? =C", (3.71)
50,
0,+((1+ y*z%)ay+) =, (3.72)
hence,
0, +u = v A (3.73)

T4 Ay+? 14y
After a second integration and using the boundary conditions (i.e. at the wall
and at ¢) we have:

~35Cu K, 4o
w="l o s (1+7O(y 7). (3.74)

On the other hand, the equation is also easily integrated when u; = kpyu,.
Hence the corrections are respectively

35Cv K
folyt) = ( - >1og (1 + %(gﬁ)?) when y* < 70, (3.75)
and o5
fely™) = 3 elsewhere. (3.76)

These expressions intersect at y™ = 5.26. This is in contradiction with the limit
yT = 70 given by (3.52). However, as we would like the correction to perturb
weakly the Reichardt law, we define the correction as the minimum of the two
expressions. Hence, we apply (3.75) for y™ < 5.26 and (3.76) for y™ > 5.26. Of
course, this correction vanishes with C' and we recover the Reichardt law.

3.9.2  Corrections on adiabatic walls for compressible flows

Note that the previous wall laws are valid for incompressible flows. We therefore
need to introduce some corrections to take into account the compressible fea-
ture of the flow. By now, oo will denote reference quantities and e will refer to
the nearest local value outside boundary layer. We need to account for density
variations in (3.59) and for the fact that Reichardt law has been suggested for
low-speed flows.
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3.9.3  Prescribing py
Let us define the recovery factor [2]:

Ty —T,
I

Tie - /I’e7

where T is called the friction temperature and T;. is given by:
-1,
Tie =T, 1+TM6 .
For turbulent flows, it is admitted that r = Pr'/3 [2]. We obtain
1y —1
Ty =T, (1 + PrﬁVTMe?) .

In the adiabatic case, the wall temperature is the friction temperature T [2] (i.e.
T, = Ty).

To solve (3.51)-(3.52) in the adiabatic compressible case, we have to provide
tyw and p,,. The viscosity at the wall j,, is obtained from the Sutherland law:

To\"? 1+110.4/T,
Ho = He (?) 1+ 110.4/T, (877)
For the second quantity, we use the Crocco relation [2] :
u u )’
T=Ty+ (Tie —Tw) — — (Tie — T¢) <—) .
Ue Uoo

As a consequence, we have:

T =1\ T. u  y—1_,T. (u)?

— =1 1+ —M | ——-1| —— —M>— | — )] .

mo=t () -t
We suppose the static pressure constant in the normal direction (i.e. dyp = 0),
therefore, from the perfect gas law, we obtain :

p_w_T

P Ty’

As a consequence, we evaluate p,, thanks to :

2
’Y—l 2 Te u ’}/—1 216 u
1 1+ —M2) == 1| — - L —pm2==2 (=) |. 3
* |:( * 2 6) Tw :| Ue 2 eTw Ue (3 78)

However, the numerical implementation of (3.77) and (3.78) is not straightfor-
ward as we do not know the e denoted values (i.e. u., T, M) on unstructured

Pw =P
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meshes. We therefore choose to use only quantities known for any unstructured
meshes: at the fictitious wall or at inflow. In particular, M. is replaced by

u2 + v2
M5 == T
VL

More precisely, knowing (ps, Ts, Ms, oo, Tyy) we find p,, by:
2
y=1.0\Ts us =1, 515 [ us
1 T+ ——a2) 2| 2 o2 (2
- |:< - 2 6) Ty :| Uoo 2 5Tw Uso

3.9.4  Correction for the Reichardt law

The next step is to introduce a correction for the Reichardt law. We can use one
of the following approaches.

Pw = Ps§

Using mizing length formula Following Cousteix [2], express the turbulent ten-
sion thanks to the mixing-length formula for high-Reynolds region (kydyu = u,):

puwtis = pr*y? (Oyu)?,

Oyu = p—wu—T.
V' p sy

Express p,,/p thanks to the Crocco law and obtain:

so that

2
@_&<1+b1a2 (L) ) (3.80)
dy Ky Uoo Uoo
with
v—1 T v—1 Ts

. The weakness of this approach is that it is not valid up to the wall. A global
correction needs a global mixing-length formula as starting point using (3.59):

Oyu = uy (ayf(er)\/%"‘ flyh)o, (\/%» , (3.81)

which is hardly computable.

A similar approach comes from Van Driest [2,10], with the log-law relation
as starting point in (3.83). Unfortunately, this also leads to a relation only valid
for high-Reynolds region.
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Restart from (3.51)-(3.52) To avoid the difficulty above, we would like to restart
from our boundary layer system for u:

(1 VPR3 = 7)) G = i (3.82)

Now, suppose that the Reichardt law is obtained after integration of
ur = Oyu (u + ry(l — e_y+/70)> . (3.83)

First consider the case y* > 100 and drop the laminar viscosity. Hence,
replacing u, by (3.83) in the left-hand side of (3.82), leads to:

ou Pw Uy
S I 3.84
Ay p Ky(l— e v"/T0) e

The Crocco law links the density and temperature and (3.84) becomes:

ou 4 U u \? Uy
— =41 +b——-0a?|(— ) ————— .
et () gy o9

The integration of relation (3.85) is not possible. At this level, we use the fol-
lowing approximation:

1 D 2a’ufuse — b . b 1/4
(a (arcsm ﬁ + arcsin m) ) =u, fr(y"). (3.86)

If laminar viscosity dominates the eddy one (y™ < 5),

Pt = pdyu. (3.87)

For 5 < y™ < 100, we use a linear interpolation between the two expressions
above.
Numerical experiences have shown better behavior for this second approach.

3.10 Wall functions for isothermal walls

For isothermal walls (T, = given)v we have to provide a law for the temperature,

as we did for the velocity. In weak form, we only need a law for the thermal stress
ar

X8y -
The Reynolds relation A first attempt to evaluate x9,1 is to use the classical
Reynolds relation between heat and friction coefficients [2]:

1.24
Ch = % = —5-Cr = 0620y, (3.88)
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so, we have:

T e
XL o _0620f_124” .

pusy
Note that, for the isothermal case, as (u + pt)0yu = pyu2, (3.61) leads to:
(x + x£)0,T |5 +uppuz = x0,T.
So, we have [5]:
(X + x0)0,T |5 +upyuZ = —1.24p,uyu. (3.89)

Again, in the definition of the friction and heat coefficients, we use local values
instead of reference ones. The wall density is obtained through Crocco’s law
(3.79).

Crocco’s method A more general approach consists in linearizing the local Crocco
law for the temperature to obtain the normal temperature slope. We have:

T T N=1_ ., T
— =1 1+ 22y 1w — ——M?*—u?
T, +K+ 2 )Tw }“ 2 T, "

and, we obtain:

OT _ (y=1,, OM_ ,\ O
5 = < 5 2M T (1+ > M>8y> u (3.90)
1+ EMQ)T - Tw]g—z (3.91)
-1 OM 20T, o
. Lomr 5y T Mg (3.92)
=1, O
3 MPT 2 (3.93)

Moreover, by definition, M? = u%p/vyp. As a consequence:

oM P @ . u 1 @
or YOy \AP2/p Yy’
because the static pressure is supposed to be constant in the normal direction.

Finally, we have to express dyp. Thanks to the perfect gas law and as the
static pressure is constant in the normal direction, we find:

SO



60 Partial differential equations for fluids

As a consequence, we have:

oM [pOdu MIT

T %Qy 2T Oy -
Reported in (3.93), we find:
or  1.5(y—1)M?*T+T — Ty —2(y — 1)M?Tu du

oy L—u 9y
where 0yu is given by (3.49):

Oou - Pwuz
Oy  p+p
At last, The temperature slope prescribed by Crocco’s law is:

T x+xe (v—DMT(A5-2u)+T Ty
TXi)G, 6= ot 3.94
R Xt)ay Tt e 1—u Pl (3.94)

where all the values are local ones. This expression is valid up to the wall and
can be used for 6 = 0.
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4

SOME NUMERICAL METHODS FOR FLUIDS

4.1 Introduction

In this chapter we present the numerical methods used in this book to solve the
equations for the flows. It is not an exhaustive presentation of computational
fluid dynamics and since we are interested in optimization and control the chosen
methods have been selected for their simplicity and easy treatment of general
boundary conditions on complex geometries.

One important aspect is the implementation of wall laws for general separated
and unsteady compressible or incompressible flows.

We present a mixed finite volume / finite element solver for compressible
flows. The explicit character of this solver has influenced some of our later choice.
This explicit approach is efficient enough on wall functions and appropriate for
time-dependent flows. Today, it is accepted that to capture the flow features
in large eddy simulations (LES) or unsteady Reynolds averaged Navier-Stokes
(RANS) flows, the time step has to be similar to or smaller than the Courant-
Fredriech-Levy stability condition (CFL) of explicit solvers. It is nice to notice
that the CFL stability conditions on meshes needed for simulations with wall
laws also resolves the large eddies of the flow in LES solvers.

Our choice of solver for the incompressible Navier-Stokes equations is explicit
for the velocity field and implicit for the pressure. Our aim is to keep the solver
as simple as possible and yet capable of an unstructured mesh with nonisotropic
adaptivity. This way automatic differentiation (AD) of programs will be easier
to apply.

At the end of this chapter, some simulations of complex flows, usually known
to be difficult, demonstrate the abilities of both solvers.

4.2 Numerical methods for compressible flows

Here we present a solver for the Navier-Stokes equations in conservation form
based on a finite volume Galerkin method and the Roe [27] flux for the approxi-
mation of the advection part. Of course, this is not the only choice possible and
several other fluxes are available in the literature [13,33]. We begin with a short
review of the possibilities.

4.2.1 Flux schemes and upwinded schemes

There are two major classes of scheme: flux difference splitting (FDS) like that of
Roe and flux vector splitting (FVS) like in the Stegger and Warming scheme used
here to implement general characteristic-compatible boundary conditions [28].
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FDS schemes are more accurate for boundary layer computation as they capture
stationary contacts, smoothed by FVS schemes. On the other hand, FVS schemes
are more robust and cheap. An alternative family is the hybrid upwind schemes
(HUS) of Coquel [6] where a correction is introduced to the FVS scheme to cap-
ture stationary contact. Our experience is that accuracy requirement makes FDS
schemes more suitable even if at the expense of a somewhat longer computing
time.

There is another major approach through streamline upwind, Petrov Galerkin
(SUPG) approximations, and Galerkin least squares [19-21]. These are purely
Galerkin schemes as the same finite element space is used for advection and
diffusion and where the numerical dissipation is introduced by additional terms.

Each of these approaches has advantages and drawbacks. Upwind schemes for
systems are usually designed for one-dimensional systems and their extension to
multidimensional configurations is not straightforward, while there is usually no
general artificial dissipation operator for systems, but when it exists there is
usually no major difficulty for a generalization to higher dimensions.

422 A FEM-FVM discretization

We shall use a spatial discretization of the Navier-Stokes equations based on a
finite volume Galerkin formulation. We use a Roe [27] Riemann solver for the
convective part of the equations together with MUSCL reconstruction with Van
Albada [30] type limiters. However, the limiters are only used in the presence of
shocks. The viscous terms are treated using a Galerkin finite element method on
linear triangular (tetrahedral) elements.

L

>

Consider the bidimensional Navier-Stokes equations in conservation form:

ZL LV (F() = NOW)) = W), (4.1)

where W = (p, pu, pv, pE, pk, pe)T is the vector of conservation variables, F' and
N are the convective and diffusive operators, and S contains the right-hand sides
of the turbulence model.

Denote by {g;}V the vertices of the triangulation. Let ), = U,;T; be a dis-
cretization by triangles of the computational domain € and let €, = U;C; be
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its partition into cells; the cells boundaries are made by the lines which join a
vertex and a middle point of the opposite edge in a triangle.

Let V}, be the set of continuous piecewise linear functions on our triangulation.
We can associate to each wy, € V},, a wj, piecewise constant function on cells by

/

o)
Wyl = == W . 4.2
C; |Oz| c ( )

h

Conversely, knowing wj, piecewise constant, wy, is obtained as the piecewise linear
continuous function which takes values w; = wy,(¢*) = wle,-

We use a Petrov Galerkin discretization of the weak formulation of (4.1).
Find W), € Vh6 such that, V&,

oWy, _, ,
[ e [ - mymva)) 43)
+/aszh(Fh ~Np) -nd, = /Qh Spdp. (4.4)

Let @/ be the characteristic function of C; and let ®; be its corresponding func-
tion in Vf; with an explicit time discretization we obtain

n+l n
|Cil <u> + [ Fy(W"™).n=RHS, (4.5)
ot oC;
RHS =~ [ NW")V(@,)+ [ NW") nd,. (4.6)
Qp, o0

Here, Fy(W}) = F(Waq) on 0C; N 0N and elsewhere Fy is a piecewise constant
upwind approximation of F(W) satisfying

/(’)cj, Fi-n=) YW, W"Cj)/ m (4.7)

i/ aciﬂCj

where WU is a numerical flux function satisfying, among other things, (W, W) =

4.2.3  Approzimation of the convection flures

To keep classical notation, for each segment (i,j), we denote the state at i by
left and at j by right. We then define Roe’s mean values for the velocity and
total enthalpy (i.e. H = |u|?/2 + ¢*/(y — 1)) using

i T H +H7’ T
r_ VP Hiypi+ Heyp @3

RN VR

from which we deduce the local speed of sound ¢ = ((y—1)(HT —|uf|?/2))1/2.
Using these, we can define the Jacobian matrix of F' (i.e. 0F/0W ) for Roe’s
mean values [27]. Hence, we take for ® the Roe flux
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1 oF
DR W) = 3 (F(WH) + F(W,) — | o) | (v — W), (a9)
The absolute value is applied on the eigenvalue A; of the Jacobian [16]:
OF R
S (WO = Z I\ IR; Ly, (4.10)

where R; and L; are the right and left eigenvectors corresponding to A;.

4.2.4  Accuracy improvement

To improve the accuracy, we redefine the left and right states used in the previous
scheme using Taylor expansions. This is called higher-order reconstruction. This
is a fundamental difference between finite volumes and finite elements. In the
first case, the function space degree is low (here P°) and we use reconstruction
to improve the accuracy while in the latter case, we try to increase the accuracy
by changing the functional space, going for instance from P! to PZ2.

Spatial accuracy is improved using geometrical state reconstruction [10] in-
volving a combination of upwind and centered gradients. More precisely, let VIV;
be an approximation of the gradient of W at node i. We define the following
quantities on the segment zg =¢ - ¢

Wij = Wi + 0.5Lim(B(VW)sij, (1 = B)(W; — W), (4.11)
and

Wji = Wj — 05L1m(ﬂ(VW) Z],( ﬂ)(W] — Wz)> (412)
with Lim being a Van Albada type limiter [30]:

a’ +a)b+ (b* + a)a
a? +b? + 2«
with 0 < a < 1 and § a positive constant containing the amount of upwinding
B € [0,1] (here § = 2/3). Now, the second-order accuracy in space is obtained

by replacing W/ and W in (4.7) by W;; and Wj;.
Developed for structured meshes, these techniques have been successfully
extended to unstructured meshes in the past [10].

Lim(a, b) = 0.5(1 + sign(abd)) ( (4.13)

4.2.5 Positivity

This approach does not guarantee the positivity of pk and pe, therefore the
convective fluxes corresponding to the turbulence equations are computed using
the scheme proposed in [22] for positivity preservation of chemical species.

More precisely, once the density fluxes are known the turbulent convective
fluxes are computed by

/ puk.n = k;; / pu-n
a(C;NCy) o(CiNCy)

kij = ki (resp.k;) if pu-n>0 (resp.<D0).
a(CinCy)
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In [24,26] we introduced two intermediate variables (¢, §) forming a stable first-
order time-dependent system in the absence of viscosity with a positive solution:

o=k’ 6=-. (4.14)

The k — € equations presented in Chapter 2 are written symbolically in terms of
total derivatives D; as
Dtk = Sk, DtE = SE- (415)

Differentiating (4.14), we have:

Dyp = k1P (aeSy + bk S.), (4.16)
1 k
Dif = —S = 3S.. (4.17)

In [24], we show that this system is stable and positive when a and b are such
that D;p < 0. This is the case when

c

a=—", b=1. (4.18)

Cu
From a numerical point of view, we can use these intermediate variables for the
treatment of the source terms. More precisely, after the advection and diffusion
treated as above, we introduce (¢, 6) and make the integration in these variables
and then return to the physical variables:

k= (pl/(a-l-b)eb/(a—&-b)’ e = (pl/(a-l-b)e—a/(a-l-b). (419)
However, experience shows that numerical integration with explicit schemes us-
ing stability condition (4.25) avoids negative values for k& and e. This means that
the stability condition for Navier-Stokes is stronger than for the high-Reynolds
k — € turbulence model. This is another interesting feature of wall laws. Indeed,

this is not the case with low-Reynolds versions of the model.

4.2.6  Time integration

The previous spatial discretization (4.5) has been presented with a first-order
time scheme but as we are targeting unsteady computations, it is important
to have a precise time integration scheme. To this end, a low-storage four-step
Runge-Kutta scheme is used. Let us rewrite (4.1) as

%—Vf — RHS(V), (4.20)

where RHS contains the nonlinearities. The scheme is as follows:

wo=wn (4.21)
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WF =W+ a6t RAS(W*™1) for k=1,..,4 (4.22)
Wt = (4.23)

with
a1 = 0.11, ag = 0.2766, a3 = 0.5, oy = 1.0, (4.24)

for a,. Naturally a CFL condition is necessary for stability. More details can be
found in [25].

4.2.7 Local time stepping procedure

When stationary solutions are targeted, the time integration is no longer of
interest. Furthermore, to accelerate the computation a local time step for each
node of the mesh is used:

ozt pPrix? )

5t(q") = min (|u| e 2t ) (4.25)

where 6% is the minimum height of the triangles (tetrahedra) sharing the node
¢'. This formula is a generalization of a 1D stability analysis. When the time
integration history is important, a global time stepping procedure is used. In
this case the global time step is the minimum of the local time steps.

Wall laws and time integration As we said already, wall laws are interesting as
they remove from the computational domain regions where the gradients are very
large and therefore permit coarser meshes and larger time steps. Low-Reynolds
number corrections may appear physically more meaningful but they lead to
many numerical problems. .

For instance, with the Delery [9] compression ramp (shown below) at Mach 5
and Reynolds 107, meshes compatible with the local (low) Reynolds number near
the wall need a first node placed at 10~"m from the wall in the normal direction
and between 1072m and 10~2?m in the tangential direction along the wall. This
means an aspect ratio of 10°. Using wall laws, we performed the same simulation
with the first node at 10=* m. If we use the stability criteria (4.25) presented
above for local time stepping, at CF'L = 1, this implies at least three orders of
magnitude in the time step size because it corresponds to CFL = 102 for the
model with low-Reynolds number corrections. In addition, the linear systems
obtained on such meshes are highly ill-conditioned. Finally the generation of
unstructured meshes with such a high aspect ratio is really difficult in 3D, not
to speak of the problem of adaptivity.

4.2.8 Implementation of the boundary conditions

The boundary conditions presented above are implemented in weak form by
replacing the given values in the boundary integrals of the weak formulation
of the numerical scheme. Denotes by (¢,7) the local orthonormal basis at a
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boundary node. The weak formulation of (4.1) contains the following integrals
on boundaries:

/W(ﬁ.ﬁ)da7 /pﬁdo, /p(ﬁ.ﬁ)da, /(S.ﬁ)do,
r r r r

s T
F(uS)ndU, /F(X + Xt)%dm
Oe

ok
tAW+HQE?@} (Aw+fw05; (4.26)

Inflow and outflow To introduce characteristic type boundary conditions, along
these boundaries the fluxes are decomposed into positive and negative parts [28]

according to the sign of the eigenvalues of the Jacobian g—vlf, of the convective
operator I
/ F.ido :/ (ATW,, + A~ Wy).iido, (4.27)
T T

where W, is the computed (internal) value at the previous iteration and W,
the external value, given by the flow conditions. Moreover, viscous effects are
neglected on these boundaries.

Symmetry and solid walls in inviscid flows Along these boundaries, only the
pressure integral (second integral in (4.26)) is taken into account in the momen-
tum equation. For Euler simulations (inviscid), a solid wall is also treated like a
symmetry boundary condition.

Homogeneous Neumann boundary conditions for k and ¢ are natural sym-
metry conditions; they are easy to implement in a FVM-FEM formulation as
vanishing for symmetry and in-outflow boundaries.

4.2.9 Solid walls: transpiration boundary condition

Moving walls can be replaced by an equivalent transpiration boundary condition
on a fixed mean boundary. We shall use it at times to simulate shape deforma-
tions. For instance if a function ¢ is to be zero on a wall and the wall position has
moved by a distance a then, by a Taylor expansion on can see that the boundary
condition can still be applied at the old wall position.

But, now it has a Fourier form:

99
on
In (4.26) the injection velocity is prescribed. In that case, only the implementa-
tion of the tangential velocity needed by the wall laws is modified.

¢+ a 0. (4.28)

4.2.10 Solid walls: implementation of wall laws

The aim here is to provide expressions for the momentum and energy equations
for adiabatic and isothermal walls. To express the fourth and fifth integrals in
(4.26), we split S.70 over (t, 7).
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This gives:
S.7 = (S.7A.7)7 + (S.7.1).1. (4.29)

In our implementation, the first term (S,,,,) in the right-hand side of (4.29) has
been neglected and the following wall laws have been used:

.7 =0, (4.30)
(SA.E)t = —pyut. (4.31)

The conditions above and the weak form of the energy equation give:

/F <(ﬁS)ﬁ +(x+ )@)Z—Z) do = 0.

However, in the isothermal case, the weak form of the energy equation is closed
using a Reynolds hypothesis for the thermal effects:

oT
/F <(11'S)ﬁ +(x + Xt)&) do = /F —1.24p,uyudo.

4.3 Incompressible flows

The flow solver used in this book uses the primitive variable (u,p). All the
applications we consider require turbulence modelling. The turbulence modelling
and wall laws are similar to what we said in the previous section for compressible
flows. We will therefore give only a brief description. More details can be found
in [23].

Consider the following set of incompressible Navier-Stokes and k — ¢ equa-
tions:
Find W = (p, u, k,e) in a domain Q, and for all times ¢ € (0,7, solution of :

V. =0,

U+ uVu+Vp—V-S=0,

3—% +uVEk —V.((v+wn)Vk) = Sk,
5 +uVe — V. ((v + ccvy)Ve) = S..

(4.32)

Here p and v are the kinetic pressure and viscosity (i.e. divided by the density);
Sk, Se and py come from the corresponding expression in the compressible case
presented in Chapter 2 after division by the density and removal of the terms
vanishing with V - u:

2
Se=5:vul —e, SezClS:Vu—CQ%. (4.33)

The Newtonian stress tensor is given by S = (v +v4)(Vu+ VuT) and the various
constants are given in Chapter 2.

For the applications presented in this book, these equations are solved with
compatible combinations of the several boundary conditions.



Incompressible flows 69

- Inflow boundary condition:
U= Uso, k = koo, € = E0o- (4.34)
- Outflow boundary condition:

Snn=p, Snt=0 2=29 _ (4.35)

on — on

- Periodic boundary condition applied to all variables except the pressure.
- Boundary conditions on solid walls using wall laws.
- Boundary conditions along symmetry lines.
As for compressible flows the initial conditions are uniform values for the vari-
ables:
U = Ug, k:ko, g = €&o, att:(),

with small values for the latest two (say 10~¢). However, as is well known, an
important difficulty in solving these equations is to provide an initial divergence-
free velocity field wo(x). This is another advantage of wall laws compared to
low-Reynolds models. Indeed, the initial solution with wall laws is uniform, so
divergence-free.

4.3.1 Solution by a projection scheme

The following pressure Poisson equation (PPE) can be derived from (4.32):

Ap = —V.(u.Vu) in Q, (4.36)
with
Onp =n.(V.S — Oyu — u.Vu), Inflow (4.37)
p = (S.n.n), outflow (4.38)
Onpp =0 solid walls. (4.39)

The projection scheme [7,8,14,15,31,32] is an iterative scheme which decouples
the pressure and velocity components.

In the simplest projection scheme we use, at each iteration, we solve one ex-
plicit problem for the velocity and one implicit problem for the Poisson equation:

0. Given u™ with V.u™ = 0,

1. Compute @ (explicit) by:

4 =u" + §t(—u".Vu" + V.S™)with b.c.above, (4.40)
2. Compute ¢ from
—Ap=—-V.iin Q, (4.41)
Onp = 0 on all boundaries except outflow , (4.42)
¢ = 0 outflow. (4.43)

3. Compute u" ™! = i — Vi and p" Tt = ¢/6t.



70 Some numerical methods for fluids

4. u™ « u"*1 and go to step (1).

Here the time integration is a simple backward Euler scheme.
As 0, = 0 on walls, we therefore have u"*t'.n = @.n and slip boundary
conditions remain valid after projection.

4.3.2 Spatial discretization

We use the positive streamwise invariant (PSI) version of the fluctuation splitting
scheme of [29] for the discretization of the convective term (u” - Vu™). This
scheme is interesting as it is compact, accurate, robust and is reasonably easy to
implement. It also guarantees the positivity of k and € when applied to d;k+u-Vk
and Oie +u - Ve.

For all the terms involving second-order derivatives, including the pressure
Poisson equation, a piecewise linear continuous finite element approximation has
been used. The linear system of the PPE equation is solved by a conjugate
gradient method with diagonal preconditioning.

As for the compressible case, let Q) = U;T}; be a discretization by triangles
or tetrahedra of the computational domain €2 and let ; = U;C; be its partition
into cells. Let V;, be the set of continuous piecewise linear functions on the
triangulation. The solution @ is approximated by @5 € (V4)9, (d = 2 or 3).

RVAD, d g

Discretization of the time derivatives All equations of the form d,v = f are
written in weak form and discretized on the mesh with an explicit Euler scheme,
giving

1
— ("t — o™ wy, = flwy, Ywp, € V. (4.44)

Qp ot Qp
With mass lumping it is

ot ,
ot =l + — - frw', (4.45)
Cil Ja,

where w® is the hat function of vertex ¢*. Hence at the discrete level dt is replaced

by 6t/|C;].
Discretization of right-hand sides We need to discretize in space in p:

u"”.Vu" —V.8", (4.46)
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with the boundary conditions given above. This is multiplied by a test function
@y, € VN (N = 2,3) and integrating by parts (4.46), we have:

/ Oy (u".Vu" — V.S")dx
Qp

:/ u" . Vu"p, ®pdr + thV(fI)h)dl‘ — S",.ndy,. (4.47)
Qn Qp oy,

The diffusion term is treated in the standard way, and for the convection term
the PSI scheme is used. Denoting w = u}}, we have:

a+1 d+1 1
/ w.Vwdpdx ~ Z ZBT Z —w.ng)wy, (4.48)
Q2 TeQy, i=1

where, in dimension d, 87 is the distribution coefficient for each node i of
T, | denotes the local element (triangle or tetrahedra) node numbering, @ =
( ;i+01 wy)/(d+1) is the mean value of w over the element, and n; is the inward
unit normal to the triangle edge (resp. tetrahedral face) opposite to the node !
multiplied by the length (resp. surface) of the corresponding triangle edge (resp.
tetrahedra face).

The choice of the distribution coefficients 3] determines the scheme [29]. For
BT =1/(d + 1)3, we have a centered scheme. This approach leads therefore to

an equal order discretization for velocity and pressure.

4.3.3 Local time stepping

As in the compressible case, a local time stepping procedure is introduced, based
on a one-dimensional analysis of an advection diffusion equation.
dx?

= . 4.4
ot |u|dz + 2(v + v4) (4.49)

4.3.4  Numerical approximations for the k — ¢ equations

For k and e, we use the same algorithm as step 1 for the velocity: explicit time
integration, PSI upwinding for advection using (4.48), centered P! finite element
for diffusion and source terms:

EMTE = k" 4 SH(—u"VE" + V(v + ) VE™) + SP), (4.50)
et =& + §t(—u"Ve" + V.((v + 0.7} ) Ve™) + ST). (4.51)

The time step comes from the Navier-Stokes stability analysis (4.49).
The same approximation is used for the convection terms:

d+1 d+1 1
/ u'VE ~ > N8 Z ( ~m) kp. (4.52)
Qp

T,7€Qy, i=1

where @ again denotes the mean velocity on the element as in (4.48). A similar
expression is used for ¢.
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Wall laws implementation

As in the compressible solver described above, integrating by part the dif-
fusion term in the Navier-Stokes equations, the following boundary integral ap-
pears, which can be treated as in the compressible case:

/ S - n®pdo ~ / uit‘bhda, (4.53)
wall

wall

where u, comes from the solution of the Reichardt equation with correction for
advection and pressure gradient as presented in Chapter 2.

The only point which is missing is the enforcement of the slip boundary
condition (u.n = 0). This is done simply by prescribing at each iteration

u = sign(u.t)|ult. (4.54)

4.4 Mesh adaptation

We describe here an error control method through mesh adaptation. Mesh in-
dependency of results is central in simulations and obviously in design as well.
Local mesh adaptation by metric control is a powerful tool for getting mesh
independent results at a reduced cost [3-5,17].

When mesh adaptation is used, not only the mesh in the computational
domain, but also the number and positions of the discretization points over the
shape will change during optimization. This means that, as we will see in Chapter
6, the shape and unstructured mesh deformation tools should take into account
these transformations. In addition, if the shape parameterization is linked to the
shape discretization, this implies a change in the design space after adaptation
which we should avoid so as to keep solving the same optimization problem.

Another remark concerns the change in the mesh connectivity in Delaunay
type meshes. This is difficult to take into account in the gradients because an
edge swap results in a nondifferentiable change of the cost function (see chapter
5).

4.4.1 Delaunay mesh generator

Given a positive definite matrix M (x) we define a variable metric by ||z — y||2 =
(x —y)T M (x)(z — y). M-circles, i.e. circles with respect to the variable metric,
are ellipses in the Euclidean space.

A given triangulation is said to satisfy the M-Delaunay criteria if for all inner
edges the quadrangle made by its two adjacent triangles are such that the fourth
vertex is outside the M-circle passing through the other three vertices.

The adaptive Delaunay mesh generator of [12] is based on these steps:

1. Discretize the boundary of €2, the domain for which we seek a triangulation.

2. Build a M-Delaunay triangulation of the convex hull of all the boundary
nodes (no internal point).
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3. Add an internal point to all edges which are longer (in the variable metric)
than the prescribed length.

4. Rebuild the triangulation with internal nodes, now using the Delaunay
criteria and the variable metric.

5. Remove the triangles which are outside 2.
6. Goto step 3 until the elements have the required quality.

It can be shown that the Delaunay mesh is the nearest to a quasi-equilateral
mesh, in the sense that the smallest angle in the triangulation is maximized by
the edge swaps so as to satisfy the Delaunay criteria. Note that if the local metric
is Euclidean, the mesh elements are isotropic. So anisotropy is controlled by M,
the local metric [11,12].

4.4.2  Metric definition

As stated earlier, if we want the mesh to be adapted to the solution, we need to
define the metric at each point of the domain and use it in the Delaunay algorithm
above. This is usually what is required by an unstructured mesh generator having
adaptation capacities [12].

The definition of the metric is based on the Hessian of the state variables
of the problem. Indeed, for a P! Lagrange discretization of a variable u, the
interpolation error is bounded by:

£ = |u—Tyulo < ch?|D?ulo, (4.55)

where h is the element size, IT,u the P! interpolation of u and D?u its Hessian
matrix. This matrix is symmetric:

0%u/02* 0%u/0xdy
2, _
Dru= (82u/3x8y 0%u/0y? (4.56)

(M0
R(O )\2>R , (4.57)

where R is the eigenvectors matrix of D?u and ); its eigenvalues (always real).
Using this information, we introduce the following metric tensor M:

A0 g
=R - R 4.58
M=r ()= (4.58)
where
Ai = min | max ( |\ 1y L (4.59)
f x v h?nax 7 h’rznin ’ .

with hmin and hpax being the minimal and maximal edge lengths allowed in the
mesh.



74 Some numerical methods for fluids

Now, if we generate, by a Delaunay procedure, an equilateral mesh with edges
of length 1 in the metric M/(c€), the interpolation error & is equidistributed
over the edges of length a; if

%a;prai =1. (4.60)

Three key points The previous definition is not sufficient for a suitable metric
definition in the following configurations: (1) systems, (2) boundary layers, (3)
multiple-scale phenomena.
Systems For systems, the previous approach leads to a metric for each vari-
able and we should take the intersection of all these metrics. More precisely,
for two metrics, we find an approximation of their intersection by the following
procedure: .

Let X} and v}, i,7 = 1,2 be the eigenvalues and eigenvectors of M;, j = 1,2.
The intersection metric (M) is defined by

M = w (4.61)
where M (resp. My) has the same eigenvectors as M; (resp. My ) but with
eigenvalues defined by:

A = max(AL, vl Mavl), i=1,2. (4.62)

K3
The previous algorithm is easy to extend to the case of several variables. Here,
one difficulty comes from the fact that we work with variables with different
physical meaning and scale (for instance pressure, density, and velocity). We will
see that a relative rather than a global error estimation avoids this problem.
Boundary layers The computation of the Hessian is done by interpolation via
the Green formula with Neumann boundary conditions. For instance, given p,
Pz is found in Wy, a finite-dimensional approximation space, by solving approx-
imately

/pxw = —/ pwy  Yw € Wy, (4.63)
Q Q

and then similarly for p,..

However, this does not lead to a suitable mesh for boundary layers. Indeed,
the distance of the first layer of nodes to the wall will be quite irregular. An-
other important ingredient, therefore, is a mixed Dirichlet-Neumann boundary
condition for the different components of the metric on wall nodes for viscous
computations. More precisely, the eigenvectors for these nodes are the normal
and tangent unit vectors and the eigenvalue corresponding to the normal eigen-
vector is a prescribed value depending on the Reynolds number. The tangential
eigenvalue comes from the metric of the solution.
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More precisely, along the wall the previous metric M(z) is replaced by a new
metric M(z): X
M(z) = TAT™, (4.64)

where

A = diag (% /\T) and T = (ii(z), 7(z)). (4.65)

The refinement along the wall can now be monitored through h,,. This allows, for
instance, for shocks and boundary layers to interact. This metric is propagated
through the flow by a smoothing operator.

Multi-scale phenomena Difficulties appear when we try to compute multi-scale
phenomena, such as turbulent flows, by this approach. For instance, when we
have several eddies with variable energy, it is difficult to capture the weaker
ones, especially if there are shocks involved. We notice that (4.55) leads to a
global error while we would like to have a relative one. We propose the following
estimation which takes into account not only the dimension of the variables but
also their magnitude:

D?u
max(|Ipul, €)

- Hhu

€= ’max(|Hhu|, €) (4.66)

ch? ‘

— K
0 0
where we have introduced the local value of the variable in the norm. € is a cut-off
to avoid numerical difficulties and also to define the difference between the orders
of magnitude of the smallest and largest scales we try to capture. Indeed, when a
phenomena falls below e, it will not be captured. This is similar to looking for a
more precise estimation in regions where the variable is small. Another important
observation is that this rescaling also works well with intersected metrics coming
from different quantities.

4.4.3 Mesh adaptation for unsteady flows

The adaptive algorithm above uses interpolation of solutions between meshes.
This is a major source of error in unsteady configurations [18,1,2]. The error
also exists in steady cases but does not influence the final stationary solution
as temporal derivatives vanish. The following transient fixed point algorithm
permits us to avoid this difficulty.

Fized point algorithm At iteration ¢ of the adaptation, one denotes the mesh,

the corresponding solution and the metric by H;, S;, M;. Introduce At = (Ti
adap

with 7 the smallest time-scale of interest (the time scale of the phenomenon one
would like to capture). We would like through Nadap and 2N, adap adaptive sim-
ulations to verify if the time-dependent result is mesh-independent. The transient
adaptive loop is as follows:

initialization: t =0, Ho, So, At given,
for (Z =0; 2 <imax; ¢+ +)
Compute the metric: (Hq, Si) — M.,
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Generate the new mesh: (Hiy M;) — Hiya,
Interpolate the solution on the new mesh: (Hi,Si, Hiv1) — Si,
Advance in time by At : (Hiv1,Si) — Siv1,

end_for (4.67)

As mentioned, the interpolations introduces perturbations when applied to time-
dependent flows but also because of the time lag between the metric and the so-
lution which increases if the time step in the numerical scheme is much smaller
than At. One can reduce this effect by adapting more often the mesh to the solu-
tion but then the interpolation errors become important and also the computing
time. Two modifications can reduce these drawbacks [1,2,18].

First, replace the metric based on the final solution by the interpolation (4.68)
below, taking into account the changes in the solution between two successive
adaptations. This introduces a combination of intermediate metrics. More pre-
cisely, if u?,p = n, ..., m, are successive state iterates between two adaptations
to take place at iteration n and m, one defines:

. 1 &
M= —r0 > M), (4.68)
p=n

where MP is the metric based on the state at iteration p.
Then, introduce an extra fixed point iteration with NFIX internal iterations with
the aim of finding a fixed point for the ensemble (metric, mesh, solution) where
the metric is defined by (4.68). The previous algorithm is modified as:

Ho, So, At, NFIX given, i=0, t=0

while (t < tmax), do

; ~j 1
=0 = (7 ()

while (j<NFIX or ||(ZS)IHL — (a8yy)| >T0L),do

K2

e Generate the new mesh using metric intersection:
I AAT J+1
(M, M;) — H;

e Interpolate the previous solution and its time derivative over the new mesh:

0 Y SAL
w80 (28 ) - (s (2
7, at ), at ),

One insists on the fact that the interpolation is from the solution at the
beginning of the internal fixed point (SP) and not from the courant solution
(87)-

e Advance the state in time by At and compute its contribution to metric
intersection:
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YO AR j+1
j+1 gitl % J+1 % j+1
(Hz 181' ) (81’)1 ) - <Sz ) (825 . 7Mi

e Intersect the intermediate metrics:
(M, M) — M

7+ + end_while

oS\ oS
(H?H,S?H, (E)M) - <H3,S§, <§>>
i+ + end_while

4.5 An example of adaptive unsteady flow calculation

This is for the prediction of an airfoil stall; it is interesting as it shows why it is
important to use accurate time integration with small time steps together with
mesh adaptation. This is the case especially when stall is due to the unsteadiness
in the wake (Figs. 4.1 and 4.2). Indeed, the simulation shows that in that case
the stall is clearly due to the fact that the wake becomes unsteady at some
incidence. Simulations are presented for a 2D profile called ONERA-A (kindly
made available to us by Onera-Cert) at incidence of 7°, 13°, and 15° using the
same accuracy for time and space integrations for all three cases. Stall is expected
for incidence 7°. Mesh adaptation is used for the three cases;, without it stall
is not predicted. As the Mach number is quite low, in principle this case is not
favorable for an explicit solver.
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Fia. 4.1. Stall prediction for a Onera A profile. Intermediate adapted mesh and
iso-Mach contours for 15° incidence.



78 Some numerical methods for fluids

0.5
1

1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1
Fi1G. 4.2. Stall prediction for a Onera A profile. Mean pressure distribution
for 7° (left), 13° (middle) and 15° (right) incidence and comparison with

experiments (dots). Stall is predicted but the pressure level is too low around
the leading edge.
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5

SENSITIVITY EVALUATION AND AUTOMATIC
DIFFERENTTATION

5.1 Introduction

This chapter is devoted to the presentation of various approaches for the eval-
uation of the gradient of functionals. We also discuss automatic differentiation
(AD) of computer programs as a tool for shape optimization.

For gradient-based shape optimization methods, it is necessary to have an
estimation of the derivatives of the discrete cost function with respect to control
parameters. It is clear that when the number of control parameters is large, an
adjoint equation is necessary [41,28,7,20]. It is tempting to use a discretization of
the adjoint equation of the continuous problem; this however would not account
for the discretization errors of the numerical schemes (like numerical dissipation
for instance). Automatic differentiation produces the exact derivatives of the
discrete cost function. Moreover, in reverse mode, the cost of this evaluation
is independent of the number of control parameters as for a standard adjoint
method.

AD can also be used to analyze the sensitivity of the numerical scheme itself
[26] to various parameters such as the different numerical fluxes for finite volume
methods for compressible inviscid flows. We used Roe and Osher fluxes with
and without MUSCL second-order reconstruction [42,13,48] for the solution
of the Euler equations. We showed that this approach works equally well on
parabolic and hyperbolic equations. Viscous turbulent configurations have also
been investigated [35]: a k—e model [29] with special wall laws including pressure
and convection effects in the Jacobian.

Therefore, AD is not only a tool for the evaluation of sensitivities, but it
also helps to understand the state equation of a problem and the contribution
of each operator involved in the computation of the sensitivities, and this at a
reasonable cost.

In multicriteria optimization sensitivity analysis is important to discriminate
between Pareto points and this even if a gradient free approach is used. In-
deed, knowledge of sensitivity permits us to qualify various points of a Pareto
front from the point of view of robustness: two points on a Pareto front can be
compared if one considers the sensitivity of the functional with respect to the
independent variables which are not control parameters. The robust optimum is
the one with lowest sensitivity.

Also, sensitivity evaluation is important because often in simulations infor-
mation on the uncertainties on the results is more important than the results
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themselves. For instance, it is essential to be able to identify dominant indepen-
dent variables in a system, as these will need more accurate monitoring and for
which precise measurements should be provided.

These concepts are central in Validation and Verification (V&V) issues which
refer to all of the activities that are aimed at making sure that the software will
function as required. Indeed, it is important to include robustness issues into the
specifications using sensitivity analysis and see that a simulation should therefore
be seen as multicriteria minimization.

Consider the following simulation loop linking a set of independent to depen-
dent variables and eventually leading to the calculation of a functional J(z, ¢, h),
a function of independent variables z;, for instance, a geometric parametrization,
© the physical variables defining the flow and h the solution procedure parame-
ters (discretization, accuracy, convergence rates, etc.)

(x,0,h) = q(z,h) = Ulp,q(x), h) — J(x,,h,q(z,h),U(p,q(x,h))). (5.1)

Flow calculations enter this class with, in x the parameters defining the geometry
(e.g. the cord of an airfoil), ¢ for the geometric quantities (mesh, vertices, etc.)
and U field flow variables solution of the state equation F'(U(g(x,h),p,h) = 0.
For a geometrical set of parameters (z*) and flow conditions (¢*), the solution
of the state equation can be seen as minimization of

(@, ¢% h) = [|[F(U(g(2", k), ", bl (5.2)

Hence, we look for the best solution procedure which minimizes the residual:
h = argming, ¢y Ji(z*, ¢*, h). The admissible space H includes the constraint
on the solution procedure (e.g. maximum number of vertices one can afford,
accuracy in the solution of nonlinear and linear systems,...).

Robustness issues can now be introduced through control of the sensitivity
with respect to the other independent variables around the functioning point
(@*, ¢"):

Jo(a", 0" h) = Va1 (a7, ", B)||. (5.3)
The simplest way to proceed is by penalizing these sensitivities and looking
for the solution of h = argminy, ¢z Ji(z*, ¢*, h) + Jo(z*, ¢*, h). This is because
no calculation can be reliable if it is too sensitive to small perturbations in
the data. This also shows that the solution procedure probably needs changes
once it includs robustness issues, except if the optimum of the constrained and
unconstrained problems are the same, which is quite unlikely. It is obvious that
the cost of this approach makes it difficult to use in practice; one should however
pay attention and at least a posteriori evaluate the sensitivity of the solution
to perturbation of the independent variables [47]. We will also discuss this issue
when presenting global optimization algorithms in Chapter 7.

Another interest in sensitivity evaluation is to build response surfaces. These
can be built by various approaches (see Chapter 7) such as radial basis functions
or Kriging or even using local Taylor or Padé expansions. In all cases, information
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on sensitivities improves the accuracy of the construction. Once these reduced
order models are built, they can also be used, as mentioned above, for robustness
analysis through Monte Carlo simulations. One needs then to make hypotheses on
the probability function distributions of the independent variables which are not
control parameters. Finally, if response surfaces are not available, knowing the
gradients, Monte Carlo simulations can be avoided using statistical approaches
such as first or second-order reliability methods (FORM, SORM) [30,31] giving
an indication of the probability of failure of the design, or the method of moments
[27] which produces information on the mean, variance, etc. for the functional,
for instance.

5.2 Computations of derivatives

Let us recall four different approaches to finding the derivatives of a cost function
J with respect to control parameters x € RY, in the case when J(z,U(x))
depends on z also via a function U(x) which is the solution of a PDE, the state
equation:

J(x,U(x)) where x — U(z) is defined by E(x,U(x)) = 0. (5.4)

5.2.1 Finite differences

The easiest approach is of course finite differences. Indeed, we need here only

multiple cost function evaluations and no additional coding. It is well suited to
black-box code users who do not have access to the source code:

dl 1._, - . - I

~ —[J(Z+ e, U(Z + eéy)) — J(&,U(T)))]. (5.5)

dl’i €

However, there are three well-known difficulties :
e the choice of € (especially for multicriteria optimizations);
e the round-off error due to the subtraction of nearly equal terms;

e a computing cost proportional to the size of the state space times the
control space.

5.2.2  Complex variables method

To avoid a critical choice for € and also to avoid the subtraction error present in
finite differences, we can use the complex variables method [45,1]. Indeed as J
is real valued we have

2 3
J (i + i€, Ui + ie)) = J(x, U(x)) + ieJ), — %J” —iS T o),
i

implies  J,, = Im(J(z; + ie, U (z; + ie€)))
€

+o(e) (5.6)

where x; + ic means add to the ith component of the control parameters the
increment ey/—1. We can see that there is no more subtraction and the choice of
€ is less critical.
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In the same way, the second derivative can be found as:

d*J Re(J(z; +ie,U(z; + i€))) — J(z,U(x))
— =2 . (5.7)
dx? €2
Unfortunately, here, there is again a subtraction, but less important than when
using a central difference formula (J = ((J(z + ¢€) — 2J(x) + J(z — €))/€?)).

In practice, this method requires a redefinition in the computer program of
all variables and functions from real to complex. The computational complexity
of the approach is comparable to second-order finite differences, since complex
operations and storage require at least twice the effort compared with reals. Here,
too, the complexity is also proportional to the number of states times control
variables.

5.2.3 State equation linearization

To reduce the influence of € one way is to use calculus of variation and compute
with finite differences only the partial derivatives of functions. Thus, denote
52 = ee’ and let 6U be the variation of U (i.e. U = dx;0,,U). By linearization
of B(x,U(x)) =0:
E E

Z—U6U = fg—xéa: ~ —[E(x +eé;,U(x)) — E(z,U(x))]. (5.8)
For fluids most numerical implicit solvers are based on a semi-linearization of
the equations as for instance in the following quasi-Newton method using Krylov

subspaces:

OE" n+1 n n
In other words, to solve (5.8), we can use the same implicit solver but with
a different right-hand side. More precisely, we have to solve (5.9) N times the
dimension of x, and each solution gives one column of 0,U. After substitution,

we have:

daJ 0J 0JoUu

dr 9z U oz’
where the partial derivatives are computed by finite differences but oU/0x is
computed by solving (5.8). But the computing cost problem remains proportional
to IV times the dimension of U.

(5.10)

5.2.4  Adjoint method
In the former method we have:

ar_ o1 o1 ((op\ToE\ _os _((oE\Tor\oE o
de — 0x oU \ \oU ox | Ox oU oU | ox’ '
In this expression, we only gathered in a different way the three terms involved

in the derivative of the cost function. This simple action is essential, as we can
now introduce a new variable p, called the adjoint variable, such that
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oENT  aJ
(%) p—%7 (5.12)

which makes it possible to compute the gradient at a cost independent of IV, as
only one solution of (5.12) is required:

d] 8] 7 OF

This can also be linked with a saddle-point problem for the Lagrangian.

5.2.5 Adjoint method and Lagrange multipliers

Introduce the Lagrangian L = J + p” E, and write stationarity with respect to
U, p,x. This gives an equation for p:

oL 8] 1OE

L _ 0T 4 yr0F s, (5.14)

the state equation, and

dj 0L 0J ;0FE
dr oz oz P Bz (5.15)
Notice that (5.9) is almost similar to (5.14) and differs only by a transposition
of the Jacobian matrix.

Here, the cost is proportional to the state space size plus (and not times)
the control space size, because the state and adjoint equations are solved once
only; but we still need to compute OF/dx. This can be easily done using finite
differences or by AD in direct mode (see below) [37].

This adjoint method can be applied at the level of the continuous problem or
at the level of the discrete problem [41,28,34,39,11,12]. The continuous level
has been widely used for various optimization and shape design problems. If we
choose to linearize the state equation at the continuous level, two difficulties
arise:
e it does not take into account numerical errors of the discretization;
e when the equations are complicated (for instance flow system with turbu-
lence modeling coupled to an elasticity system), it becomes difficult to do
the derivation also at the continuous level and produce bug-free code.

The idea is therefore to work at the discrete level and in an automatic fashion.
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5.2.6 Automatic differentiation

The direct mode The leading principle is that a function given by its computer
program can be differentiated by differentiating each line of the program. So
the various methods of AD differ mostly in the way this idea is implemented.
A review article on these can be found in [18]. The idea being simple it is best
understood by means of a simple example.

Consider the function J given below and the problem of finding its derivative
with respect to u at u = 2.3:

J'(u)  where z=2u(u+1)
y = x + sin(u)
J=xxy.

Above each line of code insert the differentiated line:

de=2xusdu+2+*dux(u+1)
x=2%ux(u+1)
dy = dz + cos(u) * du

y = x + sin(u)
dJ =dxr*xy+x*xdy
J=xxy.

The derivative will be obtained by running this program with v = 2.3, du = 1,and
dx = dy = 0 at the start time.

Loops and branching statements are no more complicated. Indeed, an if state-
ment

A; if ( bool ) then B else C; D;
is in fact two programs. The first one: A; B; D; gives A’;A;B’;B; D’;D; and the
second one A; C; D; gives A”;A; C’;C; D’;D; they can be recombined into
A’;A; if ( bool) then { B’;B} else {C’;C} end if; D’;D
Similarly, a loop statement like:
A; for i:=1 to 3 do B(i); D;
is in fact:
A; B(1);B(2);B(3); D;
which gives rise to:

A’;A; B’(1);B(1);...;B°(3);B(3); D’;D;
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which is also recombined into
A’;A; for i:=1 to 3 do{ B’(i);B(i);} D’;D.

However, if the variable “bool” and/or if the bounds of the for statement
depend on u then there is no way to take that into account. It must also be said
that the function is nondifferentiable with respect to these variables.

There are also some functions which are nondifferentiable, such as /x at x = 0.
Any attempt to differentiate them at these values will cause an overflow or a
NaN (not a number) error message.

When there are several parameters the method remains essentially the same.
For instance consider (uy,u2) — J(u1,us) defined by the program

y1 = l(ur,u2) y2 =lo(ur,uz,y1) J =I3(u1,u2,y1,92) (5.16)
Apply the same recipe
dyr = Oy l1(u1, u2)dzy + Oyyla (ur, ug)dzo

y1 = li(ug, uz)
dya = Oy, ladz1 + Ou,lodxs + Oy, ladyr
y2 = lz2(u, uz,y1)
dJ = Oy, l3dz1 + Oyylodxs + Oy, lsdyr + Oy, lsdys
J =13(us,uz,y1,y2)
Run the program twice, first with dz; = 1, dzs = 0, then with dz; = 0,dxs = 1,

or, better, duplicate the lines dy; = and evaluate both at once with dz1 = d;5,
meaning that

dlyy = Oy, 11 (u1, ue)dlay + Oy, li(ur, uz)dlas
d2y1 = Oy, 1 (u1, u2)d2x1 + Oy, li(ur, uz)d2xs
Y1 = 11(111,112)
dlys = Oy, ladlxy + Oy, ladlzy + Oy, ladlys
d2ys = Oy, lod2x1 + Ou,l2d2x9 + Oy, lad2y:
y2 = la(u1, uz,y1)
dlJ = Oy, l3dlzy + Oy,ladlas + Oy, l3d1lys + Oy, l3dlys
d2J = 0y, 13d2x1 + Oy, lad2xs + Oy, 13d2y1 + 0y, 13d2yo
J= 13(11171127}’1,)’2)
is evaluated with dlzy =1, dlz2 =0, d2z; =0, d2z, = 1.

The reverse mode The reference in terms of efficiency for the computation of
partial derivatives is the so-called reverse or adjoint mode. Consider a simple
model problem where J is a function of two parameters and is computed by a
program that uses two intermediate variables:
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Y1 = 11(U1,U2)
Y2 = la(uy, u2, Y1)
J = 13(uluu2ay17y2)

Let us build the Lagrangian by associating to each intermediate variable a dual
or adjoint variable p, except for the last line for which p = 1:

L=pi[y1 — li(u)] + p2ly2 — la(u,y1))] + J = 13(u, y1,y2)- (5.17)

Stationarity with respect to y2,y1 (in that order) gives

ol
0=p2— a—yz(%yhyz)

- i ol
0=p1—p2 o (u,y1) o (u,y1,y2)-

This gives py first and then p; and then J] is

oJ 0l dls  0l3

aui 7p18_u,' +p26’ui + 8Ui'
The difference with the direct approach is that, whatever the number of inde-
pendent variables, the adjoint variables p; are evaluated once only and so the
complexity of the computation is much less. On the other hand, the method
requires a symbolic manipulation of the program itself and so it is not easy to
implement as a class library [2].

(5.18)

5.2.7 A class library for the direct mode

There are currently several implementations of the reverse mode, Ado1-C and
Odyssée in particular. But these may not be so easy to use by the beginner:
some learning is required.

A very simple implementation of the direct mode can be done in C++ by
using operator overloading. It is certainly not a good idea to use this method
extensively on problems which have more than 50 control variables or so, but it
is so easy and handy that it is best to be aware of it. It is possible to do the
same in Fortran 90 as well (see Maikinen [33] for example).

Principle of programming Consider again

J'(u)  where =z =2u(u+1)
y = x + sin(u)
J=zxy.

Each differentiable variable will store two numbers: its value and the value of
its derivative. So we may replace all variables by an array of size 2. Hence the
program becomes
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float J[2],y[2],x[2],ul2];

// dx = 2 u du + 2 du (u+l)

x[1] = 2 * ul0] * ul1] + 2 * u[1] * (ul0] + 1);
// x =2 u (utl)

x[0] = 2 * ul0] * (ul0] + 1);

// dy = dx + cos(x) dx

y[1] = x[1] + cos(ul0])*u[1];

// y = x + sin(x)

y[0] = x[0] + sin(ul0]);

J[1] = x[1]1 * y[0] + x[0] * y[1];
//J=x%xy

J[0] = x[0] = y[0];

// dJ =y dx + x dy
JI[1] = x[1]1*y[0] + x[0]*y[1]

Now, following [25] we create a C++ class whereby each variable contains the
array of size two just introduced and we redefine the standard operations of
linear algebra by giving our own definition such as the one used below for the
multiplication:

#include <iostream.h>

class dfloat{
public: float v[2];
dfloat(){ v[1]=0;} // intialize derivative to O
dfloat (double a) { v[0] = a; v[1]=0;}

// above: promote double into dfloat

dfloat& operator=(const dfloat& a)
{ v[0] = a.v[0]; v[1] = a.v[1]; return *this;}
friend dfloat operator * (const dfloat& a,
const dfloat& b)
{ dfloat c;
c.v[1] = a.v[1] * b.v[0] + a.v[0] * b.v[1];
c.v[0] = a.v[0] * b.v[0];
return c;
}
friend dfloat operator + (const dfloat& a,
const dfloat& b)
{ dfloat c;
c.v[1] = a.v[1] + b.v[1];
c.v[0] = a.v[0] + b.v[0];
return c;
}
/...
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void init(float x0, float dx0){ v[0]=x0; v[1] = dx0;}
};

void main () { dfloat x,u;
u.init(2.3,1); /* Derivative w/r to u
at u=2.3 requested */
x=2.%u* (u+1.);
//. ..
cout << x.v[0] <<’\t’<< x.v[1] << endl;
}

This program works as it is (gives 15.18 and 11.2 as expected) but to be complete
and applicable to more general programs all the operators like —, /, >, sin, log,
etc. must be added. The best way is to put the class definition into a file “dfloat.h”
for instance. Then any C program can be differentiated (Fortran 77also via f2c,
but for C++ programs there can be conflicts with other class structures). Now
all we have to do is to change all “float” (and/or double) variables into dfloat
variables and add a line like “u.init(u0,1)” above to indicate that the derivatives
are taken with respect to u at u = u0.

Implementation as a C++ class library To handle partial derivatives, the C++
implementation is done with a template class because the number of partial
derivatives required is known only at compile time:

#include <iostream.h>

template <int N> class dfloat{
public: float vI[NJ];
dfloat ()
{ for(int i=1;i<N;i++) v[i]=0;}
dfloat(double a)
{ v[0] = a; for(int i=1;i<N;i++) v[il]=0;}
dfloat& operator=(const dfloat& a)
{ for(int i=0;i<N;i++) v[il=a.v[i];
return *this;}

friend dfloat operator * (const dfloat& a,
const dfloat& b)
{ dfloat c;
for(int i=1;i<N;i++) c.v[i] = a.v[i] * b.v[0]
+ a.v[0] * b.v[il;
c.v[0] = a.v[0] * b.v[0];
return c;
}

friend dfloat operator + (const dfloat& a,
const dfloat& b)
{ dfloat c;
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for(int i=N-1;i>=0;i--) {

c.v[i] = a.v[i] + b.v[i];

}

return c;

¥
/] ...
void init(float x0, int n){ v[0]=x0; vI[n] = 1;}
}

void main () { dfloat<3> x,u,v;
u.init(2.3,1);
v.init(0.5,2);
x=2.xux*x (u+v);
/...
cout << x.v[0] <<’\t’<< x.v[1]<<’\t’<< x.v[2] << endl;

}

In this example the partial derivatives with respect to u and v of 2u(u + v) are
computed at v = 2.3,v = 0.5.

It is better to use a template class because IV, which is the number of param-
eters, should not be fixed at a default value otherwise the library has to be edited
by hand each time it is used. Templates are efficient, but here all functions with
for statements should be implemented outside the class definition for optimal
Inlining.

As before, this program works (the answer is 12.88, 10.2, 4.6) but to make it
general all the operations of algebra and all the usual functions like sin( ) should
be added.

In many problems, however, N may not be known at compile time; this is the
case of OSD where N is the number of discretization parameters which define
the boundary; then dynamic arrays cannot be avoided.

class dfloat{
public: float* v; int N;
dfloat();
~“dfloat();
friend dfloat operator * (dfloat& a, dfloat& b)
{ dfloat c;
for(int i=1;i<N;i++)
c.v[i] = a.v[i] * b.v[0] + a.v[0] * b.v[i];
c.v[0] a.v[0] * b.v[0];
return c;

}
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where the class dfloat now has a constructor and a destructor to allocate and
destroy the array v[ ].

dfloat::dfloat(){ v = new float[N];
for(int i=1;i<N;i++)v[i]=0;} // constructor
dfloat::~dfloat{ delete [] v;} // destructor

The problem then is that a large number of temporary arrays are created dy-
namically at execution time, like c.v in the multiplication above, and that takes
a lot of computing time.

An optimization can be found in [3] which uses expression templates and
traits and which considerably reduces the creation of temporaries so as to ar-
rive at performances similar to those obtained with the template class library
explained above. Still, to the user the simplicity of the class library is kept and
it is extremely easy to link any C program to these libraries for a sensitivity
analysis with respect to a few parameters.

In [2] extensive comparisons have been made between this approach (the
forward mode) and the best reverse mode programs; these indicate that this
approach is hard to beat when the number of control parameters is less than 50
or so.

Source codes of these classes are available at www.ann. jussieu.fr/pironneau.

5.3 Nonlinear PDE and AD

This is an application of AD to the solution of a nonlinear PDE, here the Navier-
Stokes equations in conservation form. We use AD in direct mode for the evalu-
ation of the Jacobian of the flux and use it in a quasi-Newton algorithm [14].

To solve a nonlinear PDE with a Newton type algorithm, we need the Jaco-
bian of the operator or its action on a vector. This can be done by linearization
or exact computation in the case of differentiable operators, or simply by finite
differences (FD).

We consider the following form of the Navier-Stokes equations:

ow
where W is the vector of conservation variables, and f represents the advective
and viscous operators. This system has four equations in 2D for five variables
and the system is closed using a state law (perfect gas in our case).

WO being the initial state, a first-order Taylor expansion leads to:

FWY) =FW% + S—VFV(WO).(W1 W9 +o(W! —WO). (5.20)
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By requiring F'(W1) = 0 and neglecting the small terms, we obtain the linearized
Newton algorithm:

wt=w°— (W) - F(WO). (5.21)

We use a Krylov subspace approach (without preconditioner) to solve this linear
OF

system [14] and AD is used to compute .

For the Newton scheme to converge, we need W©° to be not too far from the
solution W'. But, in our computations, we always start from a uniform state.
Therefore, a restart process is also used.

We present results for a transonic viscous computation around a NACA0012
at Mach 0.85 and Reynolds 1000. Global time stepping has been applied to
reduce the mesh effect on the condition of the matrix. The mesh has around
1000 points which makes a problem with 4000 unknowns. The code was run over
350 iterations in time.

The numerical values of the different components (four conservation vari-
ables) of the linear tangent Jacobian are shown (i.e. the Jacobian times an in-
crement 0W: (%)(WV for 100 points in the mesh obtained using FD and AD).
The increment ¢ used for FD computations has been chosen so that the first and
second-order finite differencing give the same results:

dF o (W +28W) = F(W — 5W)
i FOV 4+ 26W) - FOW) |
+ € -
—_—. ~ . .22
W ) (5.22)

These gradients are computed from the same state with a CFL number of 100. Of
course, during the computation they will diverge from each other. This validates
the program produced by AD. We can see that the FD approach always produces
smoother gradients (see Fig. 5.1).

In Figs. (5.3) and (5.2), we show the convergence of the quasi-Newton al-
gorithm during the computation. The Krylov space dimension is 20. Two CFL
numbers of 102 and 10° have been tried. For the former case only the use of the
Jacobian obtained with the automatic differentiation leads to good convergence.
The case with CFL= 10° corresponds to the resolution of Navier-Stokes equa-
tions after removing the temporal term. This case can be seen as a resolution
with GMRES with 350 (number of time step) restarts. The convergence history
for the previous case and an explicit computation (CFL = 1) are shown in Fig.
5.3.
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FiG. 5.1. Comparison of the linear tangent Jacobian computed by FD and AD
for p for 100 nodes around the shape.
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FiG. 5.2. GMRES convergence for CFL numbers of 102 and 10°.

5.4 A simple inverse problem

We consider here the solution of the Burgers equation with right-hand side [10].
This control problem has been suggested to us by Prof. M. Hafez from UC Davis.



A simple inverse problem 95

0-5 T T T T T T
‘RES_DF_CFL=1E2' —
0 A RES_DA_CFL=1E2'..... |
7777777 ‘RES_DF_CFL=1E6’ -
-0.5 ‘RES_DA_CFL=1E6’ - A
1 'RES EXPL"=
A5 T
2N
251
3F _
-3.5 8
4+ i
-4.5 1 1 L L I L
0 50 100 150 200 250 300 350

FiG. 5.3. Global convergence history. Explicit vs. implicit using FD or AD for
the Jacobian evaluation. For small CFL numbers (CFL = 10?) both the FD
and AD approaches converge while for CFL = 10° only AD works.

ou 0 u?
u(t,—1) = 1,u(t,1) = —0.8, u(0,2) = —0.92 + 0.1. (5.24)

The steady solution of (5.23) is piecewise parabolic in a smooth region and has
a jump (see Fig. 5.4).

u(z) = 0.152° + 0.85 forz < g0k
u(z) = 0.152% — 0.95 forz > Zghock: (5.25)

and the shock position is found by asking for the flux to have no jump:

_ oy _
Ugpock = ~Yshock therefore g} o0 = — 1/3. (5.26)

We use an explicit solver with Roe flux [42] for the discretization. This flux
is nondifferentiable because of the presence of an absolute value. The direct
solver for (5.23) and the sensitivities obtained using direct and reverse modes of
AD are shown in this chapter. We also show the application of inter-procedural
differentiation on this example.
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This example shows that even if the target solution is simple (piecewise linear
here shown in figures 5.9, 5.10 and 5.11), the optimization algorithm can fail (see
Fig. 5.5); general shape optimization problems based on PDE solutions have the
same characteristics.

We want to see how accurate are the derivatives produced by AD compared
to finite differences. We choose (5.22) to evaluate the derivatives for FD. The
cost of one evaluation is therefore 101 solutions of the Burgers equation.

1 .

INITIAL —
“TARGET’ ------ |
‘SOLUTION WITH AD’ -

‘SOLUTION WITH FD’

0.8
0.6
0.4
0.2 ‘
0 R
-0.2
—-0.4
—0.6

—-0.8

_1 1 1 I” L 1 1 1
-1 -08 —-0.6 —04 —-0.2 0 02 04 06 0.8 1
Fic. 5.4. FD vs. AD: solution of the Burgers equation with control in the

right-hand side (discretization with 100 intervals). Target, initial and final
solutions.

We would like to recover a desired state by solving the following control
problem for f:
ou 0 u?

5% + prar f@u, wu(-1)=1,u(l)=-0.28, (5.27)

where f(z) € Ouq is piecewise linear on the mesh, thereby defined by its 100
values of the mesh points.

The cost function is given by:
1

Jal) = 5 K (ula) = ug(o)"d (5.28)

where o = 2 and ug is the solution obtained solving (5.23) shown in Fig. 5.4.
f(z) has been perturbed initially around the target fi,, = 0.3z.
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Fic. 5.5. FD vs. AD: control distribution: target, initial and final control state.
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Fic. 5.6. FD vs. AD: the gradients produced by FD and AD approaches.
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10 . , , . . . | | |
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Fia. 5.7. FD vs. AD: the convergence histories for the cost and gradient. When
using automatic differentiation, the convergence is uniform. The final states
are similar however.

Obviously, it is possible to explicitly calculate fiyr knowing ug(t, ). Indeed,
from the state equation in regions where the solution has enough regularity one
can write:

Ua(t, ) frap () = 04 (uq) + uads(ua). (5.29)

The control is not a function of time, hence 0, (uq(t, z)) = 0.3x. This example
points to a fundamental difficulty of inverse design methods as the existence of
a solution is not guaranteed in general.

We want to use a gradient method to minimize (5.28) with a = 2. The descent
parameter is set to 0.001. To get the Jacobian of J, we use AD in reverse mode
and finite differences (see Fig. 5.6). We can see that AD improves the convergence
(see Fig. 5.7) which means that the gradient is more accurate; however, in both
cases, the minimization algorithm fails in finding the global minimum.

The parameterization linked to the discretization is similar to what we will
call CAD-free and low-dimensional parameterization is comparable to a CAD-
based parameterization of a shape. We come back to the loss of regularity build-
ing minimizing sequences using gradients of functionals.

Let us use this example to introduce multicriteria minimization. To see what
goes wrong with the convergence of the gradient method we would like to have a
geometric view of the functional. Let us consider a low-dimensional search space
O.q to be sampled. For instance, consider O,y = P; a two-dimensional search
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F1a. 5.8. Surface and iso-contour of (a,b) — Jao(fiar + ax +b) (upper) and of
(a,b) — Jo.3(frar + ax + b) (lower).

space of affine polynomials over [—1,1]. With this search space the problem is
admissible as fior € Oaq.
Figure 5.8 shows:
[-0.15,0.15] x [-0.15,0.15] = R (5.30)
(a,b) = Jo(frar + ax +b). .
We can see that the iso-contours are rather parallel around a = b = 0 and Js is
flat in some direction. Let us now consider « as an additional control parameter.
One would like to define the best a convexifying the functional. This can be done
by dichotomies, for instance, on «. We find that oz = 0.3 is a suitable choice (see
Fig. 5.8).
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FiG. 5.11. Left: convergence history for ||f — fiar||- Right: histories of Jo and
Jo.3.
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Fic. 5.12. Left: histories of ||f — fiarll- Right: histories of Jo, Jos,
(0.01 Jo.3 4+ 0.99 J3) and max(J2,0.01 Jy 3).

Now, if one considers again O, = R!'% with o = 0.3 we notice that the
convergence is satisfactory in control but less in state than with o = 2. It is
clear that J,—o and J,—o 3 have different behavior and need to be minimized
together. This is typical in multicriteria situations. This can be done using a
min-max formulation:

min(max(Ja—2, Ja—0.3)) (5.31)
or through a combination of J,—2 and J,—g.3:
. [ (1—¢) €

min (m Jazg + m Ja:()_3 , (532)

with 0 < e < 1, JO_, and JO_, 5 being respective initial values of the functionals.
One notices that both approaches improve the convergence (see Fig. 5.12).

5.5 Sensitivity in the presence of shocks

As pointed out in the pioneering papers by Majda [32] and Godlewski et al [22]
there are serious difficulties in analysis with the calculus of variations when the
solution of the partial differential equation has a discontinuity. Optimization of
an airplane with respect to its sonic boom, as analyzed below, is precisely a
problem in that class, so these difficulties must be investigated. The easiest for
us here is to take a simple example, like the Burgers equation, to expose the
problem and the results known so far.

Suppose we seek the minimum with respect to a parameter a (scalar for
clarity) of j(u,a) with u a solution of

Oru(x,t) —l—&c(%Q)(x,t) =0, u(z,0) = u’(z,a), Y(x,t) € Rx(0,T). (5.33)

Consider initial data «°, with a discontinuity at = = 0 satisfying the entropy con-
dition u~(0) > u*(0); then u(x,t) has a discontinuity at « = s(¢) which depends
on a of course, and propagates at a velocity given by the Rankine-Hugoniot con-
dition: $ = @ := (uT 4+ u~)/2 where u* denote its values before and after the
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shock.

Let H denotes the Heaviside function and § its derivative, the Dirac function;
let s’ = 9s/0a and [u] = u* — u~ the jump of u across the shock. We have

u(z,t) = u”(z,t) + (ut(z,t) —u (z,t))H(x — s(t)) =
W =u" —§(t)[u]d(x — s(t)), (5.34)

where u~" is the pointwise derivative of u~ with respect to a. One would like to
write that (5.33) implies

O’ (z,t) + Oy (uu) (z, 1) = 0, W (2,0) = u” (z,a). (5.35)

Unfortunately uu’ in (5.35) has no meaning at s(t) because it involves the product
of a Dirac function with a discontinuous function! The classical solution to this
riddle is to say that (5.34) is valid at all points except at (¢, s(¢)), and that the
Rankine-Hugoniot condition, differentiated, gives

§'(t) = d'(s(t),t) + s'(t)Orult, s(t)). (5.36)

Here we see that the derivative of the Burgers equation has two unknowns: u’
and . The entropy condition insures uniqueness of u’ given by (5.35) and a
jump condition across the shock is not necessary because the characteristics left
and right of the shock point left and right also. Once u’ is computed, s’ is given
by the linear ODE (5.36).

The question then is to embed these results into a variational framework so
as to compute the derivative of j as usual by using weak forms of the PDEs and
adjoint states. It turns out [4] that (5.35) is true even at the shock, but in the
sense of distribution theory and with the convention that whenever uu’ occurs it
means @u’ at the shock. Furthermore (5.35) in the sense of distribution contains
a jump condition which, of course, is (5.36). This apparently technical result has
a useful corollary: integrations by parts are valid, so the real meaning of (5.35)
is

/ (W (T)w(T) — u®"w(0)) — / W (O + udaw) =0 V. (5.37)
R Rx(0,T)
and it has a unique (distribution) solution. Of course, the derivative of j =
Jrx . (@1, u, a) with respect to a is j' = [, m(Jo + Tou').

When a is multidimensional, to transform || Rx(

an adjoint state v solution of

!, :
0,7) J,u', one may introduce

0w + udyv = J) (2, 1), v(z,T) =0, (5.38)
and write (see (5.37))
/ Jiu' = / (Opv + udpv)u’ = —/ u®"v(0). (5.39)
Rx(0,T) Rx(0,T) R

Notice that the adjoint state v has no shock because its time boundary condition
is continuous and the characteristics integrated backward never cross the shock.
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This fact was observed by Giles [20,21] in the more general context of the Euler
equations for a perfect gas.

This analysis shows that a blind calculus of variation is valid, so long as the
criterion j does not involve the position of the shock or its amplitude explicitly
and that there is no need to include in a calculus of sensitivity the variations of
the shock position explicitly.

5.6 A shock problem solved by AD

We consider the problem of computing the sensitivity of the shock position in a
transonic nozzle. Consider the Euler equations:

p
OW+V-F(W)=0, W=/|pu], (5.40)
pE

With an entropy condition, initial conditions, and boundary conditions such as
Wl = g(a).

Consider now the problem of computing the derivative V' of W with respect to
a parameter « appearing in the boundary conditions [21]. As calculus of variation
applies we would expect V' to be the solution of the linearized Euler equations

/

p
OV +V-FWWV =0 V= (i], (5.41)

(pE)

with boundary condition V - n|;, = ¢'(«). However, if W has a shock, we know
that the shock position depends upon «. But how can W + Vi« displace the
shock?

Above, we saw the analysis for the Burgers equation (f(u) = u?/2).
Oru+ O f(u) =0, (5.42)
and that the linearized Burgers equation in weak form
(Opw, v) + (Dpw, f'(u)v) =0 Yw € CY(R x RT), (5.43)

makes sense provided that f’(u)v which is the product of a discontinuous function
by a distribution means 1(f/(u)* + f’(u)”)v which, as we have seen, contains
the Dirac mass [f'(u)]dx at the shock position .

Figure 5.13 displays two computations for two different values of the inlet
Mach number for a nonviscous flow. Automatic mesh adaptation by metric con-
trol has been used for accurate results.

The first case was then redone with AD. Figure 5.6 displays the derivative of
the Mach number and of the density on the symmetry line (bottom line here) of
the nozzle around the shock location.

Both display a Dirac mass at the shock position.
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Fia. 5.13. Two simulations for different inlet Mach numbers; adaptive meshes
were used so as to resolve the shocks properly.

Fi1a. 5.14. Derivatives of the local Mach number (left) and local density (right)
on the symmetry line of the nozzle around the shock location.

5.7 Adjoint variable and mesh adaptation

One might be interested in optimizing or adapting a mesh not for the whole state
calculation but for the evaluation of a particular functional. It is likely that the
overall mesh size will be less if less details or information are required for the
evaluation of this functional. For instance, one might be interested in computing
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the drag or lift coefficient with some given precision without being interested
in all the details of the flow away from the aircraft. One would like to use the
concepts introduced in Chapter 4 for mesh adaptation by metric control together
with the adjoint variable calculation [5,8, 19,40, 50].

Let us consider the problem of computing a functional Jp,(z,up) with up, a
discrete state solution of a discrete state equation Fy,(z,up(z)) = 0, on a mesh
of size h where x are the optimization parameters. For the sake of simplicity,
without loss of generality, let us assume that J is computable exactly, i.e. J = Jj.

One has in addition the solution of a discrete adjoint problem:

OF, oJ
T - —_
of < (9uh) - (5.44)

which gives the gradient of the functional as:

dJ _0J = pO0F,
o o
Our aim is to take advantage of the knowledge of v;, to find a mesh optimal for
the calculation of J minimizing the error on J: ;5 = |J(u) — J(up)| when « and
up, satisfy F'(u) = 0 and Fp (up,).
The error on J can be linked to the error on the state duy (i.e. u = up + dup)
by

(5.45)

oJ aJ (0F,\
J(U) — J(Uh) ~ a—uh Up ~ 8—% (a—u:> Fh(u) = 'U}’I;F‘h('ll/)7 (546)
because OF, OF,
Fh(u) ~ Fh(U}L) + a—Uh(SU}L = a—Uh(SU}“ (547)

and Fy(up) = 0.

Hence, if one has an estimation of the error F},(u) one can deduce an estima-
tion of the error on the functional. In case such estimation is not available, it is
possible to build one, from an estimate like

[En(u)|l < CRP||Vul|. (5.48)

The constant C' and powers p and ¢ shall be estimated using convergence di-
agrams from calculations on successive (say three) refined meshes for a case
where the analytical solution w is known. This final limitation can be removed
considering the same iterative adaptation spirit replacing u by up. One can now
introduce € in the expression seen in (4.60) used to equidistribute the interpo-
lation error by defining a uniform mesh in a metric M (a; being a segment in an
unstructured mesh):
1
CSEJ

Hence, one can afford longer edges and therefore coarser meshes if the error in
the functional is small. This approach is also useful to provide information on a

al Ma; = 1. (5.49)
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fine level mesh of size h from calculations of the state and adjoint on a coarse
mesh of size H by looking for errors such as 5 = |J(up) — J(ug)| where wuy, is
out of reach while uy and vy can be obtained at reasonable cost.

5.8 Tapenade

The program used here for computing the gradient of the cost function has
been obtained using the automatic differentiator Tapenade developed at INRIA-
Sophia Antipolis by L. Hascoet and his team Tropics following the initial devel-
opment of Odyssée [18,43,17,23]. This tool reads standard Fortran 7777 or 95
or C programs. One important feature is that non-differentiable predefined func-
tions like min, max, sign, abs, etc. can be treated. Inter-procedural derivation is
also possible.

Two differentiation procedures are available, called the forward and the re-
verse modes.

The forward or direct mode consists of computing the function and its deriva-
tive at the same time. When using the direct mode, the user has to choose be-
tween three algorithms depending on the nature of the performance required.
One can compute the function and all the partial derivatives at the same time.
This is the most memory consuming choice. Alternatively, one can compute
the function and one partial derivative each time. This is quite like using finite
differences. This choice is the most time consuming because of the redundant
evaluations of the function. Finally, one can compute the function and save the
computational graph of the function, then compute the partial derivatives using
the dependency information from the graph. This choice might be quite memory
consuming if the graph is complex.

An estimation of the time needed by the second algorithm for programs where
only arithmetic operations are involved is given by:

T(f, f') < 4AnT(f), (5.50)

where T'(f) is the time for an evaluation of the function and n is the number of
control points. We can see that this is more than for finite differences.

The backward mode can be seen as the adjoint method for computing gradi-
ents of optimization problems. The most important advantage of this approach
compared to the previous one is that T'(f, f')/T(f) is bounded by a constant
independent of the number of control points.

5.9 Direct and reverse modes of AD

We give an alternative presentation of these modes already introduced at the
beginning of the chapter. Let f be a composed function given by:

r€RP -y=h(r) e R" - z=g9(y) € R" - u= f(z) € R (5.51)

Following the composed function differentiation rule we have a product of ma-
trices.
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u' = f'(2)g' (y) (x), (5.52)

where f' € R?”*", ¢’ € R"*™, h/ € R"*P. We observe that from a practical point
of view, in (5.52) we need to introduce an intermediate matrix M = ¢'(y)h'(x) €
RP*™ to store the intermediate result before making v’ = f/(2)M.

Now, after transposition of (5.52) we have:

u'T =0T (a)g" (y) [T (2). (5.53)

We can see that the storage is now M = ¢'T(y)f'7'(z) € R™ 9. Tt is easy to
understand that according to the dimensions of the different spaces (i.e. p and
q), we should use formula (5.52) or (5.53) to optimize the required memory. For
instance, for optimization applications where p is the number of control variables
and ¢ = 1 with f being a cost function, differentiation after transposition is more
suitable.

We call the choice (5.52) the direct and (5.53) the reverse mode of differen-
tiation.

In a computer program, the situation is the same. In the direct mode, the
Jacobian is produced by differentiating the program (considered as a composed
function) line by line. The reverse mode is less intuitive, it corresponds to writing
the adjoint code (instructions of the direct code in the reverse order). We will
describe these modes through examples.

Consider the following function f = 22 + 3z (f’ = 2z + 3), written as a
composed function:

y_1=x
y_2=x*%*%2+2%y_1
f =y_1+y_2

We are looking for the derivative of f with respect of x.

Using the direct mode A line by line derivation with respect of x will give:

dyl - dyg - dyl

df dyr | dys

SR S TR .
dx dr + dr et (5.5)

We see that we have to store all the intermediate computation before making
the final addition.

Using the reverse mode Here, we consider f as a cost function and the lines of
the program as constraints. Hence, we can define an augmented Lagrangian for
this program associating one Lagrange multiplier to each affectation:

L=y +y2+pi(y1 — ) + p2(y2 — 2° — 2y1). (5.56)
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The Jacobian is a saddle-point for this Lagrangian. On the other hand, the
derivative of the Lagrangian with respect to intermediate variables is zero and
with respect of the independent variable is the Jacobian of f:

df B oL B 9

%IL_ o b1 P2,

— =14+pi —2p2 =0,

— =1 =0. 5.57
902 + p2 ( )

We notice that to get the Jacobian df /dz, the previous equations have to be
solved in reverse order through an upper triangular system. We always have
an upper triangular system due to the fact that in an affectation we have only
one entity in the left-hand side. This presentation of the reverse mode is quite
elegant but not easy to implement. In Tapenade differentiator tool the adjoint
code method, presented below, has been used

The adjoint code method The idea is to write the adjoint of the direct code
line by line taken in reverse order. The key is that for each affectation like
y = y + f(z), the dual expression is p, = p, + f'py with p, and p, the dual
variables associated to x and y. The previous example becomes:

Py =Py, =P =0, py=1, (5.58)

Pys =Py +Pr =1, py, =py, +pr =1, (5.59)
Dy, =Dy, + 2Dy, =3, Dy = Pz + 22Dy, = 2z, (5.60)
Pz = Dy + Py, = 22 + 3. (5.61)

We can see that no triangular system is solved or stored and that the Lagrangian
has not been formed.

do - if
The most frequent instructions in finite element, volume or difference solvers are
loops and conditional operations (often hidden through abs, min, max, etc.). We
present an example to explain how these are treated with AD.
Consider the evolution of |u(t)| (nondifferentiable) with respect of the initial
condition ug, u being the solution of:
du
— = —au, u(0)=up. 5.62
=, ()= (5.62)
We use an explicit discretization:
Wit ot .
— = —au’, 5.63
5 (5.63)

which can be programmed as:
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do i=1,...,.N
v = —au
u=u+dtv
enddo
f=ul. (5.64)
After expansion:
w1 = ug,v1 = —aui,uz = uy + otvy,
Vg = —aug,...,UN = —QUN_1,UN+1 = UN + otuy, (565)

we introduce the Lagrangian of the program as before:

N
L= |UN+1| + po(u1 — ’LLO) + Z(pi(’l)i + aui) + pg(uiﬂ —u; + (5t7}i)). (566)

i=1

Optimality conditions give:

oL _of _
8u0 N 8u0 - b
% — + pra — 7P
E =PoTDP1 Py,
L
4 =p;+piot, i=1,..,N
=pa—p, i=1,..,N
aui
OL
) 0 =-1 /
Zf(u’ < ) aUN+1 +pN7
OL
if(u>0) Tunes 1+ ply- (5.67)

The limit of the method is the memory required to store p; and pj, especially
if internal loops are present. We can see that the branches of conditional state-
ments are treated separately and that the results are assembled after derivation.

5.10 More on FAD classes

Derivatives of functions can be computed exactly not only by hand but also
by computers. Commercial software such as Maple [52] or Mathematica [53]
have derivation operators implemented by formal calculus techniques. In [24]
Griewank presented a C++ implementation using operator overloading, called
Adol-C. Speelpenning’s tool Jake-f also allowed insertion of subroutines in order
to perform formal calculus on each instruction of a computer program. Thus a
function described by its computer implementation can be differentiated ezactly
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and automatically. This is the reason why it is now called automatic differentia-
tion of computational approximations to functions [16].

The idea of using operator overloading for AD can be traced to [6], [24],
and [9]. It has been used extensively in [25] for the computation of Taylor series
of computer functions automatically and we wish to acknowledge the fact that
it is this later work which has instigated this study.

Expression templates were introduced by T. Veldhuizen [49] in 1995 for vec-
tors and array computations. Using these techniques, he provided an active li-
brary called Blitz++ (http://monet.uwaterloo.ca/blitz) that enables Fortran
77performance for C++ programs on several Unix platforms (IBM, HP, SGI,
LINUX workstations and Cray T3E). Expression templates avoid the creation
of temporary arrays

for y = A*x, C++ compilersdo  c«—A*x, cl«c, ycl

Traits were introduced by N. Myers [38] for type promotion for templates
classes. We consider the addition of two Fad of different types :

Fad<TYPE> = Fad<double> + Fad<std::complex<float> >

The problem is to know automatically the return type TYPE. For example C’s
promotion rules and mathematical promotion rules can be used in simple cases:

C rules : float 4+ double —double, int + float — float, ...
Mathematical rules : double + complex —complex, ...

and we apply the rules to Fad<> calculation. But to avoid the creation of a tem-
porary location to store the matrix-vector product Ax an automatic generator
of the type MatrixVectorProductResult must be generated and that is done
with traits.

P. Aubert and N. Dicesare wrote Fad.h which implements and tests these ideas.
Adol-C(Griewank), Fadbad 2.0 (Bendtsen and Stauming) and Fad (Aubert and
Dicesare), with and without expression templates, and analysis shows that it is
equal to analytic methods that have been compared (see Fig. 5.15).

In order to provide a more understandable test, computations have been done
with the forward mode of Ado1-C1.8 [24] and Fadbad 2.0 because Adol-Crequired
several changes to be compilable with the KCC (see Fig. 5.16). Ado1-Calso tries
to minimize the number of temporaries and loops introduced by the classical
overloading technique. But it is managed using pointers and not auxiliary tem-
plate classes. Fadbad uses the classical overloading approach.

// Adol-C trace_on(1);
y=0.;
for(i=0; i<n; i++) {
tmp <<= xp[i];
y = ((y*tmp) + (tmp/tmp)) -
((tmp*tmp) + (tmp - tmp));
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FiG. 5.15. Performance with EGCS 1.1.2 and with KCC 3.3g: Comparison be-
tween by hand (H), by overloading without expression templates and with
expression templates. The number variables goes from 1 to 20. We compute
nloop times 2.f*(x1*x2)-x3+x3/x5+4.f.

} y >>= yp; trace_off();
forward(1,1,n,0,xp,g);// gradient
evaluation
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16 T T T T T T T

— ET
14r ADOL-C T
........ FADBAD

12 i 1

0 5 10 15 20 25 30 35 40

F1G. 5.16. Adol-Cl1.8, Fadbad 2.0 and the Fad<> class comparison.

// FadBad Fdouble gradients and values
// computed at the same time
y = 0.; for(i=0; i<n; i++) {
Fdouble tmp(xp[il);
tmp.diff(i,n);
y = ((y*tmp) + (tmp/tmp)) -
((tmp*tmp) + (tmp - tmp));
}

// Fad<> gradients and values computed
// at the same time
y =0.;
for(i=0; i<n; i++) {
Fad<double> tmp(xp[i]);
tmp.diff(i,n);
y = ((y*tmp) + (tmp/tmp)) -
((tmp*tmp) + (tmp - tmp)); }

The test defines a vector of independent variables and performs several arith-
metic operations on this vector that are accumulated in a single variable y. The
test computes the derivatives of y with respect to the independent variables.
Figure 5.16 is a plot of the computation times with respect to the number of
independent variables.

In Fig. 5.16, the method using expression templates (ET) is clearly the fastest
until the number of independent variables is greater than 50. But it is beyond
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the scope of the forward mode. In comparison to Adol-C, ET has a quadratic
growth. This could be explained by the poor inlining capabilities of EGCS. A
comparison with KCC would be instructive but Adol-Cdoes not compile with
KCC at the moment.
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6

PARAMETERIZATION AND IMPLEMENTATION ISSUES

6.1 Introduction

In this chapter we briefly describe other ingredients needed to build a design and
control platform. These are:

The definition of a control space (shape parameterization).
Operators acting on elements of the control space (shape deformation tool).

Operators to link the control space and the geometrical entities (mesh
deformation tool).

e Geometric and state constraint definition.

e How to link shape optimization and mesh adaptation.

For each item, we will only describe the approach we use currently ourselves.
Therefore the descriptions are not exhaustive. The idea is to show the kind of
results that can be obtained with a platform built with these tools. We are
interested in particular with gradient-based minimization algorithms which have
a pseudo-unsteady interpretation.

6.2 Shape parameterization and deformation

We describe the set of tools needed to define the shape deformation (first arrow
below) from a variation of control parameters x € R™:

0x — 0Ly — Oy,

where z,, € R™ denotes the set of discretization points on the geometry and
Zm € RN the internal mesh nodes.

In the context of shape optimization, control parameters can be for instance a
relaxed characteristic function (level set and immersed boundary approaches are
in this class), a body fitted parameterization using CAD or a CAD-free param-
eterization. One can use parametric curves or look for best shape in the convex
hull of a set of shapes. Some of these parameterizations and also topological
optimization have been mentioned in Chapter 2.

To give an idea of the complexity in terms of space dimension for each of
these parameterizations, in a regular 3D mesh characterized by a one-dimensional
parameter n, the size of a CAD-free parameter space is O(n?), between low-
dimension CAD type parameter spaces with size O(n) and parameter spaces
related to the computational mesh with size in O(n?). The different approaches
should be seen therefore as complementary for the primary and final stages of
optimization. A minimization algorithm can be seen as a governing equation for
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the motion in parameter space and for discussing global optimization issues in
Chapter 7, we will see that the same equation can be used for the motion of the
level set function, for instance, and for minimization. We also need to monitor
the regularity in parameter space during optimization for CAD-free, level set or
immersed boundary methods.

Also the choice of parameter shape is made following the variety of the shapes
one would like to reach. For instance, if the topology of the target shape is already
known and if the available CAD parameter space is thought to be rich enough, it
should be considered as a control parameter space during optimization. On the
other hand, one might use a different parameter space, larger or smaller, during
optimization, having in mind that the final shape should be expressed in a CAD
format to be industrially usable.

Below we briefly describe some shape parameterizations.

6.2.1 Deformation parameterization

For a given parameterized curve (t) in R? of parameter ¢, a natural way to
specify deformation is to relate these deformations to the local normal n(t) of
~(t). Hence, the deformed curve 7 is

Yo, t) = () + fla, t).n(y (1)

where x = o € P C R" belongs to the control space P which is usually aimed
at being small.

Another popular approach used for parameterization of deformations in the
design for aeronautical problems is based on multi-scale global trigonometric
functions defined over the shape [10]. In all these approaches, not the shape but
only the deformation is parameterized.

6.2.2 CAD-based

In this parameterization the shape and therefore its deformations are defined
through a few control points compared to the number of nodes needed for the
discretization of the shape for a simulation, with finite elements, for instance:

n <K Ny.

Of course, shape deformations should be admissible for the parameterization. For
instance, a cubic spline will not allow a singularity in the shape. Another feature
of this parameterization is smooth variations of control points when propagating
to body discretization points.

6.2.3 Based on a set of reference shapes

We can express the deformations as a linear combination of admissible deforma-
tions available in a data base. This is probably the most convenient way but it
is specific to each application and requires a rich database:

S=YNS;,, Y\ =1, SE{Si,iZI,...,n}.
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Fia. 6.1. Using the regularization operator to improve descent directions.

6.2.4 CAD-free

In this parameterization, we choose to use the same parameterization for the sim-
ulation and optimization. This is the simplest explicit shape parameterization:
all the nodes of the surface mesh over the shape are control parameters:

N = Ny

One feature of this parameterization comes from the fact that, unlike in a CAD-
based parameter space, regularity requirements have to be specified and handled
by the user. Indeed, if the shape is described using a CAD tool and if we use
the same parameterization to specify the deformations, the two entities belong
to the same space in terms of regularity.
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Hence, the geometrical modeler is removed from the optimization loop. The
geometrical modeler is usually quite complicated to differentiate and the source
code is not available to the user when a commercial tool is used. Moreover, the
CAD parameterization is not necessarily the best for optimization. The idea
therefore is to perform the optimization at the h (discretization) level, i.e. on
the discrete problem directly. Of course, we have a correspondence between the
surface mesh and the CAD parameterization. In this parameterization the only
entity known during optimization is the mesh.

We can show on a simple example that the same optimization problem can be
easier or harder to solve depending on the parameterization. This is an inverse
design problem where one looks at finding a profile x realizing a given state
distribution w4, the solution of a potential flow, minimizing J(z) = |ju(x) — uqll;
uq is the target field obtained with a cosine shape. One observes that with a CAD
type parameterization the convergence is more difficult than with a CAD-free
parameterization (see Fig. 6.2). The conditioning of the problem is less favorable
with the first parameterization. Therefore, even though the size of the problem is
6 instead of 100 for the CAD-free parameters, the total work appears equivalent if
one looks for full convergence. One therefore needs a better performing optimizer
to reduce the work with CAD parameters. We again insist on the fact that the
final shapes have to be specified in CAD for industrial efficiency even if another
parameterization is used during optimization.

T AL — WoAD'UlE O
"JCADFREE' L1 — ADFREE' W12 +
100 L
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1]
1
05
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1 10 100 1000 10000 1000 -1
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F1G. 6.2. Inverse design with a target shape defined as cos(x). Left: effect of
the parameterization on the convergence of a quasi-Newton method. A CAD
parameterization with 6 degrees of freedom versus a CAD-free parameteri-
zation based on 100 equidistant nodes {z;,y;}. On the right one sees that
in the case of partial convergence (after 100 iterations), small details of the
shape are not recovered with the CAD-based solution.
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A local second-order smoother This is an attempt to recover the smoothing
feature of the CAD-based parameterization when using a CAD-free parameteri-
zation. The need for a smoothing operator can find theoretical justification from
the consistent approximation theory given in Chapter 6.

The importance of a smoothing step can also be understood by the following
argument: If T’ denotes a manifold of dimension (n — 1) in a domain 2 € R"
, we want the variation dz,, € C1(I'). From Sobolev inclusions, we know that
HCGn=1/2(T) ¢ CY(T"). It is easy to understand that the gradient method we use
does not necessarily produce C'*(T") variations dx,,, but only L?(T') and therefore
we need to project them into H®"~V/2(T") for instance (an example of this is
given in Fig. 6.3).

The fact that the gradient necessarily has less regularity than the parameter-
ization is also easy to understand. Suppose that the cost function is a quadratic
function of the parameterization: J(z) = ||Ax —b||? with € H*(T'), Az and b in
L?(T). The gradient J, = 2AT(Ax — b) belongs to H~(T"). Again, any param-
eterization variation using J/, as descent direction will have less regularity than
x: 6r = —pJ., = —p(2(Az — b)A) € H~(Q). We therefore need to project (an
engineer would say smooth) into H((2).

This situation is similar to what happens with CAD-free or level set param-
eters where a surface is represented by a large number (infinite) of independent
points or functions evaluated at these points.

Now suppose the parameter belongs to a finite dimensional parameter space,
as for instance with a polynomial definition of a surface. When we consider as
parameter the coefficient of the polynomial, changes in the polynomial coeffi-
cients do not change the regularity as the new parameter will always belong to
the same polynomial space. If the surface is parameterized by two (or several)
polynomials, we need however to add regularity conditions for the junctions be-
tween the polynomials. We recover here the link introduced by the smoothing
operator between parameter coefficients.

One way is to choose the projected variations (6Z,,) to be the solution of an
elliptic system of degree (2n — 1). However, as we are using a P! discretization,
a second-order elliptic system is sufficient even in 3D if we suppose the edges of
the geometry (where the initial geometry is not C!, for instance a trailing edge)
as being constrained for the design. This means that they remain unchanged.
Therefore we project the variations (dz,,) only into H?(I') even in 3D.

Hence, to avoid oscillations, we define the following local smoothing operator
over the shape:

(I —eA)(0Zy) = 04y, (6.1)

0%y = 02y =0 on wedges,

where 0Z,, is the smoothed shape variation for the shape nodes and dx,, is the
variation given by the optimization tool. By local we mean that if the predicted
shape is locally smooth, it remains unchanged during this step. The regions where
the smoothing is applied are identified using a discontinuity-capturing operator.
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Fi1G. 6.3. Smoothed and nonsmoothed shapes. We can see that the gradient
jumps through shocks and also produces a nonsmooth shape in leading edge
regions. This is the result of the first iteration of the optimization. If we
continue, the shape becomes more and more irregular.

Furthermore, the linear system is solved iteratively and ¢ is set to zero during
the Jacobi iterations (in practice one performs a few iterations and stops when
the residual is reduced by a few orders of magnitude which permits access to
different levels of regularity) if

(Sij ((wa)
(5xw)T

where 6;;(dx,,) is the difference between the variations of the two nodes of each
segment of a surface triangle (nodes of a boundary edge in 2D) and (dx,,)r the
mean variation on this triangle (edge in 2D).

This operation can also be seen as a modification of the scalar product for the
Hilbert space in which optimization is performed and might therefore also have
a preconditioning effect in the sense that it propagates localized high-frequency
information where they are not seen at first hand. Hence, the impact of the
smoothing in a descent algorithm:

<1073, (6.2)

Jn+1 < J" + (J:;na 5‘%)0, oz = _pJ:;:na
Jn+1 < Jn _p(J,;;n7']3/jn)0 < J”,

is located in the scalar product M (based on the projection operator for the
gradient into the parameterization space) such that:

T T = p(I T < T = p( 2 T o
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Rotation, line search, and descent direction In addition to smoothing and pre-
conditioning, the smoothing operator can be used for sensitivity evaluation (see
Fig. 6.1). Suppose one has an approximate sensitivity and a rotation operator
which operates over the unit sphere in the control space around a given control
point. Our smoothing operator above can be such an operator if one projects
the smoothed direction on the unit sphere (see Fig. 6.1). Consider the following
smoothing-rotation operator over the unit sphere:

M(d,p)d = d.

M depends on d as the smoothing is only applied if necessary; p is the parameter
defining the level of smoothing. Finding the right descent direction d becomes a
one-dimensional search problem for p:

Popt = argmin,,J (z" — pM~*(d, p)d).
This is very useful for large dimensional problems and it also removes the need
for specific development for gradient calculation. Once d is defined it is used in

the minimization algorithms described in Chapter 7. The definition of d can be,
for instance, based on the incomplete sensitivity concept.

6.2.5 Level set
The level set method is an established technique to represent moving interfaces.
Immersed boundary, fictitious domain methods, as well as penalizing methods,
are methods to impose boundary conditions on surfaces which are not unions of
edges and faces of elements of the (nonbody fitted) computational mesh [5,6, 20,
21,12,14,9,2,3,24].

A parametrization of a boundary I' by the level set method is based on the
zero-level curve of a function :

F={zeQ : ¢(x)=0}.
The function ¥ could be the signed Fuclidean distance to I':
==+ inf |z —
Y(w) =+ Inf |z —yl,
with the convention of a plus sign if x € Q and minus sign otherwise. Hence

Ylr =0, Ylrao <0, ¥q > 0. (6.3)

The definition can be extended to open shapes by using I'* instead of .
When the boundary moves with velocity V, i.e. at the next pseudo-time step
¢+0C:
I'={z : $(C+d¢z+ V¢ =0},

then [23,1,17]:

o

— +VVy =0.

aoc HVVY
For a given shape given by (6.3), the normal to I' is n = V¢/|Vy| at ¢ = 0,
useful for Neumann boundary conditions.
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A relaxed signed characteristic function of Q and its set-complement is

x = 9/([l + eopt (), (6.4)

where gqpt(h) is a relaxation function strictly positive tending to zero with
the background mesh sizeh. It is defined solving minimization problems for a
sampling in h:

gopt (h) = argmin, ) o[lun (X (¢¥n(e(h)))) — Tn upetll;

where IIj is the restriction operator to mesh h and uj the discrete state. The
numerical results given below have been computed with eqpt(h) = ch for some
constant ¢ > 0 (see Fig. 6.4). Above, u,.. is a reference solution which can be
either a solution obtained with a body fitted mesh or, when available, an ana-
lytical solution.

Once vy, is known, we take into account the boundary conditions for a generic
state equation Fj(up) = 0 using the equation

Fy(un)x(¥n) + Fr, (un)dy, = 0.

Here Fr, is the extension of the boundary condition for Fj on I'j, over the
domain and 4, is a relaxed Dirac measure which is constructed using x(vs)
and whose support approximates the boundary. It is interesting to notice that,
when required, domain deformations are specified through x(I'j,). Therefore, in
fluid-structure calculations for instance there is no need for a Lagrangian or Ar-
bitrary Lagrangian Eulerian (ALE) [7] implementation. Likewise the complexity
of deforming ALE body fitted meshes is avoided.

Figure 6.5 shows a comparison with an analytical solution [18,4] for the
scattering of a single pole acoustic source from a circular cylinder. One sees that
the implicit representation of the shape by (6.4) is effective. It minimizes the
effect of imperfect descriptions of the boundary on a given discretization and
also avoids geometrical implementation complications.

Let us illustrate this immersed boundary method on a model problem. Con-
sider

U — Vige =0, on |0,7] (6.5)

with boundary conditions
uz(0) =10, wu(w) =1.

This can obviously be solved on a discrete domain with boundaries at 0 and .
But, if one uses the level set parameterization (6.4) to account for the boundary
at x = 0, one solves for

x(u® —vug,) + (1 =x)(uz —10) =0, (6.6)
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0 0.5 1 1.5 2 2.5 3

F1a. 6.4. Solution of model problem (6.5) (with v = 0.1) by immersed boundary
method solving (6.6) for three different ¢ at given h. With eqp¢(h) ~ 0.01h

one recovers the target solution (the plain curve).

with x defined here by

o
X - T + 67
which reduces the equation to
u® —vul, + %(u; —10) =0. (6.7)

One can see that this immersed boundary approach using a level set formulation
is similar in solving a different equivalent continuous equation. Because the mesh
does not fit the domain, this equation is solved on some slightly different domain
such as |n, n[, where 0 ~ n < h < 7 if h is the mesh size. The nearly singular
advection term convects into the domain (x > 0) the information available at
x = 0 with a decreasing advection intensity away zero. Solving (6.7) on a regular
grid of size h will require upwinding stabilization for small' z. Adding a classical

IThis is why oscillations sometimes appear when solving elliptic equations with an immersed
boundary method if stabilization terms are not introduced when similar oscillations do not exist
with body fitted approaches.



Shape parameterization and deformation 125

numerical viscosity term, the equivalent continuous equation for the discrete
form reads:

()

2z
To close the model one needs to specify ¢, = Eopt(h) for the chosen h. A linear
form in h for €, guarantees the consistency of the scheme. The coefficient c is
fitted in order to minimize the error [|u — uj||. The target solution w,..¢ comes
here from a body fitted calculation (see Fig. 6.4).

= (v 52 ) i)+ 2 (08— 10) =0, (63

1.5 T T T T T
i i i i i numerical {——

sl | | | | |

Fi1G. 6.5. Normalized instantaneous pressure: scattering of a monopole acoustic
source placed at (2,0) from a unit circular cylinder at a wave number of 10.
The shape parameterization is based on formulation (6.4).

Figure 6.6 shows an example of flow calculation with the level set function
for a complex geometry.

Regularity control for level set We describe how effectively this is handled in a
gradient based shape optimization loop. Suppose an initial shape is given with
corresponding level set parameterization 1. Starting from this shape, a descent
method based on direction d for ¢ to minimize J(¢) can be seen as the dis-
cretization of (see also Chapter 7):

Yo =—d(J(¥)), o = given, (6.9)
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F1G. 6.6. Flow calculation with a relaxed normalized distance function to the
shape.

by an explicit Euler scheme:

"l}n+1 - wn = _pdn7 ¢0 = given' (610)

Denoting by « the space coordinate, if one takes d = —V,J|V 1| one recovers
the Hamilton-Jacobi equation used for the motion of the level set function v
[5,20,1]:

e ==VyJ|Vep| = =VV,p =0, V =V,J.n, (6.11)

where n = V,9/|V,9|. It is important to notice that both V¢ and VJ are
defined all over the domain and not only where ¢ = 0 (the shape).

Hence, with this particular choice of d the algorithms for minimizing J and
the motion of the level sets are the same. But, one should give attention to the
regularity of the shape. Indeed, applying parameter variations proportional to
the gradient of the functional will degrade the initial regularity of the level set
parameterization. Therefore, the descent direction d = =V, J| V9| in (6.10) is
regularized at each iteration using a regularization operator similar to (6.1) used
for the CAD-free parameterization:

(I —eN)d =d, (6.12)

Vedn =0 along external boundaries.

This is solved with Jacobi iterations and one stops after the residual is reduced
by one or two orders of magnitude. As in the CAD-free case, one can then access
various shapes. Again, the regularization is over the whole domain and not only
on the shape as for CAD-free where a Laplace-Beltrami operator was used.
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Figure 6.7 shows an example of regularity control of the level set function
in a shape optimization problem. Three iterations of the descent method have
been applied for a drag reduction problem (see also Chapters 7 and 13). The
different pictures show that regularization is necessary to avoid the dislocation
of the shape. Figures 6.8 and 6.9 show how level set parameterization manages
topology changes if regularity is monitored.

Fia. 6.7. Effect of the regularization operator on the level set function during
optimization. Without regularization (left) and with increasing regularity
requirement. Iso-lines show iso-x(¢) and iso-Mach contours.

Fia. 6.8. Topology changes with level sets with regularity control.

6.3 Handling domain deformations

In cases where a fitted body approach is used (unlike with level sets) with the
mesh fitting the shape, once (6Z,,) is known, we have to spread these variations
over all the inner vertices. We give here a few algorithms with which to perform
this task. We require the deformation method to preserve the positivity and
orientation of the elements. In other words, the final mesh has to be conformal.
Let us call D the deformation operator applied to the shape deformation (dz,,).
We need the mesh deformation dx,, to satisfy dx,, = dx,, on the shape, dxy,
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F1G. 6.9. Supersonic flows around complex bodies with level sets. Minimizing
drag at zero-lift has led to topology changes and final symmetric configuration
(without explicit requirement). A supersonic bug is more efficient than four
UFOs.

being equal to dx,, on the shape and 0 elsewhere. This relation is therefore a
boundary condition for D.

6.3.1 FExplicit deformation

This is a simple way to explicitly prescribe the deformation to apply to each mesh
node, knowing the shape deformation. The idea is to make the deformation for
a node proportional to its distance to the shape. In other words, for an internal
node i, we have:

1 -
(62m)i o k;w wyoi (0F), (6.13)
0y, = 0 on T'y, (6.14)
where,

e Jx,, is the variation of the mesh nodes;
e wy, is a weight for the contribution of each of the node k of the shape;
e ayp; = 1/|#, — #;|° with 8 a positive arbitrary parameter;
° a; = Zkerw wkQ; is the normalization parameter.

In 2D, wy, is equal to the sum of half of each segments size sharing the node k
and in 3D equal to 1/3 of the surface triangle sharing the node k. This algorithm
has been widely used for the propagation of shape deformation [15,13,16] .

A justification for this algorithm can be found from the the following integral:

1 6 (z
dvy / ( “’) B8 d’y,
fl“u, ‘wwb*zwlﬁ Tw |mm - xw|

where [ 0 (zw)/|Tm — 2w|” dvy is the convolution operator of the Green func-

tion 1/|xm|’8 with the Dirac function ¢ at point x,, of the shape I'y,. The bigger
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F1G. 6.10. Example of mesh deformation with the explicit deformation law (left:
initial, right: deformed).

0 is, the more the propagation is localized around the shape. For practical ap-
plications, # = 4 seems to be a good choice. This choice comes from experience
and does not have a theoretical justification.

This algorithm is quite robust but expensive. Indeed, the complexity of the
method is proportional to the number of shape discretization nodes times the
number of mesh nodes. This is therefore too expensive to be used in 3D every-
where in the mesh. We usually use this approach close to the shape where the
mesh is fine and continue the propagation with iterative methods based on the
solution of elliptic systems (see Fig. 6.10).

6.3.2 Adding an elliptic system

Another possible choice is to solve an elliptic equation of the form of (6.1). Here,
the different components are not coupled together:

(I —eA)oxy, =0,
00z,
on

None of the previous algorithms guarantee the conformity of the elements. To
make this so, we need to introduce constraints on the deformations of the mesh
nodes or for instance to make the viscosity € of the previous elliptic system
proportional to the inverse of the local mesh size. This is important so as to
avoid mesh degeneration. The principle remains the same, however. We usually
combine these two algorithms for close and far mesh fields.

ICICI

=0 on slip boundaries, dz,, = dx,, on walls. (6.15)

6.3.3  Transpiration boundary condition

This is a classical way to account for small shape deformations without perform-
ing mesh deformations, by deriving a more complex boundary condition called
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an equivalent injection boundary condition, to be applied on the original shape.
Denoting, ¥ the original shape, Z2 the shape after deformation, @ being the
flow velocity and 77 the unit normal to the shape, the slipping boundary condi-
tion can be expressed either in a fixed frame or in one attached and moving with
the shape .

Denote by 7i; and i the unit normal on each shape (in the fixed and moving
frames). In frame 2, the slipping boundary condition reads: @s.7ia = 0 and in
frame 1:

o — T

— — o A
u2.My = V.ng = Nna.
ot

V is therefore the speed of the shape in frame 1. Now, if we suppose that the
variations of the geometrical quantities dominate the physical ones (i.e. |dx| ~
|07 < |dul):

V.ﬁg = Uo.Tly ~ U1.Tl] + ﬁl.(ﬁg — ’ﬁ:1)
This defines an implicit relation for w;.77; which is a new injection boundary
condition for u in frame 1 relating the state at time t + dt (time step n + 1) of
the computation to time ¢ (time step n):

iy (t 4 0t).ity = —iiy (t).(Ra(t + 6t) — 731) 4+ V(¢ + 6t).7a(t + 6t).

In the same way, an equivalent boundary condition can be derived for the
tangential velocity: @s.75 = 0 in frame 2 and .75 = V.75 in the fixed frame. A
similar argument as above leads to:

@y (t+ 6t).71 = =ty (t).(Fa(t + 0t) — 71) + V(t + 0t).7(t + 6t).

In these expressions, 71, 5 denote the local unit tangent vectors built from 7i1, 75.
These tangent vectors are taken parallel to the local velocity in 3D.

With wall laws, the above expressions become ws.72 = u, f(y*) in frame 2
and .7 = u, f(yh) + ‘7.7"’2 in the fixed frame, where u, denotes the friction
velocity and f(y™) the wall function chosen which has to be adapted to the
moving domain context. In particular, we need to introduce the shape velocity
in the implicit relation which defines u,numerically. Hence, we have

Ty (t+0t).71 = ur f(yh) — G (8)-(Fa(t + 6t) — 71) + V(E+ 6t).7(t + 6t).

These relations give satisfactory results when the shape curvature and the amount
of the deformation are not high. They are therefore suitable for steady or un-
steady shape optimization and control problems involving small shape deforma-
tions, as regions of large curvature are usually left unchanged due to constraints.

The previous approach is valid for both steady and unsteady configurations.
However, in steady shape optimization we can proceed to some simplification. In
particular, the terms involving the shape speed can be dropped and the geometry
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is no longer time-dependent. The previous relations are therefore used in the
following manner:
1 (t + 5t).ﬁl = —’Jl(t).(ﬁg — ﬁl),

’(21 (t + (St)?l = qu(y+) — ’Jl(t)(?‘g - 7?1)

As stated earlier, for unsteady configurations, when the amount of shape de-
formation is small, a good choice might be to prescribe an equivalent injection
boundary condition. However, in multi-disciplinary applications (for instance in
aeroelasticity) the amount of shape deformation due the coupling might be large
and equivalent injection boundary conditions no longer sufficient. This is why for
such applications, an Arbitrary Lagrangian Eulerian (ALE) formulation should
be preferred to produce mesh deformation as for steady configurations and to
take into account the mesh node velocity in the flow equations [7,8,19,22].

6.3.4 Geometrical constraints

Geometrical constraints are of different types. We consider some of them:

e Defining two limiting surfaces (curves in 2D), shape variations are allowed
between them.

e For shapes such as blade, wing or airfoil, the second constraint can be, for
instance, that for the original plan-form remains unchanged.

e We can also require, for instance, that some parts of the geometry, such as
the leading and trailing edges for wings, remain untouched.

e The previous constraints involve the parameterization points individually.
We can introduce two global constraints for volume and thickness. We can
require the volume and the maximum thickness for any section of the shape
remain unchanged.

There are several ways to take into account equality and inequality constraints.
The easiest way to treat the first, second, and third constraints is by projection:

6y = (0zy).

The last constraint can be introduced in the optimization problem by penalty in
the cost function (J(x,,) being the cost function and « > 0):

J(2w) = J(24) + |V — V.

The constraint on the thickness is more difficult to take into account. To this end,
we define a by-section (see Fig. 6.11) definition of the shape where the number of
sections required is free and depends on the complexity of the geometry. Then,
each node in the parameterization is associated to a section X, and for each
section, we define the maximum thickness A as:

A(Zy) = Xy — X — AL
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Fia. 6.11. By-section definition of an aircraft from its unstructured surface
mesh.

Finally, we require the shape deformation to be in the kernel of the gradient of
A, (i.e. the maximum thickness to have a local minima):

Ve, (A(24)).024 = 0,

and therefore that Az, = A(x, + 5£w). This means that we need a projection
operator over Ker(V,, (A(zy)).). We can also introduce this constraint in the
cost function by penalty:

J(‘;w) = J(xw) + a|V - VE)| + ﬁ|A - A0|

Given lift constraint Most aerodynamic shape optimizations are required to
be at a given lift. It is interesting to observe that in a cruise situation (far from
stall), the lift is linear with respect to the angle of incidence. This therefore gives
another way of enforcing the given lift constraint. Indeed, during optimization
the incidence follows the equation:

o+l = o — (O — CPTEY) g < a <05

where n is the optimization iteration.
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In practice, especially when using incomplete state and sensitivity evalua-
tions, it is not suitable to change either the inflow (angle of attack) or the shape
incidence. Indeed, the first solution would require a long simulation for the flow
solution to adapt to the new incidence and the second case would imply extra
mesh deformation by rotating the whole shape. We have to keep in mind that a
new incidence has to be realized at each optimization iteration. The best way to
enforce the given lift constraint is to rotate the obtained gradient following the
required incidence.

To avoid violation or saturation of inequality constraints interior point algo-
rithms can be used instead of penalty formulation. These are based on modified
BFGS problems to satisfy inequality constraints at each step of the optimiza-
tion [11].

6.4 Mesh adaption

The following algorithms show how to couple shape optimization and mesh adap-
tation. To simplify the notation, the adaptive optimization algorithm is given
with only one optimization after each adaptation, but several iterations of opti-
mization can be made on the same mesh. The algorithms are presented with the
simplest steepest descent method with projection. We will see that the definition
of the projection operator is not an easy task.

At step i of adaptation, we denote the mesh, the solution, the metric and the
cost J(x;,U(x;)) by Hi, Siy M; and J(z;).

Algorithm A1l
Ho, So, given,

Adaptation loop: Do 1=0,...,tadapt
define the control space (wall nodes): H; — x;,

compute the gradient: (z;, H;,S;) — g
L

define the deformation: z; = P; (ml - )\dil(xl)) ,
T

deform the mesh: (Z;, H;) — Hi,
update the solution over the deformed mesh: (ﬂl, Si) — 5}-,
compute the metric: (ﬂi, 51) — M,
generate the new mesh using this metric: (H;, M;) — Hiy1,

interpolate the previous solution over the new mesh:

(Hi, Siv Hiv1) — Sita,
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compute the new solution over this mesh: (H;11,Sit+1) — Sit1,
End do

In the previous algorithm, the projection operator P; changes after each adapta-
tion as the control space changes. Therefore, the convergence issue is not clear. In
the same way, adaptation to a more sophisticated pseudo-unsteady system based
algorithm involving more than two shape parameterizations seems difficult. To
avoid this problem, we define an exhaustive control space X suitable for a good
description of any shape deformation. This can be associated to the first mesh
used in the adaptation loop. In addition, this mesh has just to be refined in the
vicinity of the wall (and can be coarse elsewhere). An example of this is given in
Fig. 6.12. We will see that we can also have just a surface mesh.
We then use the following algorithm:

Algorithm A2
Ho, So, X given,
Adaptation loop: Do i =0,...,adapt
identify the wall nodes: ‘H; — x;,

dl‘i ’

compute the gradient: (z;, H;,S;) —

. . adJ dJ(z;)
1 h — =1l
interpolate the gradient ax i ( ar, ) ,

define the deformation: X = P (X — /\j—}]() ,
interpolate back the deformation z; = II; LX),
the rest as in Al:
deform the mesh: (&;, H;) — Hi,
update the solution over the deformed mesh: (ﬂi7 Si) — S,
compute the metric: (7:[1, Si) — M,
generate the new mesh using this metric: (ﬂl, M;) = Hit,
interpolate the previous solution over the new mesh:
(His Sis Hiv1) = S,

compute the new solution over this mesh: (H;11,Si+1) — Sit1,
End do

Here the projection P is defined once and for all, but the interpolation operator
II; has to be redefined at each adaptation. However, we can follow the conver-
gence of |[dJ/dX| as X is defined once and for all.
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Fia. 6.12. The initial coarse mesh in the adaptation loop which is also used
as background mesh to take into account the shape deformation. This is
because we only need the shape, but we do not want to introduce an extra
data structure. The exhaustive control space X is defined on this mesh at
the beginning of the optimization loop. On the left, we have an intermediate
adapted mesh for a transonic turbulent drag reduction problem over a RAE
2822 profile.

Another interesting feature of algorithm A2 is that it allows adaptation within
the optimization loop. Indeed, as we said, in A1 we made the adaptation outside
the optimization loop to avoid differentiating the mesh generator. Another way
to avoid this is to use our approximate gradient approach, where we need only
information over the shape. Therefore we can avoid taking into account depen-
dencies created by the mesh generation tool inside the domain. However, we still
need to keep the exhaustive control space X to be able to analyze the conver-
gence of the algorithm. Hence, the last algorithm coupling all these ingredients
is given by:

Algorithm A3

Ho, So, X given,
Optimization loop: DO =0, ...,ioptim
identify the wall nodes: H; — x;,

dxi ’

compute the approximate gradient: (z;, 0H;, dS;) —

. odd - (d()
interpolate the gradient: ax II; ( dx; ’

define the deformation: X = P <X — A%) ,
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interpolate back the deformation &; = 117 (X)),
deforme the mesh: (Z;,H;) — Hi,
update the solution over the deformed mesh: (7:[i, S;) — S,
Adaptation loop: DO j =0, ...,iadapt
compute the metric: (H;,S;) — M;;,
generate the new mesh using this metric: (H;, M) — H; 11,

interpolate the previous solution over the new mesh:

(H;,Sj, Hjp1) — Sjra,

compute the new solution over this mesh: (H;4+1,S,+1) — Sjt1,
End do adaptation
End do optimization

Where OH; means mesh boundary informations and 0S;) means the solution
restricted to OH,;.

6.5 Fluide-structure coupling

Let us consider a multidisciplinary fluid /structure problem where the state equa-
tions gather a fluid model in one side and on the other side an elastic model. We
suppose the coupled problem has a stationary solution.

Denoting by z(t) the CAD-free shape parameterization based on the fluid
mesh, this can be summarized, for instance, through:

aU (x(t))

o + Vo (F(2,U(x), V. U(z)) = S(U(x)) =0 in Q, (6.16)

where U is the vector of conservative variables (i.e. U = (p, pi, p(C, T + 1 |ul]?))",
pk, pe), F represents the advective and viscous operators and S the right-hand
side in the k — ¢ turbulence model as described in Chapter 3. ¢ denotes the
fluid domain of resolution. This system has six equations in 2D (seven in 3D)
and the system is closed using the equation of state p = p(p, T).

To predict the behavior of the structure under aerodynamic forces, we con-
sider the following time-dependent elastic model for the shape parameterization
from the structural side X (¢):

MX + DX + KX =FU(z(t))|r) in €, (6.17)

where g denotes the structure domain of resolution and where M, D, and K
are the mass, damping, and stiffness operators describing the structure charac-
teristics. F' contains the external forces acting on the structure and in particular
the aerodynamic forces defined over I' = 9Qg N €.
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For instance, X represents nodes coordinates in a finite element mesh for the
structure. Using this mesh, let us define for the structure a CAD-free parame-
terization of the shape: X |sq, (t). This is usually different from the one used for
the shape seen from the fluid side. This is because the mesh used to solve (6.16)
is different from the one used for (6.17). We have therefore to define transfer
operators (T, and Ty/,) from/to X(t) to/from z(t). We need to express how
to transfer structural deformation from X to x and inversely aerodynamic forces
from z to X. Below, we choose x as control parameter; we also need therefore to
transfer variations in x in X . Transfer operators are to enforce the action-reaction
principle and energy conservation [7,8,19,22].

Consider a minimization problem for a functional J(x(t)). To close the prob-
lem we need an equation for x(t). For simplicity, consider the following pseudo-
unsteady system representing a descent algorithm considered as an equation for
the shape parameterization. Here, the time is fictitious and will play the role of
the descent parameter:

z=11(-V,J),
where II is the projection operator over the admissible space. Suppose (6.5) is
discretized using a backward Euler scheme (denote by dz™ the shape deformation
at step n):
0x" = II(=AVznJ"),
where \ denotes the descent step size. The initial shape (2%, X°) given, the algo-
rithm is as follows:
Do
- compute the gradient: Vi »J",
- define the new admissible shape deformation by (6.5),
- add to compatible structural deformation,

2" — 82" 4+ Ty ;6 X"

- deform the fluid mesh: m?+!

- enforce compatible structural deformation 6 X™ = T} /,6x™ such that

/Uf n}”‘l /a n"Jr1
/mn+1 n /mn-l—l n

mn+1 m}l+1 mf
f A ’
- advance in time by \ the state equations: (U"*!, X" +1)
- If Jnt! < TOL, stop.
Done

Where, subscript f (resp. s) denotes fluid (resp. structural) quantities. oy,  are
the constraint tensors on the fluid and structure sides, respectively.
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7

LOCAL AND GLOBAL OPTIMIZATION

7.1 Introduction

Most algorithms of optimization theory were invented for functionals of a finite
number of variables (cradient, conjugate gradient, Newton and quasi-Newton
methods). Most of them use optimal step sizes or Amijo rules with the objective
to decrease the functional as much as possible at each step.

Our experience, and A. Jameson seems to think the same, is that optimal step
size is not necessarily a good idea for shape optimization. It is better to think in
terms of the dynamical system attached to the minimization process. This can
be done for most of the algorithms used in practice namely first and second-order
gradient-Newton methods, evolutionary algorithms and reduced-order modeling
as we shall see. Thinking in these terms we intend to take advantage of the
different available parameters of the methods and adapt the situation to shape
optimization. Such an approach is heuristic and based on our numerical experi-
ence.

7.2 Dynamical systems

Consider the minimization of a functional J(z) > 0, z € Ouq. We suppose
the problem admissible (i.e. there exist at least one solution x,, to the problem:
J(2m) = Jm). Most minimization algorithms [49] can be seen as discretizations
of (see below for examples):

M (¢, x(Q))z¢ = d(z(C)), (¢ =0)= o (7.1)

M is aimed to be positive definite and M ~1d is built to be an admissible direc-
tion. In fact,we will see that even genetic algorithms can be cast in this form.

In the context of global optimization, it has been shown that algorithms
issued from discretization of second-order systems [1,2] should be preferred over
the discrete form of (7.1) as second-order dynamics permit us to escape from
local minima:

nree + M(C z(Q)ze = d(x((), z((=0)==z0, zc((=0)=z5. (7.2)
7.2.1  Ezamples of local search algorithms

Obviously, with n = 0, M = Id and d = —VJ, one recovers the steepest descent
with vanishing step size:

e =—VJ, z(0) = xo,
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and with a uniform discretization one recovers a fixed step size:
Pt =P — NPVJP, 2% =1, peIN, N =\

Recall that the step size used with gradient (and Newton) methods is uniform
and defined for instance via an Armijo rule:

given (o,0) € (0,1)%, A >0, find m e IN, such that:
J(:Cp) + Uﬂm+l/\0Vthdp < J(zp 4 ﬂm/\odp)
< J(xP) 4+ oM NV TP dP

Experience shows that the optimal descent step size is not always optimal for
optimization problems if the geometry of the problem is unknown as one might
be captured by the nearest local minima. Often, a constant descent step size
should be preferred (see Figs. 7.1 and 7.2). Of course, by doing so we lose the
theoretical convergence results.

With M = V2J and AP =~ 1 one recovers the Newton method:

Pt = oP — NP(V2J(2P))"IVJIP, 2=, peIN.

Quasi-Newton type methods can be expressed by introducing an approximation
of the Hessian, for instance, an iterative formula such as the one due to Broyden,
Fletcher, Goldfarb and Shanno (BFGS) where (V.,J?) is approximated by a
symmetric positive definite matrix H?, constructed iteratively, starting from the
identity matrix:

Hp+1 _ Hp + 7p7p o Hp(gp((sp)T(Hp)T
7pT &P (67)THP P ’

(7.3)
with
AP =VJ (po) —VJ (2P), 6P =Pt — P

Less intuitively, one can also recover methods such as conjugate gradient which
corresponds to the following discrete form:

P i p—1
_ g - - 9
) IR ) 2 B
i=1 i=1

where ¢* = V,J*. After simplification, one has:

p—1 i
20 4 = N+ g Y = ) (75)

y b
2 Izl

This is a second-order integro-differential discrete system which can be seen as
a discrete form of:
—VJ(TQ) ()\ )\2) /T2 T)
= VJ(T1) ————dr,
s o VW e

where \; = argmin, (J(T;) — AVJ(T})), i = 1,2 and with T} < Tb.
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Note that if X is fixed in (7.5) and if ||gP|| = ||gP || = g we have:
Pt — 227 4 2P~ = g,

which describes the motion of a heavy ball without friction and does not have
a stationary solution. This shows the importance of an optimal step size in the
conjugate gradient method. This situation corresponds to the motion of a ball
over a curve defined by an absolute value function smoothed around zero.

In Chapter 6 we showed the application of some of these algorithms with
incomplete sensitivity analysis to aerodynamic shape optimization.

7.3 Global optimization
The global solution of (7.1) can be thought of as finding x(7") satisfying:

M, z(Q))xe =d(z(¢)), z(0) =z, J(z(T))=Jm, with T <oo. (7.6)

This is an overdetermined boundary value problem and it tells us why one should
not solve global optimization problems with methods which are discrete forms
of Cauchy problems for first-order differential systems except if one can provide
an initial condition in the attraction basin of the global optimum. Hence, in
the context of global optimization the initial condition (z(0) = xo,) is usually
misleading.

To remove the overdetermination, we consider second-order systems. Local
minimization can be seen then as finding x(7") solution of:

naee + M(G,2(0)xe = d(z(¢)),  x(0) =zo, J'(z(T))=0. (7.7)

If in addition J,,, is known, the final condition in (7.7) can be replaced by
J(z(T)) = Jm. 2 These second-order systems with implicit final condition can
be solved using solution techniques for boundary value problems with free sur-
face [3,43,23-25]. An analogy can be given with the problem of finding the inter-
face between water and ice which is only implicitly known through the iso-value
of zero temperature.

From a practical point of view, success in global optimization means being
able to reach in finite time the vicinity (a ball of given radius) of the infimum
starting from any point in the control space. In this case, the associated boundary
value problem is of the form:

nree + M(C 2(0))xc (¢) = d(z(C)),
z(0) = xo, xc(0) =z¢ 0 (7.8)
J(2(Ty,)) = I

Now, system (7.8) is overdetermined by z¢ o.

2Actually, the initial condition might be dropped considering only final conditions:
J(@(T)) = Jm, J'(z(T))=0.
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But, it can be proved [42] that:
If J: R* — R is a C?function such that ming» J exists and is reached at
Tm € R", then for every (z0,c) € R™ x R™ there exists (0,7) € R" x R such
that the solution of the following dynamical system:

nree(€) +x¢(¢) = —=J'(2(())
z(0) = xo, (7.9)
zc(0) = o,

passes for ¢ = T into the ball Be(zy,).
Below, we shall use this idea to derive recursive global optimization algorithms.

7.3.1  Recursive minimization algorithm

As said above, global optimization of J has a solution if, for a given precision € in
the functional (see Table 7.3.1), one can build at least one trajectory (z(t),0 <
t < T.) passing in finite time 7. close enough to x,,. In what follows, these
trajectories will be generated by first or second-order Cauchy problems starting
from an initial value v. These will be denoted (z,(¢),0 < t < T.,v € Oguq).
Above, we saw that existing minimization methods build such trajectories in
discrete form. This can be summarized as:

Ve>0,3 (v,T:) € Oupq x [0,400[ such that J(z,(T:)) — Jm <e. (7.10)

If J,, is unknown 7. defines the maximum calculation complexity wanted. In
these cases, setting J,,, = —00, one retains the best solution obtained over [0, T%].
In other words, one solves:

V (e,T:) € RT %[0, +00[,3 (v,7) € Oua x[0,T:] such that J(z,(7))—Jm < e.

(7.11)
A recursive algorithm can be used to solve (7.10) or (7.11):
Given € > 0, J,,, and 0 < T, < oo, we minimize the functional h. 1. 5, : Ogq —
R* below:
her. g, (V) = min (J(zy(7)) = TIm) (7.12)

2y (T7)€O4d, TE[O,T]

using one of the local search algorithms mentioned above.

Once this core minimization problem is defined, global minimization is seen
as a nested minimization problem where one looks for v to provide the best
initial value to generate the trajectory (z,(7),0 <7 < T.), i.e. passing closer to
ZTm. For instance, the following recursive algorithm proposes a solution to this
problem (denote he 1. 5, by h).

Consider the following algorithm Aj(vy,v3):

- (v1,v2) € Oug X Ogq given

- Find v € argmin,,co(y, 0,)t(w) where O(vi,v2) = {v1 + t(va —v1),t €

R} N O,q using a line search method

- return v
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TABLE 7.1. Complexity evolution (number of evaluations for the
pair  (J,J')) in global optimization for the Rastrigin function
J) = N+ 3N (22 — cos(18z;)), « € [=5,5]N for two values of accu-
racy, €, required. We consider control spaces with dimension up to 10%.

| |[N=10] N =100] N =1000 | N =5000 | N = 10000 |
e=10"3] O(50) | O(100) | O(100) 0(200) 0(400)
e=10"%] O(50) | O(100) | O(100) 0(250) 0O(700)

The minimization algorithm in A; is defined by the user. It may fail. For instance,

a secant method degenerates on plateaux and critical points.® In this case, we

add an external layer to the algorithm A; minimizing h'(v') = h(A; (v', w")) with

w’ chosen randomly in Q4. This is the stochastic feature of the algorithm.
This leads to the following two-layer algorithm Az (v}, v4):

- (v1,v5) € Oaa X Ouq given

- Find o € argmnin co(uq up) 1’ (w) where O(uf,v5) = {vf + t(v} — v}).t €
R} N O,q using a line search method

- return v’

Again, the search algorithm in Ay is user-defined. For the algorithm to be efficient
A; and A need to be low in complexity .
This construction can be pursued by building recursively:

hi(vd) = him1(A;_1(vi,v)), with hl(v) = h(v) and h%(v) = Rh/(v) where
1=1,2,3,... denotes external layers.
Due to the stochastic feature mentioned, this is a semi-deterministic algorithm
[43,23-25,22].

7.3.2  Coupling dynamical systems and distributed computing

Several dynamical systems can be coupled in order to increase their global search
feature and also to take advantage of parallel computing possibilities.

Suppose one solves the pseudo-unsteady system (7.6) by the recursive al-
gorithm above where the aim is to provide a suitable initial guess to the cor-
responding Cauchy problem (7.2). Now, starting from different positions in the
admissible space, one couples the paths using cross-information involving a global
gradient.

Consider, ¢ individuals (27,5 = 1,...,q) with their motions prescribed by ¢
pseudo-unsteady systems:

3In large dimensional problems one would rather use the Broyden method which is the
multidimensional analogue of the secant method zP+! = xP + (HPT1)~1(JP*T1 — J'P) with
HP*! based on an approximation of the Hessian of the functional using the BFGS formula for
instance.

4 Another good candidate also not limited by the one-dimensional search feature of linesearch
is using data interpolation and a response surface as mentioned in section 7.6.1 using available
information collected at lower levels. Overall it is true that optimization algorithms do not use
enough previously available information.
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nx%c —|—Ma:2 =&+, P(C=0)=x), x:(=0)=0. (7.13)

G; is a global gradient representing the interaction between individuals:

q j k
. Ji—J ) )
== 3 m(w] —a¥), for j=1,..,q
k=1,k#j

This repulsive force aims at forcing the search to take place in regions not al-
ready visited. The right-hand side in (7.13) is therefore a balance between local
and global forces. To be efficient for distributed calculation the communications
between individuals should be weak. One possibility to reduce the exchanges
of (27,J7) between individuals is to replace the current position (z7,J7) by
(acépt, J(J)pt) indicating the best element found by the recursive algorithm for
individual j. The communication is done therefore once every time the core min-
imization algorithm is completed in (7.12).

The behavior of search methods based on first and second-order systems
(7.13) with two individuals with constant coefficients is shown in Fig. 7.1 for the
Griewank function:

Y

J(z,y) =1 — cos(x) 005(75) + %((x —y/2)? +Ty?*/4), for (z,y) €] —10,10[>.

Second-order dynamics improve global minimum search by helping to escape
from local minima (see Fig. 7.1). Coupling two individuals helps find the global
minimum (see Fig. 7.3).

7.4 Multi-objective optimization

Engineering design often deals with multiple and often conflicting objective func-
tions J = {Ji(z),i =1,...,n} [44,11,9,10,48,52,29]. A very simple example is
the design of a wing with maximum volume and minimum surface. In Chapter
10 we will see an example of civil supersonic aircraft design with minimal drag
and sonic boom requirements which are conflicting. More generally one usually
wants to maximize the performance of a system while minimizing its cost. As
mentioned in Chapter 5 it is unlikely that the optimum for the different func-
tionals coincides. One rather looks for a trade-off between conflicting objectives.

One optimality concept is known as Pareto equilibrium [44] defined by non-
dominated points: A point x is dominated by a point y if and only if J;(y) <
Ji(x), with strict inequality for at least one of the objectives. Thus, a global
Pareto equilibrium point is such that no improvement for all objectives can be
achieved (i.e. by moving to any other feasible point).

The classical method for multi-objective optimization is the weighted sum
method [9,10,48]:

J(z) = Xa;Ji(z), Ta;=1, «; €[0,1].
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1st & 2nd order systems with optimal steps

10 : r
1st order syst. for 1st individual
1st order syst. for 2nd individual -------
, 2nd order syst. for the 1st individual --------
*_#" 2nd order syst. for the 2nd individual -
5¢ 4
0 o .

—-10 -5 0 5 10
—-10<x<10,-10<y< 10

Fig. 7.1. Minimization for the Griewank function. The global minimum at
(0,0). Paths for the steepest descent and heavy ball methods starting from
two different points.

A sampling in «; enables us to reach various points in the Pareto front using
a descent method for J(z). This method is extensively used because one knows
that it has a solution for convex functionals.

It is admitted that the weighted sum approach does not find Pareto solu-
tions in nonconvex regions of the Pareto front [38]. A geometric interpretation
is that when the tangent to the Pareto front is parallel to one of the axes the
corresponding functional has a plateau which cannot be crossed by a descent
method.

In case the front is nonconvex but the tangent is never parallel to one of the
axes, one can still use a descent method for increasing power n in the functional
[38]:

J(z) = Y JM(z), Sy =1, a; €[0,1].

One looks for the lowest n making the Pareto front convex because this approach
has the disadvantage of degrading the conditioning of the optimization problem.

It is shown that alternative solutions, based on global optimization, exist [42].
This in particular shows that the failure of the weighted sum approach is due to



Multi-objective optimization 147

10 1st order system with constant step = 4

“Ist individual - no interaction’

2nd individual - no interaction’ ------

_10 1
—-10 -5 0 5 10

—-10<x<10,-10<y <10

Fia. 7.2. Same as in Fig. 7.1 but with fixed step size. This shows that for
nonconvex problems, a constant step size might overperform optimal step
sizes.

a lack of a global minimization feature in descent methods (this remains valid
with a Nash definition of the equilibrium).

We saw how to link any couple of points in the admissible space in finite time
with some given accuracy by a trajectory solution of a second-order dynamical
system such as (7.7). If the problem is admissible, a point in a Pareto front
corresponds to a point in the admissible control space. It should be reached
in finite time from any initial condition in the admissible space by a trajectory
solution of our second-order system. This means that one can use a minimization
method which has global search features to escape local minima in the case of
nonconvex Pareto fronts.

To illustrate this let us consider the functionals J; = x1 + a2 and Jy =
(1/z1 + ||z||?) + B(exp(—100(x1 — 0.3)?) 4+ exp(—100(z1 — 0.6)?)) for = € [0.1,1]%.
Figure 7.4 shows Pareto front generation for 8 = 0 and 3. The first situation can
be solved using a steepest descent method with optimal step size while the second
case requires a global optimization method to reach the nonconvex region in the
front. We have solved 10 minimization problems based on uniform sampling of
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Paths with global gradient coupling

10 : .
First individual
Second individual -------
5 I -
0 - -
-5 _"," ]
-10 L )

—-10<x<10,-10<y <10

Fi1ag. 7.3. Same minimization as in Fig. 7.1 but with the repulsive forces ac-
counted for in each system.

a € [0,1] in the weighted sum. We have then solved the minimization problems
starting from the same point (x(t = 0) = (1,1)") in the admissible space using an
algorithm based on discrete forms of second-order (7.9) dynamical systems with
J' =aVJi+ (1 —a)V.J;y and with n = 0 and n = 1. For the second-order system
the initial impulse is a variable as mentioned in (7.9). On sees that second-order
dynamics is necessary to recover general Pareto fronts.

7.4.1 Data mining for multi-objective optimization

The trade-off between functionals can be represented by two-dimensional plots
or three-dimensional surfaces if the optimization problem involves less than three
objective functions. When the number of functionals and constraints is high one
would need data mining techniques permitting a reduction in dimension in plots.
One successful technique is the Self-Organizing Map (SOM) [30] which can be
seen as a nonlinear extension of principal component analysis [20,27] with two
or three components.®

5Principal component analysis (PCA) produces an orthogonal linear coordinate transfor-
mation of the data optimum in a least squares sense. Projecting the data in this coordinate
system, the variance decreases with the dimension. The first coordinate is the first PC.
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FiG. 7.4. Computation of Pareto fronts for (Jy,J2). Top: one generates the
Pareto front by sampling the control space; here f = 0 and 3. Middle and
bottom: Solutions of minimization by the first (middle) and second-order
(bottom) dynamical systems method for a uniform 10 point sampling of
a € [0,1].

Suppose one has n functionals J= (J15 -, 4n)t € R™ and the two first princi-
pal components or directions known.® Starting from a uniform sampling (model)

61f the PCA is not available one proceeds with a random initialization.
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(m,i = 1,...,N) of this two dimensional subspace, the SOM algorithm builds
a map iteratively in two steps. At each iteration k = 1,2,..., for J from the
available sample:

e find the best matching unit (BMU) between 7% (||.|| being the Euclidean
distance in R"™):
7_ =k 7_ =k .
IlJ mBMUH <|J-m?] Vi=1,..,N
e update locally the model using J:
il + aexp(—silif, - ik]) (J - mf) Vi=1,.,N.

Sk in the localization function is initiated at 0 and increases with k and 0 < o < 1.
One chooses an a priori number of iterations and these iterations (regression) are
repeated over the available sample until an equilibrium is reached in the map.
The final map highly depends on the initialization. This map can be clustered
using the Euclidean metric defining regions of closest J. This clustering together
with different colors for each j; from the sample highlights different possible
behavior as we see below for a shape optimization problem.

SOM has been employed successfully to identify the trade-off relations be-
tween objectives in aeronautics applications [26, 33, 45]. Figure 7.5 shows an
example of such a map for a problem with three objective functionals (Drag
Cq, wing weight, —Cp max) [34]. The data basis has been generated after a
uniform sampling of the design space (wing-nacelle-pylon shape parameterized
using NURBS). The results have been projected onto a two-dimensional map.
A clustering of this map provides an estimation of the different behavior for the
different shapes. After coloring the map with the different functionals, it can
be seen that the lower right corner corresponds to low drag, low —C), max and
wing weight. Shapes having their vector of functionals represented in this area
are therefore suitable for all three functionals.

7.5 Link with genetic algorithms

We would like to show that genetic algorithms (GA) can be seen also as dis-
crete forms of a system of first-order coupled ordinary differential equations
with stochastic coefficients. Therefore, the boundary value problem formulation
of global optimization can be applied to GA for a better definition of the search
family.

Consider the minimization of a real functional J(z), called the fitness func-
tion in the GA literature; as usual x € 0,4 means the optimization parameter
and belongs to an admissible space {244, say of dimension nj;,,,. Genetic algo-
rithms approximate the global minimum (or maximum) of J through a stochastic
process based on an analogy with the Darwinian evolution of species [19,17,16].

A first family, called population, X' = {(2)} € Q4,1 = 1,...,N,} of N,
possible solutions in 2,4 of the optimization problem, called individuals, is ran-
domly generated in the search space {),q. Starting from this population X' we
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II-ﬁgh — Wing weight

High - Cp q.T Eci)s\;/:l_—(\;\gng weight
High - Cp
High — Cp, max Low - Cp

Low — Cp’max
Low — Wing weight

=
(a) _Cp,max

(a) Wing weight

F1a. 7.5. Self-Organizing Map. (Courtesy of Prof. S. Obayashi, with permission)

build recursively Ngen new populations X* = {(z); € Qqa,l = 1,..., Ny} with
i = 1,..., Ngen through three stochastic steps where at each iteration 4, to create
a new population X!, the following steps are taken:

Selection: We aim at removing the weakest individuals. Each individual z} is
ranked with respect to the fitness function J: the lower is J, the higher is the
rank. Better individuals have higher chances to be chosen and become parents.
This defines an intermediate population:

X8 = sixt (7.14)

where S' is a binary (N,, N,) matrix with S;,j = 1 if the individual j is selected
as parent and 0 otherwise.

Crossover: this step leads to a data exchange between parents and apparition
of new individuals called children. We determine, with probability p. if two
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consecutive parents in X*T1/3 should exchange data or if they are copied directly
into the intermediate population X2/3;

Xi+2/3 — CiXZ'+1/3’ (715)

where C' is a real-valued (N,, N,,) matrix. For each couple of consecutive lines
(25 —1,25) (1 < j < N,/2, suppose N,, even), the coefficients of the 2j — 1th

and 2 jth rows are given by:
C§j71,2j71 = A, C§j71,2j =1-A, C%j,ijl = A, Céj,2j =1-X,

where A\ = A2 = 1 if no crossover is applied on the selected parents and otherwise
randomly chosen in |0, 1[ with a probability p..

Mutation: individuals are mutated with a given probability p,,. Introduce
a random (Np, N} qiy,) Perturbation matrix &' with line j made of either an
admissible random vector of size ng;y, if a mutation is applied to individual j
and otherwise a null vector. The mutation step is then:

Xt = xit2/3 4 gl

These three steps give a particular discretization of a set of nonlinear first-order
dynamic systems:

XH X1 =(C'S'— D)X+ &', X' = given.

The scalar case is when /N, — 1. Also, one can use the boundary value formula-
tion (7.7) for global optimization to reduce the size of the family considered in
GA [22]. Tt is indeed observed that if the family is initially well chosen GAs have
a better performance.

Engineers like GAs because these algorithms do not require sensitivity com-
putation, so the source code of the implementation is not needed; they can,
in principle, perform global and multi-objective optimization and are easy to
parallelize. Their drawbacks are the computing time for a given accuracy and
possible degeneracy. It is also somewhat surprising that GAs have no inertial
effects. One improvement could therefore be to add the missing second-order
dynamics. Concerning degeneracy issues and revisiting of already visited min-
ima, the cure seems to be on coupling with learning techniques and parametric
optimizations. Also, as full convergence is difficult to achieve with GAs, it is rec-
ommended to complete GA iterations by descent methods (hybridization). This
is especially useful when the functional is flat around the infimum [22,14] as for
the example shown in Section 5.4.

Table 7.5 shows the solution to Rastrigin functional minimization for three
increasing control space dimensions (10, 100, 1000) using the semi-deterministic
algorithm above (results from Fig. 7.3.1), a genetic algorithm and a hybridization
of both [22].

Overall one can see that there is not a simple unique approach to optimiza-
tion. Rather one should try to combine the different approaches.
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TABLE 7.2. Rastringin functional. Total number of functional evaluations to
reach the infimum with an accuracy of 1076.

| | SDA | GA | Hybrid |
N=10 | O(50) | 6000 2600
N=100 | O(100) | O(1e5) | O(led)

N=1000 | O(100) | O(1eT) | O(1le5)

7.6 Reduced-order modeling and learning

Due to prohibitive calculation cost of direct simulation loops and also the pres-
ence of noise and uncertainties it is useful to avoid calls to the direct loop. One
efficient approach consists in using reduced-order models. This receives differ-
ent denominations following the field of research it is issued from: learning in
neural networks [37], fitting with least squares in experimental plans [21, 35] or
higher degrees polynomials [47], reduced-order modeling with proper orthogonal
decomposition [50] or other low-complexity modeling. We will see examples of
such for sensitivity analysis using the incomplete sensitivity concept in Chapter
8. Below we give a general view of what we call reduced-order modeling.
Consider the calculation of a state variable by solving:

F(V(p)) = 0.

V(p) is function of independent variables p. Our aim is to define a suitable search
space for the solution V' (p) instead of considering a general function space.
This former approach is what one does in finite element methods, for instance,
where one looks for a solution V}, expressed in some finite-dimensional subspace
SN({W’MZ:L?N}) N
Vi =3 ol
i=1
Sy is generated by the functional basis chosen {W;,i = 1,..., N}. For instance,
one can consider W; as a polynomial of degree one (W; € P') on each element

of a discrete domain called the mesh. v?pt denotes the values of the solution on
the nodes of the mesh solution of a minimization problem:

opt _

Uy

argmin, ||V —Vi|p, i=1,..,N

Hence, Vj, is the projection of V(p) over Sy. ||.||F is a norm involving the state
equation. In this approach, the quality of the solution is monitored either through
the mesh size (i.e. N — 00) and/or the order of the finite element (i.e. W; € P™
with m increasing for higher accuracy) [8]. If the approach is consistent, the
projected solution tends to the exact solution when N — oo or m — oo. In all
cases, the size of the problem is large 1 < N < oo.

In a low-complexity approach, one approximate V (p) by its projection V over
a subspace S, ({w;,i = 1,...,n}) no longer generated by polynomial functions.
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One rather considers {w;,i = 1,...,n} a family of solutions (snapshots) of the
initial full model (p — V(p)):

n
‘N/ = Z ’(~},?pth,
i=1

v?pt = argmin,, ||V — f/||p7 1=1,..,n.

The cost of the two methods depends on the cost of the solution of the minimiza-
tion problems. For the reduced-order approach to be efficient, one aims therefore
at n < N [50]. This is only possible if the w; family is well suited to the prob-
lem, in which case one can also expect a very accurate solution despite the small
size of the problem. However, calculation of snapshots is not always easy and
affordable especially when the original model involves a nonlinear partial dif-
ferential equation. Reduced-order modeling can also be considered by removing
the calculation of the snapshots w; taking advantage of what we know on the
physics of the problem and replacing the direct model F(V(p)) = 0 by an ap-
proximate model f(V(p)) = 0 for which snapshots are either analytically known
or at least easier to evaluate. This can also be seen as changing the norm in the
minimization problem above.

Considering a simpler state equation is a natural way to proceed, as often one
does not need all the details about a given state. Also it is sufficient for the low-
complexity model to have a local validity domain: one does not necessarily use
the same low-complexity model over the whole range of the parameters. However,
this brings in the question of the region of confidence for a given reduced-order
model for which one needs to know the domain of validity.

7.6.1 Data interpolation

The most efficient approach to build a reduced-order model is to use data inter-
polation and regression to create a polynomial parametric model for the func-
tional. One should keep in mind that in realistic configurations one has very
little information about the functional. For instance, using a linear combination
of observations (each observation is a call to the full model) gives:

"obs
Viz) ~v(z) = Z A () Vops (), 0< Aj(x) <1, (7.16)

where \;(x) are barycentric functions such that
"obs

Z Aj(x) =1, and Aj(z;) = ;5.
j=1

To account for errors in observations V. a kriging construction [31,12] can

be used. If one assumes V to behave as a random variable, and supposing its
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Fia. 7.6. Example of a three-level construction.

mean and covariance being those of Vj} o, the kriging predictor v minimizes the
variance of the prediction error: € =V — .

Hence, an interpolation using arbitrary regression polynomials ¢ of degree
less than Ndeg CaN be modified adding a kriging correlation term:

"deg "obs
v(z) = Z a;p;(z) + Z bjv(z, ), (7.17)
j=1 j=1

where a; are the regression coeflicients, and b; the kriging coefficients defined
to minimize the variance of the prediction error. ¢ is a Gaussian correlation
function of the form:
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"obs a* — k|2
7]

o) =exp [ = 3 (

k=1

. )|, »*>o.

r* defines the localization of the correction and variable r* permits anisotropic
interpolation.

7.6.1.1 Multi-level construction As we said, the cost of direct simulation is
prohibitive. One completes the reduced-order model only locally when possible.
This is similar to mesh adaptation where nodes are added only where necessary.

The previous construction can be performed recursively on a cascade of em-
bedded rectangular homothetic domains in the parameter space w’ C Ouq,i =
0, ..., with w® the full search domain. 7 In this construction information is only
transferred from coarse to fine levels from corners (see Fig. 7.6). Then calls for
new observations are made where necessary to enrich the data basis. The refine-
ment can use a quad tree [15] refinement algorithm or uses algorithms based on
mesh adaptation as shown in Chapter 4. When the dimension of parameter space
is large sparse grids should be used to avoid the curse of dimensionality [46, 6].
The variable v is then expressed as:

Mevel

v = Z vix(w?) (7.18)

=0

where v is the interpolation on the coarser level and x(w?) is the characteristic
function for the subdomain on which level i is defined. The correction is zero
outside w*. Neve] 18 the total number of levels used. For i > 1, the restriction
from level ¢ —1 to 7 is evaluated using the information at the corners g; of a brick
(N being the size of the control space):

2N
v'(z) = Z Aj (o' (g5) (7.19)

2N
Zx\j(x) =1, and \j(z;) =08y, 4,5=1,...,2"
j=1

Figure 7.6 shows an example of such a construction for a functional with three
levels of refinement and N = 2 [40,5].

7.6.1.2  Uncertainties We mentioned kriging to account for variability in ob-
servations. But this has limitations mainly related to knowledge of the variogram
to establish the covariances.

“For the sake of simplicity, and also because this is often rich enough, we deliberately limit
ourselves to rectangular configurations.
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Let us describe another statistical approach to account for fluctuations in
observations. For instance, consider the fluctuations in time of a functional J(t)
in the context of shape optimization for unsteady flows (also see Chapter 8).
This is computed using a direct simulation loop linking the parameterization to
the functional and involving a costly solution of the state equation.

Let us decompose J into a mean and a fluctuating part with zero mean:

J=J+J, J =0,
where a time average is performed over the time interval of interest 7"

_ 1 /T
= _ t)dt.
J T/o J(t)

If the flow is stationary J' = 0 and J = J.
If perturbations are weak the deviation from the mean tendency is small and
can be represented by a normal law for instance:

J'=N(0,0), 0<o< 1.

An elegant way to account for small variations of observations is to take advan-
tage of the low-complexity of the interpolation procedure (or any reduced-order
modeling) and perform Monte Carlo estimation of the deviation.

Indeed, consider a set of multi-level observations (simulations) j = 1, ..., Ny olst
{JW i = L, ...,;Neyvelt Where the trials are performed for admissible random
choices of J7 through

JI =T+, v € {N(0,0)}>.
One can then define ensemble averages:
1 "trials

> g

n, .
trials  j=1

Ji~

For a given level i one can have an estimation of the deviation from mean ten-
dency for the velocity field
w' = J' — Ji,
and because J¢ = J?, one has: L
wt =0,
with corresponding local standard deviations using, for instance, the maximum-
likelihood estimate after assuming normal distribution for the results around

their mean:
‘ ‘ 1/2
ot~ </(wz)2> ,

Beyond unsteadiness, this approach can be used to analyze the effect of any
randomness or uncertainties in the definition of a control parameter (i.e. small
fluctuations in flight incidence, etc.).
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7.7 Optimal transport and shape optimization

Let us briefly introduce the problem of defining a shape from its curvature.
This is fundamental in shape design in general because prescribing the curvature
enters in the definition of developable surfaces [32]; it also leads to a class of
optimization problems particularly difficult numerically and hence a good test
of global optimization methods.

Developable surfaces are interesting in engineering design as they can be
shaped from flat plates without stretching. The required forces are therefore
significantly lower than for non-developable surfaces. Indeed, if one aims to build
light objects with thin materials the internal forces necessary to conform the
material to a non-developable surface can cause damage.

A developable surface is defined as a surface with zero Gauss curvature, which
means that the product of the largest to smallest curvatures should vanish. On
the other hand, at least one of the principal curvatures must be zero. Intuitively,
a developable surface is a surface which can be rolled without slipping on a flat
surface, making contact along a straight line, like a cylinder or a cone. In general,
in design we aim at avoiding surfaces with negative Gauss curvature.

The mass transport problem was first considered by Monge in 1780 in his
Mémoire sur les remblais et les déblais and revisited by Kantorovich in 1948 [28].
This problem has regained interest more recently as it models wide ranges of
applications from image processing and physics to economics (see [51,4,7] for
exhaustive references).

Numerical solution of the Monge-Ampere equation (MAE) with classical
methods for PDEs is difficult as this equation changes type following the sign
of its right-hand side (the PDE is elliptic if it is strictly positive, parabolic if it
vanishes and hyperbolic if strictly negative).

Current numerics only target strictly positive right-hand-side and use ei-
ther fixed point Newton type iterations [36] or minimization approaches for an
augmented Lagrange formulation [13,4]. We would like to solve the MAE via
a minimization problem in the context of designing a surface from its curva-
ture [39]. The optimal transport problem corresponds to the particular case of
strictly positive curvature.

Consider two bounded, positive and integrable functions py and p; with com-

pact support in R™ such that

One would like to find the application M : R™ — R" realizing the transformation
from pg to p; minimizing, for instance,

[ lle = (@) Poo(a), (7.21)

and such that for all continuous functions ¢
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| mleea@) = [ prl)et) (7.22)

One knows that there is a unique M = V1 with ¢ a convex potential satisfying
(7.21) [51]. In addition, if densities are strictly positive and continuous then one
can look for ¢ a solution of MAE (H () being the Hessian of ¢ and det(H) its
determinant),

det(H ((z))) = pl(’)voi%. (7.23)

Solution to this problem can also come from a continuous time method min-
imizing some distance function between densities py and p;. The Wasserstein
distance provides a solution for (7.23). It can be defined via a conservative flow:

1
dw(po ) =int [ [ pttoot. o], (7.24)
nJo
where (p,v) satisfies the following conservation law:

pt +V.(pv) =0, p(0,z) = po(x), p(1,2)=pi(z). (7.25)

This is therefore a minimization problem with equality constraint. The optimality
condition gives [4]

M =V =Vo+=x, (7.26)

where
¢+ 1/2|V¢|* =0, (7.27)
pt +V(pVe) =0, p(0,2) = po(z), p(l,2)=pi(z), (7.28)

with ¢ the Lagrange multiplier for the conservation constraint (7.25). This can be
solved with an augmented Lagrange formulation minimizing the Eikonal equation
residual under constraint (7.28) [4,18,13].

Here, we would like to go one step further and solve the case of a variable sign
determinant in (7.23). Unlike in the positive sign case, the minimization problem
for the residual of (7.23) cannot be solved using formulation (7.24-7.28).

In the sequel we consider the MAE for the definition of a 3D surface from a
given curvature minimizing J(¢) = ||¢g2¥yy — fcy — f(z,y)|| where ¢ is a given
shape parameterization described in Chapter 6. To be sure of the existence of
a solution, we build an inverse problem considering a target surface of the form
V(z,y) = (32; aisin(w;z)) (32, by sin(w;y)) with a;,bj,w; ; € R. We build f from
this surface and try to recover the surface. We would like to use our global min-
imization method to minimize the L? residual of MAE over a square calculation
domain. The L? integral is discretized on a 10 x 10 Cartesian mesh corresponding
to a control problem of dimension 100. Figure 7.7 shows a numerical solution of
the MAE. The final and target surfaces match.
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Fia. 7.7. Upper: example of surface recovery from given local curvature by a
solution of the MAE for coarse and fine CAD-free parameterizations. Lower:
convergence history showing visit of several local minima (right). One also
shows the convergence to the quasi-Newton method used as the core mini-
mization algorithm alone, captured by a local minimum.



References 161

References

[1] Attouch, H. Goudou, X. and Redont, P. (2000). The heavy ball with friction
method, Advances in Contemporary Math. 2(1), 1-34.

[2] Attouch, H. and Cominetti, R. (1996). A dynamical approach to convex
minimization coupling approximation with the steepest descent method, J.
Diff. Eq., 128(2), 519-540.

[3] Bock, H.G. and Plitt, K.J. (1984). A multiple shooting algorithm for direct
solution of optimal control problems, Proceedings of the 9th IFAC World
Congress, Budapest.

[4] Brenier, Y. and Benamou, J.-D. (2000). A computational fluid mechanics
solution to the Monge-Kantarovich mass transfer problem, Numerish Math.
84(3), 375-393.

[5] Brun, J. and Mohammadi, B. (2007). Similitude généralisée et modélisation
géométrique a complexité réduite, CRAS, 2511, 634-638.

[6] Bungartz, H.-J. and Griebel, M. (2004). Sparse Grids, Acta Numerica, 13,
147269.

[7] Carlier, G. and Santambrogio, F. (2005). A variational model for urban plan-
ning with traffic congestion, ESAIM, COCV, 11, 595-613.

[8] Ciarlet, Ph. (1978). The Finite Element Method for Elliptic Problems. North-
Holland, Amsterdam.

[9] Das, I. and Dennis J. E. (1997). A closer look at drawbacks of minimizing
weighted sums of objectives for Pareto set generation in multicriteria opti-
mization problems, Struct. Optim., 14(1), 63-69.

[10] Das, I. and Dennis, J.E. (1998). Normal-boundary intersection: a new method
for generating Pareto optimal points in multicriteria optimization problems,
SIAM J. Optim, 8, 631657.

[11] Deb, K. (1999). Multi-objective genetic algorithms: Problem difficulties and
construction of test problems, IEEE J. Evolut. Comp., 7, 205-230.

[12] Chiles, JP. and Delfiner, P. (1989). Geostatistics, Modeling Spatial Uncer-
tainty, John Wiley, London.

[13] Dean, E. and Glowinski, R. (2003). Numerical solution of the two-dimen-
sional elliptic Monge-Ampere equation with Dirichlet boundary conditions:
an augmented Lagrangian approach, C. R. Acad. Sci. Paris, 336, 445-452.

[14] Dumas, L. Herbert, V. and Muyl, F. (2004). Hybrid method for aerodynamic
shape optimization in automotive industry. Comput. Fluids, 33(5), 849858.

[15] Finkel, R. and Bentley, J.L. (1974). Quad trees: a data structure for retrieval
on composite keys. Acta Informatica, 4(1), 1-9.

[16] Floudas, C.A. (2000). Handbook of Test Problems in Local and Global Op-
timization, Kluwer Academic, New York.

[17] Fonseca, C. and Fleming, J. (1995). An overview of evolutionary algorithms
in multi-objective optimization. Evolut. Comput., 3(1), 1-16.

[18] Fortin, M. and Glowinski, R. (1983). Augmented Lagrangian Methods. Ap-
plications to the Numerical Solution of Boundary Value Problems, Studies in
Mathematics and its Applications, North-Holland, New York.



162 Local and global optimization

[19] Goldberg, D. (1989). Genetic Algorithms in Search, Optimization and Ma-
chine Learning. Addison Wesley, New York.

[20] Gorban, A. Kegl, B. Wunsch, D. and Zinovyev, A. (2007). Principal Mani-
folds for Data Visualisation and Dimension Reduction, LNCSE 58, Springer,
Berlin.

[21] Hoel, P.G. (1971). Introduction to Mathematical Statistics, John Wiley, Lon-
don.

[22] Ivorra, B. Hertzog, D. Mohammadi, B. and Santiago, J. (2006). Global
optimization for the design of fast microfluidic protein folding devices, Int.
J. Num. Meth. Eng. 26(6), 319333.

[23] Ivorra, B. Mohammadi, B. and Ramos, A. (2007). Semi-deterministic global
optimization method and application to the control of Burgers equation,
JOTA, 135(1), 54956

[24] Tvorra, B. Mohammadi, B. and Ramos, A. (2008). Optimization strategies
in credit portfolio management, J. of Global Optim., 43(2), 415-427.

[25] Ivorra, B. Mohammadi, B. Redont, P. and Dumas, L. (2006). Semi-determi-
nistic vs. genetic algorithms for global optimization of multichannel optical
filters, Int. J. Comput. Sci. Eng., 2(3-4), 170188.

[26] Jeong, S. Chiba, E. and Obayashi, S. (2005). Data mining for aerodynamic
design space. J. of Aerospace Comput., Inform. Comm., 2, 218-223.

[27] Jolliffe, I.T. (2002). Principal Component Analysis, Springer Series in Statis-
tics, 2nd edn., Springer, New York.

[28] Kantorovich, L.V. (1948). On a problem of Monge, Uspelkchi Mat. Nauk. 3,
225-226.

[29] Kazuyuki, F. Fico, N. and de Mattos, B. (2006). Multi-point wing design of
a transport aircraft using a genetic algorithm. ATAA, 2006-226.

[30] Kohonen, T. (1995). Self-Organizing Maps, Springer, Berlin.

[31] Krige, D.G. (1951). A statistical approach to some mine valuations and allied
problems at the Witwatersrand. Master thesis University of Witwatersran.
[32] Kuhnel, W. (2002). Differential Geometry: Curves-Surfaces-Manifolds. AMS,

Providence.

[33] Kumano, T. Jeong, S. Obayashi, S. Ito, Y. Hatanaka, K. and Morino, H.
(2006). Multidisciplinary design optimization of wing shape for a small jet
aircraft using Kriging model. AIAA, 2006-932.

[34] Kumano, T. Jeong, S. Obayashi, S. Ito, Y. Hatanaka, K. and Morino, H.
(2005). Multidisciplinary design optimization of wing shape with nacelle and
pylon. Proc. Eccomas CFD-2006, P. Wesseling, E. Onate, J. Périaux (Eds).

[35] Lindman, H.R. (1974). Analysis of Variance in Complex Frperimental De-
signs, Freeman, New York.

[36] Loeper, G. and Rapetti, F. (2005). Numerical solution of the Monge-Ampere
equation by a Newton’s algorithm, C. R. Acad. Sci. Paris, 340, 319-324.
[37] Mandic, D. and Chambers, J. (2001). Recurrent Neural Networks for Predic-

tion: Architectures, Learning Algorithms and Stability. John Wiley, London.



References 163

[38] Messac, A. Sundararaj, G. J. Tappeta, R. and Renaud, J. E. (2000). Abil-
ity of objective functions to generate points on non-convex Pareto frontiers.
AIAA J., 38(6), 1084-1091.

[39] Mohammadi, B. (2007). Optimal transport, shape optimization and global
minimization, C. R. Acad. Sci. Paris, 3511, 591-596.

[40] Mohammadi, B. and Bozon, N. (2007). GIS-based atmospheric dispersion
modeling, Proc. FOSS4G Conference 2008, Cap Town, ISBN 978-0-620-42117-
1.

[41] Mohammadi, B. and Pironneau, O. (2004). Shape Optimization in Fluid
Mechanics, Ann. Rev. Fluid Mech., 36(1), 29-53.

[42] Mohammadi, B. and Redont, P. (2009). Global optimization and generation
of Pareto fronts. CRAS, 347(5), 327-331.

[43] Mohammadi, B. and Saiac, J.-H. (2003). Pratique de la Simulation Numérique.
Dunod, Paris.

[44] Pareto, V. (1906). Manuale di Economia Politica, Societa Editrice Libraria,
Milano, Italy. Translated into English by Schwier, A.S. 1971: Manual of Po-
litical Economy, Macmillan, New York.

[45] Pediroda, V. Poloni, and C. Clarich, A. (2006). A fast and robust adaptive
methodology for airfoil design under uncertainties based on game theory and
self-organizing-pap theory. ATAA, 2006-1472.

[46] Smolyak, SA. (1963). Quadrature and interpolation formulas for tensor
products of certain classes of functions. Dokl. Akad. Nauk SSSR, 148, 10421043.
Russian, Engl. Transl.: Soviet Math. Dokl. 4, 240243.

[47] Spooner, J. T. Maggiore, M. Onez, R. O. and Passino, K. M. (2002). Stable
Adaptive Control and Estimation for Nonlinear Systems: Neural and Fuzzy
Approximator Techniques. John Wiley, New York.

[48] Stadler, W. (1979). A survey of multicriteria optimization, or the vector
maximum problem. JOTA, 29, 1776-1960.

[49] Vanderplaats, G.N. (1990). Numerical Optimization Techniques for Engi-
neering Design. Mc Graw-Hill, New York.

[50] Veroy, K. and Patera, A. (2005). Certified real-time solution of the parame-
trized steady incompressible Navier-Stokes equations: Rigorous reduced-basis
a posteriori error bounds Int. J. Numer. Meth. Fluids, 47(8), 773-788.

[51] Vilani, C. (2003). Topics in Optimal Transportation, Graduate Studies in
Mathematics series, 58, AMS.

[52] Zingg, D. and Elias, S. (2006). On aerodynamic optimization under a range
of operating conditions. AIAA, 2006-1053.



8

INCOMPLETE SENSITIVITIES

8.1 Introduction

This chapter is devoted to the concept of incomplete sensitivity in shape opti-
mization. The aim is to avoid when possible the linearization of the state equa-
tion. We will see that sometimes this goes through a reformulation of the initial
problem.

For the design of a shape S, consider a general situation with a geometrical
design or control variable z fixing S(x), auxiliary geometrical parameters g(x)
(mesh related informations), a state or flow variable U(g(z)) and a criterion or
cost function for optimization J

J(@):x — q(x) = Ulq(x)) — J(z,q(2), Uq(2))). (8.1)
The derivative of J with respect to x is

dJ _9J  8J0q  8J0U

E_$+8_qax+%%' (8.2)

The major part of the computing time of this evaluation is due to OU/9x in the
last term (see also Chapter 5).

We have observed that when the following requirements are satisfied, the last
term in (8.2) is small

1. J is of the form J(x) = [ f(x,q(z))g(U);

2. the local curvature of S is not too large (this needs to be quantified for
each case, for a wing typically this concerns regions away from leading and
trailing edges.)

If these requirements are met, our experience shows that an incomplete evalua-
tion of the gradient of J can be used, neglecting the sensitivity with respect to
the state U in (8.2). This does not mean that a precise evaluation of the state
is not necessary, but that for a small change in the shape the state will remain
almost unchanged, while geometrical quantities, such as the normal to S, for
instance, have variations much greater in magnitude. An optimization method
using incomplete sensitivity is a sub-optimal control method and in that sense
has limitations.

Historically, we discovered the incomplete sensitivity concept after manipu-

lating automatic differentiation tools.® We had the difficulty that the generated

8The Odyssee tool at this time [4,43,10] but what will be said here is valid for any AD tool.
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codes were too big to be efficiently handled; and this especially in reverse mode
necessary in shape optimization. We then tried to see if it was possible to drop
some parts of the direct loop and observed that for the class of functionals men-
tioned above, the sensitivity was mainly geometric.

8.2 Efficiency with AD

In this section, we give some advice for an efficient use of AD. The objective is
to reduce the computing cost of sensitivities for some important functions.

8.2.1 Limitations when using AD

Suppose one has an automatic differentiator capable of producing gradients or
Jacobians and a differentiator in reverse mode capable of computing cotangent
linear applications (see Chapter 5). The limitation of the reverse mode comes
from the memory required to store Lagrange multipliers and intermediate vari-
ables. The need for intermediate storage can be explained by the following:

If n is the number of controls, let f : R™ — R such that

[(x) = fzofz0fiofo(x).

where fy smoothes the controls z, fi defines the mesh points in terms of x, fs
computes the flow and f3 evaluates the cost. The reverse mode produces the
Jacobian D'f : R — R", as

Dyf = Dy foD%, ) J1D%, o1y 2) 2D 01080 (a) f3-

We can see that we have to store (or recompute) the intermediate states (i.e.
fo(x), fiofo(x) and faofiofo(x)) before making the product.

This can be a real problem when using an iterative method (for time in-
tegration for instance). Indeed, in this case, the intermediate states cannot be
recomputed as the cost will grow as the square of the number of iterations.
Therefore, they have to be stored somehow.

To give a more precise idea, consider our flow solver which is explicit with
one external loop for time integration of size KT and internal nested loops.

External Loop in time 1,..,KT
Loop over triangles (tetrahedra) 1,..,NT

NAT affectations
End loop NT

Loop over edges 1,..,NE
NAE affectatiomns
End loop NE

Loop over nodes 1,..,NN
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NAN affectations
End loop NN

End external loop KT
cost evaluation

Inside each time step, we have loops on nodes, segments, and tetrahedra (tri-
angles in 2D) of sizes NN, NS, and NT. Inside each internal loop, we have
affectations like:

new_var = expression(old_var)

describing the spatial discretization. The number of these affectations are N AN,
NAS and NAT. The required memory to store all the intermediate variables is
therefore given by:

M = KT x (NN x NAN) 4 (NS x NAS) 4+ (NT x NAT)).

This is out of reach even for quite coarse meshes. To give an idea, for the 3D
configuration presented here, we have:

KT ~10*, (NN,NS,NT)~10°, (NAN,NAS,NAT) ~ 102,

which makes M ~ 10''words. We can use an implicit method to reduce the
number of time steps and therefore the storage. One alternative here is to use
the check-pointing scheme of Griewank [5] to have a base 2 logarithmic growth
of the complexity of the algorithm or use a compressive sampling technique [1] to
minimize the number of samples needed for any state recovery or more generally
meta-models or reduced order models to again break the complexity.

8.2.2 Storage strategies

To understand the need for a storage strategy, let us look at what we get if we
store all the intermediate states, no intermediate state, and some of them.

Full storage case KT states stored, KT forward iterations (i.e. one forward
integration) and KT backward iterations (i.e. one backward integration).

No storage case 0 states stored, (KT + KT x (KT — 1)/2) forward itera-
tions (i.e. one forward integration plus computing the required state during the
backward integration each time) and KT backward iterations (i.e. one backward
integration).

Intermediate storage n states stored non-uniformly over KT states (with n <
KT), (KT+X",(m;*(m;—1)/2)) forward iterations (i.e. one forward integration
plus computing the required state each time starting from the nearest stored
state, m; being the number of iterations between two closest stored states) and
KT backward iterations (i.e. one backward integration). Of course, if the stored
states are uniformly distributed, we have (KT + n(m x (m — 1)/2)) forward
iterations, so with one state stored (n = 1), we reduce by a factor of 2 the extra
work (m = KT/2).

We can see that in each case the backward integration has been done only
once.
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8.2.3 Key points when using AD

Here are some remarks coming from the physics of the problem.

8.2.3.1 Steady flows The first key remark concerns steady target applications,
in the sense that the history of the computation is not of interest. This history
is often evaluated using a low accuracy method and local time stepping. It is
obvious therefore that it is not necessary to store these intermediate states. In
other words, when computing the gradient by reverse mode, it is sufficient to
store only one state, if we start with an initial state corresponding to the steady
state for a given shape. This reduces the storage by the number of time steps
(KT).
M= ((NN x NAN) + (NS x NAS) + (NT x NAT)).

8.2.3.2 Inter-procedural differentiation The second important point is to use
inter-procedural [10] derivation. The idea is to use dynamic memory allocation
in the code. We replace what is inside an internal loop by a subroutine and
differentiate this subroutine. This will reduce the required memory to:

M = NAN + NAS + NAT,

but will imply extra calls to subroutines [10]. In fact, this is what we need if the
memory is declared as static, and we need less if we choose to re-allocate the
memory needed by subroutines.

8.2.3.3 Accuracy of the adjoint state for steady targets Here again we assume
that a steady state can be reached by the time-dependent solver of the state
equation. By construction the adjoint state equation is also time-dependent. We
saw that, when starting from the steady state for a given shape, we only need
one iteration of the forward procedure before starting the reverse integration.
Therefore, we need to know what accuracy for convergence is sufficient for the
adjoint for the gradient algorithm to converge. In other words, how can we choose
the maximum time for the time integrator of the adjoint?

We denote by J>° the value of the cost function of the optimization problem
at convergence and by J” the value of the cost function at step n. We notice that
at convergence we would like to have VJ;° = 0. This will be achieved if for some
B € (0,1) |VJp| < B|VJY. This gives a criterion to stop the reverse time step
loop. In other words, we have two different numbers of time step, one for the
forward system (say one) and another for the adjoint system (very large), and
we leave the reverse time integration loop once the above criterion is satisfied.
In the previous code, we therefore need to evaluate the cost function inside the
time integration loop, but this is cheap.

8.2.3.4 Localized gradient computation This remark can be understood from
Fig. 8.1. We can see that the variations of the internal mesh nodes have no effect
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on the cost function. Therefore, when computing the gradient, the internal loops
presented above on nodes, segments, and elements are only computed on a few
element layers around the shape.
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Fi1G. 8.1. 0J/0xmesn- The gradient is concentrated along the first element layer
along the geometry. This is a key remark to reduce the computational effort.

8.3 Incomplete sensitivity

We noticed that the previous remark was mainly valid for cost functions based
on information about the shape (for instance through boundary integrals). For-
tunately, this is often the case for applications. Therefore, when the cost function
is based on local information around the shape, the sensitivity of the cost func-
tion with respect to the state can be neglected. This does not mean that a
precise evaluation of the state is not necessary, but that for a small change in
the shape the state will remain almost unchanged, while geometrical quantities
have variations of the same order:

dx ~ |[0n| ~ O(1), but du~ O(e).

8.3.1 Equivalent boundary condition

We recover here the argument behind effective transpiration conditions widely
used to represent small shape deformations. More precisely, consider the sensi-
tivity of the product .7 with respect to the shape parameterization x. Formally,
we have:

d . dd_ _di _dni

%(un) = %n—kuﬁ ~ o
Indeed, the argument above means that |di/dx| < |dii/dx|. We notice that u
has to be accurate for an accurate sensitivity.
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8.3.2  Examples with linear state equations

Recall that the idea behind incomplete gradients is that the changes in the state
are negligible compared to those of the geometry for small variations of the
domain.

Consider as cost function J = €"u,(e) and as state equation the following
Poisson equation (taking |e| < 1)

—ugy =1, on Je, 1], wu(e) =0, u(l) =0,

which has as solution u(z) = —22/2+ (e+1)x/2—¢/2. This is a case of a function
which has a strong geometrical element and a weak dependance on the geometry
via the state u. The gradient of J with respect to € is given by

n—1

5 (—n(e —1) —¢).

The second term between parentheses, —e, is the state linearization contribution
which is neglected in incomplete sensitivities. We can see that the sign of the
gradient is always correct and the approximation is better for large n.

Now, let us make the same analysis for an advection diffusion equation with
Pecley number Pe with the same cost function:

Uy — Pe™ gz, =0, on Je, 1], u(e) =0, u(l)=1.

Te(€) = € (nug(€) + euge(e)) =

The solution of this equation is

u(z) =

exp(Pe €) — exp(Pe x)

exp(Pe €) — exp(Pe)

Hence
() = —Pe exp(Pe )
* exp(Pe ¢) f;xp(PeiD’ )
() oo =) = — LB o)

(exp(Pe €) —exp(Pe))2 7
Je(x =€) =" tug(e)(n+ eus(e)).
Therefore, if |eu, (€)| < n the contribution coming from state linearization can

be neglected.
The previous analysis holds for any functional of the form J = f(€)g(u, uy).

Another example concerns Poiseuille flow in a channel driven by a constant
pressure gradient (p,). The walls are at y = +5. The flow velocity satisfies:

Uyy = p—;, u(—S) = u(S) = 0. (8.4)
The analytical solution satisfying the boundary conditions is u(S,y) = ’2’—l7j(y2 —

S2).
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Consider the sensitivity of the flow rate with respect to the channel thickness.
The flow rate is given by J; (S f_ (S,y)dy. The gradient is given by (using
the boundary conditions in (8 4))

d 252,
Jl / 85U5y)dy—#7

while the incomplete sensitivity (dropping the state derivative) vanishes.
Now consider

J2(S) = S™J1(S).
The gradient of the cost function with respect to the control variable S is:

dJy

dJy
n—1 n
—g =nS"1(8) +5

ds

We can see now that we have two terms involved: the first integral is what the
incomplete sensitivity gives and the second comes from the linearization of the
state:

dJsy AnSnt2p,  SntZp,

ds 6v v

We can see that the two contributions have the same sign and are of the same
order, of course the geometrical sensitivity dominates for large values of n. This
remark is interesting for axisymmetric applications in nozzles, for instance.

Now consider the application of incomplete sensitivities with a Burgers equa-
tion for the state already saw in Chapter 5:

ug +0.5(u?)y = pru, on | —1+S,1], (8.5)

with
u(—1+95)=1, u(l)=-038, ||« 1.

We consider the steady solution of (8.5) and take the variations S on the left-hand
side frontier as control parameter. Again, suppose the functional involves control
times state quantities, for instance as in: J(S) = Su,(—1+ 5), the gradient is
given by

Js =uzy(—=1+S5)+ Sugs(—1+9). (8.6)

Without computing the solution, it is clear from the equation that in regions
where the solution is regular u, = px. The exact gradient is therefore Jg =
u(—148) + Su to be compared with the incomplete gradient p(—1 4+ 5). We
see that the sign of the incomplete gradient is always correct and the difference
is negligible (|S| < 1).
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8.3.3 Geometric pressure estimation

Designing a shape with minimum drag with respect to a parameter x (scalar for
clarity) involves an integral on the shape of p(z)us - n(2):

Cy = / P(T)uso - n(x)ds.
shape

Suppose the pressure is given by the Newton formula (also called the cosine-
square law) p = poo(Uoo - n)2. We therefore have puoon = poo(Uco - n)3. Its
derivative with respect to x is

d(pues - M) dn dp

T = (puco) I + %(uoo 1) = 3Poolioo (Uoo * 1)

On the other hand, incomplete sensitivity gives

Lo
dz’

d(pucen) dn odn
————— & (PUoo) == = Dooloo (Uscn)” —.
dz v Oo)dx Pootioo (Ucon) dz
We see that the two derivatives only differ by a factor of 3 and have the same
sign. The expression above can be rewritten as puso.n = plucol cos(%.n). The
Uoo

incomplete gradient is therefore p(uco.n)y = —pltico| sin(m.n) = 0 when n is
aligned with 4. The incomplete sensitivity fails therefore for these area (e.g. the
area near the leading edge for instance for an airfoil at no incidence). In the same
way, if we were interested in the evaluation of the lift sensitivity, the incomplete
sensitivity would be wrong where n is close to uZ, (e.g. along the upper and lower
surfaces of a wing at no incidence). This means that the incomplete sensitivity is
not suitable for lift sensitivity evaluation, except if the deformation is along the
normal to the shape as in that case the (Op/0n = 0) boundary condition would
imply that the incomplete and exact gradients are the same. This is also why we
advocate the use of deformations normal to the wall as parameterization.

This is a worse case analysis, however, as linearization leads to equal order
sensitivities for small variations of the local normal to the shape and the inflow
velocity. Indeed, we know that small changes in the geometry in a high curvature
area (e.g. leading and trailing edges) have important effects on the flow, much
more than changes in area where the shape is flat.

A final remark on the accuracy of the state. Consider formally the lineariza-
tion of the drag Cy = pus.n with respect to = and its approximation:

dn dn

d
—p(uoon) —&—p%.uoo ~ P Uoo- (8.7)

d
— (puco.n) = T

dx
We notice that p (the state) has to be accurate even if used in an approximate
calculation of the sensitivity. This shows, for instance, the importance of includ-
ing viscous effects in the state evaluation for optimization [8] but not necessarily
to take them into account in the sensitivities (see also Chapter 2). It also gives
some insight into meshing issues as discussed below.
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8.3.4  Wall functions

We saw above that with a homogeneous normal gradient boundary condition
on the pressure dp/dn = 0 on the shape the incomplete and exact sensitivities
coincide for shape variations normal to the wall. For viscous flow, the boundary
condition for the velocity is no-slip at the wall. In addition, we saw in Chapter
3 wall functions such as:

+_ (Y — Yw)ur

u:qu(y+)7 Yy v

describing the behavior of the tangential component u of the velocity near the
shape with respect to the distance y—y,, to it and with f(0) = 0. f is for instance
the Reichardt law (3.60). Hence, one can express the solution in the domain as
(denote the shape by yy,):

u=w(y — yu)v(w(y — yuw))

where w tends to zero with the distance to the shape y — y,, and v is selected
to satisfy the flow equations. The wall function analysis suggests that such a
decomposition exists. Now, sensitivity analysis for a functional such as J =
J(Yw, u) gives:

dJ oJ 0J Ou oJ oJ ov ow

dye ~ Oye | Oudye " Oye ou oy T an

But, w(0) = 0 and one knows the dependency between w and y,,. Therefore,
in cases where the near-wall dependency of the solution with respect to the
distance to the shape is known the sensitivity with respect to shape variations
normal to the wall can be obtained without linearizing the state equation. A
similar analysis can be made for the temperature when an isothermal boundary
condition is used (see Chapter 3) while with adiabatic walls the remark made
for the pressure applies.

8.3.5  Multi-level construction

From expression (8.7) above it is clear that it is better to have a state computed
with good precision and an approximate gradient than to try to compute an
accurate gradient based on an incorrect state such as those computed on a coarse
mesh. For instance if py, py denote a coarse and accurate computation, we claim
that when incomplete gradients work
T m) o2 e | oy - A ) Ly i),
The left-hand side is the difference between the exact and incomplete gradient
computed on a fine mesh.

This error is often present and is due to the fact that the cost of iterative
minimization and gradient evaluations force the use of meshes coarser than what
would have been used for a pure simulation.
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One possibility to avoid this difficulty is to use different meshes for the state
and the gradient. This is the idea behind multi-level shape optimization where
the gradient is computed on the coarse level of a multi-grid construction and
where the state comes from the finer level:

d d, dn
Ol If <£>H PR o
The first term on the right-hand side is the interpolation of the gradient com-
puted on the coarse grid over the fine level.

These remarks are essential, as usually users are penalized by the cost of
sensitivity evaluations which forces them to use coarser meshes in optimization
than the meshes they can afford for the direct simulation alone.

8.3.6 Reduced order models and incomplete sensitivities

Note that in a computer implementation we can always try incomplete sensitivity,
check that the cost function decreases and if it does not add the missing term.
A middle path to improve on incomplete evaluation of sensitivities is to use
a reduced complexity (or reduced order) model which provides an inexpensive
approximation of the missing term in (8.2).

For instance, consider the following reduced model for the definition of U (x) ~
Ul(z) (e.g. U is the Newton formula for the pressure and U the pressure from the
Euler system). Consider the following approximate simulation loop:

& — q(x) — U(q(x)). (8.8)

The incomplete gradient of J with respect to z can be improved by evaluating
the former term in (8.2) linearizing (8.8) instead of (8.1)

dJ dJ _9JU) N 0.J(U) dq N dJ(U) dU(U)

—_— ~N —

de dxr Oz dq Oz ou Oz '’

(8.9)

U being an approximation of U is used here only to simplify the computation of
ouU /Ox. It is important to notice that the reduced model needs to be valid only
over the support of the control parameters. This approximation can be improved
by considering the following chain:

z — q(z) — U(g()) <gg§> . (8.10)

Linearizing (8.10) instead of (8.1) and freezing U/U gives
dJ dJ _9J(U)  0J(U)dq  9J(U)U Ux)

_—~N — i

de  dx Ox dq dx U 0z U(x)

(8.11)

A simple example shows the importance of the scaling introduced in (8.10).
Consider U = log(1 + ) and J = U?2. Naturally
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dJ/dx =2UU" = 2log(1 + )/(1 +z) ~ 2log(1 + x)(1 — 2z + 2% + ...).

Consider U = z as_the reduced complexity model, valid around x = 0. Then
(8.9) gives J' ~ 2UU’ = 2log(1 + x) while (8.11) gives

J ~2UU"(UJU) = 2log(1+z)(log(1 +x)/2) ~ 2log(1 +z)(1 —x/24+2%/3+...)

which is a better approximation for the gradient.

The reduced order modeling above is also useful if we want to use descent
methods with a coding complexity comparable to minimization algorithms such
as genetic or simplex (i.e. only requiring the functional from the user), but with a
much lower calculation complexity. With the reduced order modelling above finite
differences or complex variable methods introduced in Chapter 5 again become
viable for sensitivity analysis in large dimension optimization. For instance, we
consider the following expression for finite differences:

ﬂ(z) _ J(x+ee;,U(x +¢ee;)) — J(z,U(x))

dx €
6 )

where z + ce; indicates a small change in the i** component of .

8.3.7 Redefinition of cost functions

To be able to use incomplete sensitivities we need to be in their domain of valid-
ity: mainly surface functionals on the unknown shape and involving products of
state functions with functions of the geometry. This is the case for cost functions
based on aerodynamic coefficients. But, if we consider an inverse design problem,

J(x) = %/F(f(u) - ftarget)zdsa

the cost function does not depend explicitly on the geometry. For these prob-
lems, we use the following modified cost function to calculate the incomplete
sensitivity:

1 U +UL\ -\
J(z) = 3 /1“(f(u) - ftarget)2 <<ﬁ) n) ds, n>2.

The decomposition along Uso and U}O is there to avoid the fact that the incom-
plete sensitivity vanishes in regions where the normal to the shape is normal to
the inflow (cos(d)’ ~ 0 if |f] < 1). Hence, one can recover some information on
the sensitivity even for these regions.

We show several examples of cost functions and constraint redefinition in
Chapter 10 for blade optimization, sonic boom and wave drag reductions and
heat transfer optimization. Of course, as for the reduced complexity models in
section 8.3.6, this redefinition is only considered for gradient evaluation.
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8.3.8  Multi-criteria problems

For multiple criteria, where computing time is even more critical, incomplete
sensitivity has an edge over full gradient calculation. When several functionals
ji are involved in a design problem (for instance drag reduction under lift and
volume constraints as shown below):

min j1 (u(z)), such that j;(u(z)) =0, j=2,..,n,

we prefer to take advantage of the low-complexity of incomplete sensitivity on
the Pareto functional:
i

To get J’, we evaluate individual incomplete sensitivities j/ and use a projection
over the subspace orthogonal to constraints: {(...,jﬁ-7 ...),J # i}. For instance,

one can use: .
Ji=0i =Y i
J#i
then J' = 31 .. where iy,4, = Argming]|5L]|.
This also makes possible the use of interior point methods requiring individual
sensitivities. With a full gradient, this would have implied calculating an adjoint
variable for each of the constraint.

8.3.9 Incomplete sensitivities and the Hessian

An a posteriori validation of incomplete sensitivities can be obtained with quasi-
Newton algorithms working with the Hessians of the functionals [3]. A steepest
descent method can be successful if the incomplete gradient is in the right half-
space, while with BFGS, for instance, we need not only a correct direction but
also some consistency in the amplitude of the gradient. Otherwise, the eigenvalues
of the Hessian matrix might have the wrong sign.

Here we show one example of shape optimization comparing BFGS and steep-
est descent (SD) algorithms (see Fig. 8.3). We want to minimize drag and at the
same time increase the lift coefficient and the volume:

minCy, CP <0y, VOV, (8.12)

where Cy and Cj are, respectively, the aerodynamic drag and lift coefficients and
V' the volume (0 indicates the corresponding value for the initial configuration).
Incomplete sensitivities can be used for these quantities as they are all boundary
integrals. Indeed, the volume can be transformed into a boundary integral by
denoting X = (z,y, 2)":

V= /1dv—/ =V.( dv— X.fids.

The initial geometry is an AGARD wing with an aspect ratio of 3.3 and a sweep
angle of 45 degrees at the leading edge line. The computational mesh has 120
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000 tetrahedra, 2800 grid points being located on the surface of the wing. The
dimension of the design space is therefore 2800. The upper surface grid for the
baseline configuration is shown in Fig. 8.2. The flow is characterized by a free-
stream Mach number of 2 and an angle of incidence of 2°. The initial values of the
lift coefficient, C?, of the drag coefficient, C9, and of the volume, V?, are 0.04850,
0.00697, and 0.030545, respectively. Figure 8.2 shows the convergence history of
the objective function versus the time required by the BFGS and the SD methods.
Hessian computation requires 0.027 time units defined by the time the flow solver
requires to drop the residual by three orders of magnitude. This takes nearly 300
Runge-Kutta iterations with a CFL of 1.3. The final values for the coefficients
above are with the BFGS method (C; = 0.0495,Cd = 0.005,V = 0.03048) and
with the SD method (CI = 0.1473,Cd = 0.0188,V = 0.06018). Hence, the drag
coefficient is reduced by 28%, the lift coefficient increased by 2% and the volume
almost unchanged.

N

RN,

RN

Fia. 8.2. AGARD wing. Upper surface discretization (left). Convergence for
the objective function (right). One unit of work corresponds to the time to
converge one single flow analysis.

8.4 Time-dependent flows

An important issue in using incomplete sensitivities is for time-dependent appli-
cations to enable for real-time sensitivity definition in the sense that the state
and the sensitivities are available simultaneously without the need for solving
an adjoint problem. This avoids the difficulty of intermediate state storage for
time-dependent problems. Indeed, unlike in steady applications where intermedi-
ate states can be replaced by the converged state as mentioned in section 8.2.3.1,
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F1G. 8.3. AGARD wing. Initial and optimized wing shapes (left), BEGS and SD
gives the same answer. Initial and optimized pressure coeflicient distributions
(right).

reducing the storage to one state, in time-dependent problems one cannot make
this simplification.

We distinguish two situations: when the control is time-independent and when
the control is time-dependent. A shape optimization problem for unsteady flows
is in the first class, while a flow control problem with an injection/suction device
belongs to the second domain.

Let us start with shape optimization for unsteady flows where the control
(shape parameterization) does not depend on time even though the state and
the cost functional are time-dependent.

The problem of shape optimization for unsteady flows can be formulated as:

Jzin J(S, {u(t,q(5)).t € [0,T7}) (8.13)

where the state u(t, ¢(S)) varies in time but not S. The cost function involves
state evolution over a given time interval [0, T'] through for instance:

T

1) =3 [ i(S.a(8).ult.a(s))ae (8.14)
0

where j involves, for instance, instantaneous pressure based lift or drag coeffi-

cients:

1
Ci(t) = —=—
O =

/ (e T)p(t, q(S))ds, Ci(t) = — L / (@5 A)p(t, ¢(S))ds
S S

p00|ﬁ00|2
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where po and iUy denote the reference density and velocity vector, taken for
external flows as far field quantities, for instance.
The gradient of J is the averaged instantaneous gradients:

T T T
7(8) = 3 [ SalS)utaS)ie = 5 [ s +is)+ 5 [ s,

Therefore, we only need to accumulate the gradient over the period [0,T]. The
first term is the incomplete sensitivity. In case the full gradient is required then
an adjoint problem is required to compute the remaining terms.

Shape optimization for unsteady flows has numerous applications. For in-
stance, noise reduction as the radiated noise is linked to lift and drag time fluc-
tuations [6]. For these problems we may minimize:

1 (Tl7ac,\? [oC\?
J(S)—T/O (W) +(ﬁ> dt,
where
_ 1 — — ap(Svt) _ 1 / -] = ap(S7t)
(€=~ [ (it 25 (= oo [ k) P as
(8.15)

Figure 8.4 shows a shape optimization problem for aerodynamic fluctuation re-
duction.

8.4.1 Model problem

To illustrate the above statements let us compute the sensitivities on a simple
time-dependent model problem.

Consider the following time-dependent state equation for u(y,t), —S <y <
S, t >0 in an infinite channel of width 25:

U — Uyy = F(S,y,1), u(S,t) =u(-S5,t) =0, (8.16)

with
F(S,y,t) = —ewsin(wt)(S? — 3?) + 2(1 4 £ cos(wt)),

inducing small perturbation in time around a parabolic solution if ¢ < 1. Indeed,
the exact solution for this equation is:

u(y, t) = (82 =y*)f(t),  f(t) = (1 +ecos(wt)).
Consider a functional of the form:
J(S,t) = SMuy(y = S,t), meIN* (8.17)
involving instantaneous state quantities. The sensitivity with respect to S is:
35 (Sit) = mS™ Ly (S, t) + S™uy (S, 1). (8.18)

The first term is the instantaneous incomplete sensitivity.
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FiG. 8.4. Shape optimization for noise reduction using descent direction based
on incomplete sensitivities. Upper: Iso-|u| for the initial and optimized shapes.
Middle: lift and drag evolution in time for the initial and optimized shapes.
Lower: Initial and final shapes and evolution of J.

As we have:
uy(S,t) = —25f(t) and wuy.(S,t) =—-2f(¢),

one can express the different contribution in (8.18).
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Js(S,t) = mS™TH(=28f(t)) + S™ (=2 (1))

Comparing with —2(m + 1)S™ f(t), one sees that the approximation of the gra-
dient based on this incomplete sensitivity is accurate and its precision increases
with m. Most importantly, the incomplete sensitivity always has the right sign.
It is obvious that the analysis still holds if the functional involves a time integral:

J(S,T) = / S™uy(y = S, 1) dt.
(0,1)
Now, if the functional involves an integral over the domain:
as.1) = | J(u.1) dt dy.
(0,T)x(=5,S)

one can still make the analysis above and see the importance of different contri-
butions:

1= [ (MS™ 11, (S,1) + ™y (y, 1)) i dy
0, T)x(-8S,S)

+ / (™, (y, D) s d.
(0,1)

Again, an incomplete evaluation of the sensitivity is accurate because u,, = 0.
One also notices that if m is odd the last integral vanishes, even though this
integral is cheap to evaluate as it does not involve any state sensitivity with
respect to S. Anyway, incomplete sensitivity seems efficient but, as we said, it
only holds for very special functionals.

Now, if j has no particular form the sensitivity reads:

81 = [ (ot dus) dedy+ [ S0 d.
(0, T)x(=85,S) 0,T)

In this expression only u, is costly to evaluate as it requires linearization of the
state equation.

The solution of the linearized state equation (8.16) permits us to write for
all functions v:

o= ()~ ) — P dt dy.
(0, T)x(=85,S)
Integrating by part, it gives:

0= / Ug (—Ve—0yy) dt dy+/ —F,udt dy+/ [vu | Fdy.
(0,T)x(~S5.,S) (0,T)x(~S,S5) (—5.8)

Again, let us introduce an adjoint problem. This is suitable when the dimension
of the control space parameter is large but it is still instructive here.



Time-dependent flows 181

Vp — Uyy = Ju, v(y,T) =v(£S,t) = 0. (8.19)

Therefore, with v a solution of the backward adjoint equation (8.19) with the
chosen boundary and final conditions one has:

/ UgJu dt dy = —/ us(0)v(0)dy +/ F.v dt dy,
(0, T)x(—85,8) (-5,S) 0, T)x(-8S,S)

where, unlike with the linearized equation, with S of any dimension v is computed
only once before assembling the right-hand-side above.

Here, the state equation is linear and no storage of intermediate states is nec-
essary in the adjoint calculation. We saw that if the state equation is nonlinear,
solution of the adjoint equation requires the storage of all intermediate states
between 0 and T'. For instance, consider

Up + Uy — Uyy = F(t), u(S,t) =u(-5,t)=0.
For the same functional, the adjoint equation in this case reads
Ve WUy — Vyy = Ju, v(y, T) =v(£S,t) =0,

where u is now present in the left-hand-side of the equation to be solved backward
from T to 0.

8.4.2 Data mining and adjoint calculation

Let us give a more formal presentation for at what we said above and see how data
compression techniques can be used to avoid the storage difficulty mentioned in
adjoint calculations. Rewrite (8.13) as:

sréliorid J(S,U(S)) (8.20)

and suppose the admissible space Opq C R™ and U(S)= {u(t, ¢(S5)),t; € [0,T],i =
1,..., K} is an ensemble of K snapshots of the instantaneous vector states in RV.
Usually, in applications we have n < N, K.

The direct simulation loop can be seen as:

J: S —q(S) = u(t,q(S)) - U — J(S,U). (8.21)
The gradient of J with respect to S is given by:
J' =T (8) + Jg(S) 45 (S) + F (Ju(S,U), Us(S,U)). (8.22)

J' is a vector of size n and U is an ensemble of K state snapshots. Jy; and U,
are defined as (denoting u® = u(t;, S)):

Ju= (T, Jux),  Us = (ul,..,u’)
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where J,: are vectors of size N and u (N x n) matrices. F defines the inter-
actions between different snapshots sensitivities. For instance, with a functional
measuring a difference in time for some observation:

J =7 —j?), i=2,.,K, j=1,.K—-1, i>j

F is given by:
F = Ju(S,U) AU, (S,U)

with A a (N x n) x K matrix with zero at all components, +1 for indices cor-
responding to uls and —1 for those corresponding to ufg If the state does not
depend on time, the last product in (8.22) reduces to J,u, which is a vector of
size N.

As we saw in our model problem, as long as U is somehow available, the
major part of the cost of this evaluation is due to U, in the last term of (8.22).
We also saw that in high-dimension optimization problems, one needs to have U
available during backward adjoint integration. ® Because of its complexity, this is
not satisfactory for practical applications. It can be seen as solving a large linear
system by assembling the matrix then inverting it which is highly inefficient. To
overcome this difficulty, we would like to replace the loop (8.21) by an alternative
low-complexity loop:

J:8 = q(S) — u(t,q(S)) — U — J(S,UU))). (8.23)

Data mining techniques (POD, PCA, SOM) mentioned in Chapter 7 permit
us to build a low-dimension U to reduce storage and ease the manipulation of
elements of U. To be efficient, the incoming states should be assimilated by this
model using some Kalman filtering strategy. Suppose one has k orthonormalized
vectors U1 € RN, (U, Uj) =08, ,i,5 =1,....k, built from incoming u’:

W = Z (W, U) Ui+¢é, j=1,...K, k<K.
i=1,...,k

The errors ¢’ is small or new elements U; should be introduced. Once this is
established, it permits us to recover any »’/ during backward time integration at
a much lower storage cost. An upper bound of the required complexity can be
obtained from signal sampling theory '° [11] or from more efficient and recent
compressive sampling theory [2] for data recovery from incomplete data.

9In Chapter 5 we mentioned that the checkpointing algorithm reduces the storage complex-
ity from K states to logy(K).

10The Shannon sampling theory states that exact reconstruction of a continuous time signal
from its samples is possible if the signal is limited in band and if the sampling frequency is
greater than twice the signal bandwidth. In other words, equidistributing data with at least
two points per cycle of highest frequency allows exact reconstruction.
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9

CONSISTENT APPROXIMATIONS AND APPROXIMATE
GRADIENTS

9.1 Introduction

In this chapter we shall give some rigor to the concepts discussed in the pre-
vious chapter and apply the theory of consistent approximations introduced by
E. Polak [9] to study how the discretization parameters (e.g. the mesh) in an
optimization problem can be refined within the algorithm loop: can we do some
preliminary computations on a coarse grid, then use the solution as an initializer
for a finer grid and so on 7

In the process we shall find the right spaces to fit the theory and understand
the connection between the discrete and the continuous optimal shape design
problems; we will discover which is the best norm and the best variable for
shape design and in what sense the discrete gradients should converge to the
continuous one. Application to academic test cases and to real life wing design
will be given. This chapter summarizes our research done in cooperation with N.
Dicesaré and E. Polak [3,8].

9.2 Generalities

We wish to merge grid refinement into the optimization loop so as to do most of
the optimization iterations on a coarse mesh and a few on the fine meshes. This
cannot be done at random, some theory is needed. To this end consider

miy J(2),

and its discretization (h could be the mesh size)

min Jy(2),

where Z}, is a finite dimensional subspace of the Hilbert space Z.
Consider the method of steepest descent to achieve precision € with the
Armijo rule for the step size with parameters 0 < a < § < 1.



Generalities 185

Steepest descent with Armijo’s rule
while |grad, J,(z™)| > € do

2mHL = 2™ — porad, Jp(2™)
where p is any number satisfying, with w = grad, J,(z™)

Bpllwl* < Jn(z™ = pw) = Ju(z™) < —ap|wl?
m:=m+ 1;
}

Now consider the same algorithm with grid refinement with parameter v > 1.

Steepest descent with Armijo’s rule and mesh refinement
while h > h,,;, do

while | grad, J,(2™)|| > €h” do

Zm+1 = m _ pgradth(zm)
where p is any positive real such that, with w = grad, J,(z™)

Bpllwl* < Jn(z™ = pw) = Ju(z™) < —ap|wl?
m:=m+ 1;

h/2;

——
I

For this method the convergence is fairly obvious because at each grid level
the convergence is that of the gradient method, and when the mesh size is de-
creased the norm of the gradient is required to decrease as well. Indeed, at
least for the sequence m; for which the test on the gradient fails, we have:
grad, J, (™) — 0 as j — oo. To prove the convergence of the entire sequence
z™ is more difficult, even in strictly convex situations, because nothing ensures
that J;, decreases when h is decreased.

Another possible gain in speed arises from the observation that we may not
need to compute the exact gradient grad,J,! Indeed in many situations it in-
volves solving PDEs and/or nonlinear equations by iterative schemes; can we
stop the iterations earlier on coarse meshes? To this end assume that N is an
iteration parameter and that J, n and grad,J, y denote approximations of Jj
and grad,J, in the sense that

Nlim Jn.n(2) = Jn(z), Nlim grad, yJn n(2) = grad, Ji(2).
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Now consider the following algorithm with additional parameter K and N (h)
with N(h) — oo when h — 0:

Steepest descent with Armijo’s rule, mesh refinement and approzimate
gradients

while h > h .
min

{

while |grad, J™| > eh?

{

try to find a step size p with w = grad,  J(2™)
—Bpllw|* < J(z™ = pw) = J(z™) < —apl|w|?

if success then
{zmtl = zm — pgrad, yJ™; m:=m+ 1;}
else N: =N+ K;

}
h:=h/2; N := N(h);

}
The convergence could be established from the observation that Armijo’s rule
gives a bound on the step size:

2
—Bpgrad,J - h < J(z + ph) — J(z) = pgrad,J - h + %J"hh

grad,J - h
26— 1)=—~~———
so that (1-p)
all —
Jm+1 - Jm < f2w|grad2J|2.

Thus at each grid level the number of gradient iterations is bounded by O(h=27).
Therefore the algorithm does not jam and as before the norm of the gradient
decreases with h.

A number of hypotheses are needed for the above, such as C' continuity with
respect to parameters, bounded ness from below for J, etc. To make the above
more precise we recall the hypothesis made by E. Polak in [9].

9.3 Consistent approximations
More precisely, consider an optimization problem with linear constraints
(P) min J(z
ZEO ( )

where O, the set of admissible variables, is the subset of a Hilbert space H whose
scalar product is denoted by (.,.).
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Then consider a finite dimensional approximated problem

(Pr) min Jj (zh)

zhEOh

Assume that J : O — R and Jj, : O, — R are continuous and differentiable,
and that Oy, C O. The optimality functions of the problems are

0(z) = —[[Pgrad, J(2)[l,  On(z) = —|Pagrad, Ju ()|

where P and P, are the projection operator from H to O and H to O, respec-
tively. Recall the definition of projectors, for instance

(Pz,w) =(z,w) YweO, PzeO.

Notice that € (resp. 6y,) is always negative and if it is zero at Z then this point
is a candidate optimizer for P (resp. Pp).

We assume that both 6 and 6;, are at least sequentially upper-semi-continuous
in z.

9.3.1 Consistent approzimation

For an optimality function 0y, for P, with similar properties, the pairs {Pp, 05}
are consistent approximations to the pair (’P, 9), if
1. as h — 0, for every z € O, there exist a sequence {z;,} with z, € Op, such
that z, — z; for every Z, there exist a sequence V{zp, }, such that z, € Oy,
and z;, — %, and we have: Z € O (consistency);
2. Jp (zh) — J(z), as h — 0 (continuity in h);
3. V {zp}n of Op converges to Z, }llin%)ﬂh (zh) < 0(2)
‘We summarize these hypotheses by the key-words, continuity in z and h for J and
Jp, upper semi-continuity in z and h for 6 and 6}, and inclusion and consistency
for Oy,. Notice that the first two items are the definition of epi-convergence of

P to P [9]

9.3.2  Algorithm: conceptual

1. Choose a converging sequence of discretization spaces {Op,, } with Oy, C
Oh,,,, for all n. Choose 2%, €, 3 €]0,1].

2. Set n=0,e =€ h = hy.

3. Compute z;' by performing m iterations of a descent algorithm on Py, from
the starting point 2™ so as to achieve

On(z0) > —e.

4. Set € = Be,h = hpy1, 2" = 2", n=n+1 and go to Step 3.

The following theorem is from [9)].
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9.3.2.1 Theorem If Py are consistent approximations of P then any accumu-
lation point z* of {2} generated by Algorithm 9.3.2 satisfies 6(2*) = 0.

9.4 Application to a control problem

For a bounded domain €2 with boundary I" consider the following model problem,
which is in the class of problems that arise when a transpiration condition is used
to simplify an optimal shape design problem:

duin {J(v) ~uwalf w—Au= 0, St = }

where

lu — wall? = /Q (1~ ua)? + [V (u — ua) ]

Discretize by triangular finite elements with u € V}, continuous piecewise linear
on a triangulation 7 p:

min {Jh(v) = |lu — uanl|3 : /(uw + VuVw) = / vw}7
Q r

veLp

where Ly, is the space of piecewise constant functions on I'y, and where ugy, is an
approximation of u4 in V3, (the interpolation of ug4, for instance).

The variations of J with respect to variations in v are computed as follows
(all equalities are up to higher order terms in dv):

§J =2 / (v —uq)du+ V(u —ug) - Vou]
Q
with
/(5uw+V6qu) = / dvw.
Q r

Therefore the “derivative” of J with respect to v is J' = 2(u — ug4) because

6J = 2A5v(u — Uq).
The same computation is performed for J, without change and leads to
0Jy = Z/F(Svh(uh — Ugp)-
Let us define

0 = —|lu—wudllor, On=— sup /Uh(uh — Uqgp)-
r

v €Lp: [lvnllo=1

Note that if s; is a segment of length |s;| of the discretization of ', ), is the L?
norm of the piecewise constant function:

1
Oy = —/ (up — uqn)-
Is;] Js,
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With the method of steepest descent, Algorithm 9.3.2 becomes:

9.4.1

Algorithm: control with mesh refinement

Assume that we have an automatic mesh generator which yields a triangulation

of Q in a deterministic manner once the discretization of the boundary I is
chosen.
1. Choose an initial segmentation hy of I'. Set 02070 =0, =1,8=0.5 (for

2.
3.

9.4.2

instance).
Set n =0,e =€ h = hy.
Compute vy, by performing m iterations of the type

n ) n
Uh,m+1 - ’Uh,m - p(uh,m - Udh)

where p is the best real number which minimizes Jj, in the direction uy, ,,, —
uqp and u}im is the FEM solution of the PDE with vﬁ,m, until

5 1/2

E 1 n
<|S_|/(uh,m_udh)> |S]| <e€.
j J sj

Divide some segments on I'. Set € = ¢/2, v}f'gl =y ,,,n=n+1and go to

step 3.

Verification of the hypothesis

Inclusion When a segment of the discrete boundary is divided into two
segment we do not have exactly

K <h= Ly C Ly

because the boundary is curved; but this is a minor technical point and we
can consider that Lj, refers to the curved boundary divided into segments
and use an over parametric triangular finite element for the triangles which
use these edges.
Continuity We have the following implications

o™ gAY v, =u" 7D u,= J") — J(v)

= [u" —ual® = [l —ual*.
So J, 6, J, and 6, are continuous with respect to v because

R H'(Q)
TS, = up — up,

Uy

- n <
= sup /Uh(uh — Ugp) — sup /Uh(uh, — Uqp)-
v €Lp: ||vp||=1JT v €Ly [Jon||=1JT
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e Consistency is obvious by simple discretization of T’
Voe LAT), 3 {wn}, vh—v @ up —u, |up—uan|® — |Ju—udg®

and also because if v, € L, — v then v € L*(T).

e Continuity as h — 0 of Jp, and of 6p,. This is usually the most stringent
property to verify but here it is easy by the convergence properties of the
finite element method:

vp = v, = up—u, = Jp(up) — J(u),

= sup / vp(up — ugn) — sup / v(u — uq).
vR€Lp: |lonl=1JT veL?: |jv]|=1JT
For simplicity we have purposely chosen an example which does not require
an adjoint, but for those which do there is hardly any additional difficulty, for
instance:

dp

J(U):||u—ud|\gﬂ:>J':p|p: p—Ap=2(u— ug), %:O
2 1 1
o 0 v, ur T8 u, =p" gy p=J"—J.

9.4.3 Numerical example

Consider an ellipse with a circular hole and boundary control on the hole. Table
9.1 shows the performance of the method.

Table 9.1 History of the convergence and values of the cost function

Mesh\Iteration Tterl Iter2 Tter3
Mesh1 3818.53 1702.66 1218.47
Mesh2 469.488 285.803

Mesh3 113.584 74.4728

Mesh4 23.1994

Meshd 7.86718

Figure 9.1 show the triangulations generated each time the boundary is re-
fined and table 9.1 shows the values of the criteria for each iteration and each
mesh. Algorithm 9.4.1 has performed three iterations on mesh 1, then went to
mesh 2 because 0}, has decreased below the threshold e€; two iterations were suf-
ficient on mesh 2, etc. The computing time saved is enormous when compared
to the same done on the finest mesh only.

9.5 Application to optimal shape design

Consider a simple model problem where the shape is to be found that brings wu,
solution of a PDE, nearest to ug in a subregion D of the entire domain 2. The
unknown shape I' is a portion of the entire boundary 0€: it is parameterized by
its distance « to a reference smooth boundary .



Application to optimal shape design 191

WAVAYANIVAY,
ORISR
7 DAV

AN N/ K 4
N/

Q

VAN
\NZ

i

KX

S

XD

AVAVAA Y%
VSN ‘éZVA TN
\S &/

SVAN

%‘

Ry
5

S0
2
N
VAVAVZA VA
OIS
XET
R
v
%
K>
&
S
Y
A
<Y

4

A
\/
AN
v
{7

\/\
AN
AV

e
A
NV
4
]
\/

1AV
VAV,
>
%
Yy,
\A
Y
S
’V
<
7]

KX
N

N
N

SN
RN
£

oA

N

N/

Vi
g
N

N/
%)
Y
V4
3

S
J
3
X
A
Va\
%
X
Ve
S

D
20
X
\
3
S

VAN

YA <SPS
SRR
2RO

NNNAANA

JAY
N/

S
A

/2
V)
£5

4!!&'#'””»
ORPATDN
i A
2N

FiGc. 9.1. The first four meshes.
9.5.1 Problem statement
More concretely given,
DcQ, usc H(D), gc H'(Q), ICKCR, Y= {xz(s) : s€ K}

we consider

min J(a) = / (u—uqg)®>  subject to
a€H3(I) D
u—Au=0 in Qa), %h"(a) =y,
where T'(a) = 00(a) = {z(s) + a(s)n(z(s)) : s€ K}

and where & is the extension by zero in K of a.

Recall that
HE(I)={ac L*() : o,a" € L*(I), ala)=d'(a) =0 Yac dI}

and that ||o”|lo = ||d?a/ds?|p is a norm in that space.
The problem may not have a unique solution. To insure uniqueness one may
add a regularizing term and replace the cost function by

a0 = [ - e [

2
o

ds?
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Let us denote the unknown part of the boundary by
S(a) = {x(s) + a(s)n(z(s)) : se€l}.
For simplicity, let us assume that g is always zero on S.

9.5.2 Discretization

The discrete problem is

)= [ /|d2°‘|2
min c\X) = uUu—Uu € —_
€L, CH2(I) D ¢ 5 ds?

subject to / (wv + VuVo) = / gv
Q(a) I'(a)
where V}, is the usual Lagrange finite element space of degree 1 on triangles
except that the boundary triangles have a curved side because in the following
definition S(«) is a cubic spline.

The space Ly, is the finite dimensional subspace of HZ(I) defined as the set
of cubic splines which passes through the vertices which we would have used
otherwise to define a feasible polygonal approximation of the boundary. This
means that the discretization of €2 is done as follows:

1. Given a set of ny boundary vertices g™, ...,qi"f, construct a polygonal

boundary near .

2. Construct a triangulation of the domain inside this boundary with an au-
tomatic mesh generator, i.e. mathematically the inner nodes are assumed
to be linked to the outer ones by a given map
qj :Qj(qila"'aqznf)a nyg <j < Ny

3. Construct I'(«), the cubic splines from ¢, ..., ¢'"s, set a to be the normal
distance from ¥ to I'(«).

4. Construct V3, by using triangular finite elements and overparametric curved
triangular elements on the boundary.

This may seem complex but it is a handy construction for several reasons. Among
other things, the discrete regularized cost function Jj coincides with the regu-
larized continuous J and Ly, is a finite subspace of the (infinite) set of admissible
parameters HZ.

9.5.3  Optimality conditions: the continuous case

As before, by calculus of variations

d*a d*Sa
6J /D(u uq)ou + 6/2 FERER

with du € H'(Q(a)) and

/ (ouv + VouVv) + / da(uv + VuVo) = 0.
Q(a) =
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Introduce an adjoint p € H(Q(«)):

/ (pq + VpVq) = 2/ (u—ua)g, Vg€ H' (Qa)),
Q)

D

ie. 9

p—Ap=Ipu, =0

on
Then g
0J = f/ o <up+Vqu 2¢ ?)
> d
Definition of 8 We should take
da
0 = —||lup + VuVp — Qed 4|| 2,
i.e. solve 76 5o
d4*up+Vqu on I, GZEZO on OI

and take 0 = —||©” + 2ed” || 5.

9.5.4 Optimality conditions: the discrete case

Let w be the hat function attached to vertex ¢’. If some vertices ¢/ vary by dg;

we define
dqn(x Z 0q; wj
and we know that [7]

swk = V" - dqp, / f:/V-(f(th)+0(|6qh|).
60 Q
Hence

2 2
(uh — udh)éuh + 26/ o d”oa

J(Oé"r‘(;a):Q/ E@W

D

Furthermore, and by definition of duy

6Zuiwi = Z(éulwl + uiéwi) = dup + dqp - Vuy
the partial variation duy is found by

) (upw? + Vup Vud) = / (V- (uw?dqp,) + Supw? + Vou, V)
Q) Q

+/(uh5qh V' 4+ Vup Vg, Vu? + updw’ + Vu, Véuw’) = 0
Q
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Hence,
/Q((Suhwj + Véu,Vu’
= /Q(Vuh(V(th + Vg )V’ — (upw? + Vuy, - V! )V - dqp).
So introduce an adjoint pp € Vj,

/(phwj + Vpthj) = 2/ (up, — udh)wj V3.
Q D

And finally
5J, = / (Vun (Vg + Vg )V
Q

o d?sa

_ ) . 2 bty
(unpn + Vup - Vpp)V - dqn) + 6/Z 72 ds?

9.5.5 Definition of 0,

Let e! = (1,0)T, €2 = (0,1)T be the coordinate vectors of R?, and let x’ be the
vector of R? of components

xi = / (Vup (Vwl ek + (Vw! e¥)T)Vpy, — (unpu + Vaup, - Vpp)V - wl ek,
Q

Because the inner vertices are linked to the boundary ones by the maps @7, let
us introduce

J o P9 )i
k_Xk_‘_ZXaq;Q'
q'¢r

Then obviously

nf

- . d’o d?c
0J = T 0q7 +2 —_— .
2135 ¢ e /Z ds? ds?
It is possible to find a § so as to express the first discrete sum as an integral on

2 2 . . . . .
¥ of %%; it is a sort of variational problem in Lj:

423 2N

Find 8 € Lj, such that . T2 4z

é-j ‘- ny, V] = ]-7"'7nfa

where M is the cubic spline obtained by a unit normal variation of the boundary
vertex ¢’ only.
Then the “derivative” of J, is the function O, : s € I — (”(s) + 2ea’’(s) and
the function 6}, is

O = — 18" + 2¢0” | 3.
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9.5.6 Implementation trick

This may be unnecessarily complicated in practice. A pragmatic summary of
the above is that § is solution of a fourth-order problem and that its second
derivative is the gradient, so why not set a discrete fourth-order problem on the
normal component of the vertex itself. In the case e = 0 this would be

1. 42 i+1 j i—1 i—2 ;
F7ldn T — 44T 65 — e+ =€,

0 41 my—=1  ny

and then the norm of the second derivative of the result for 6y,:

1 —_—
S D A

J

Another way is to notice that instead of a smoother on ¢/ we can construct
displacements which have the same effects: Given & let

and then let

Obviously
Ee HY(X) = d € HPV2(Q) = iy € HPA(X).
So © = v|y is a smoothed version of ¢ to the right degree of smoothing. The

discretization of this method is obvious and it has another advantage in that ©
being defined everywhere all mesh points can be moved in the direction ©.

9.5.7 Algorithm: OSD with mesh refinement

An adaptation of Algorithm 9.2 to this case is:

Choose an initial set of boundary vertices.

Construct a finite element mesh, and construct the spline of the boundary.
Solve the discrete PDE and the discrete adjoint PDE.

Compute Oy, (or its approximation (cf. the subsection above)).

AN o A o

If 0;, = —||©}]| > —e add points to the boundary mesh, update the param-
eters and go back to step 2.
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9.5.8 Orientation
What the theory of consistent approximation has done for us is to:
e Give us an indication about the right spaces for the parameters (smooth
radius of curvatures because of HZ and fixed slopes at fixed end points).
e Give us a smoother before updating the mesh (a fourth-order smoother).
e Give us an error indicator to refine the mesh.
We need to verify all the hypotheses listed at the beginning of this chapter to
make sure that Algorithm 9.5.7 converges (see [3] for the details of the proof).
It is based on a result which is interesting in itself because it shows that the

motion of the inner vertices can be neglected when compared to the motion of
the boundary nodes.

9.5.8.1 Lemma

d4Oth

dst

0Jy, = 7/ <5qh ~nx(uppn + VupVpr) + 2¢ ) + O(hdqn) + o(h).
Y

Proof We note that a change of variable z = Q(X) in the following integral
gives

/ ((unpn + Vur(VQVQT)Vpy)detVQ ™! = / (unpn + VuprVpp).
Q=) Q

Take X (z) = = + dqn(x), then VQ = I — Viq, , detVQ '~ 1+ V-dq, so
6Jp = / (Vun(Vqn + Végy )Vpn — (unpn + Vun - Vpu)V - gn + ..
Q
= Z/ (unpn + VupVpp) + ...
kY QTN (Tk)\Tk
= —/ dqn - ns(unpn + VurVpp)
b

—Z/ oqn - i(Vup - Vpy) + o(h) + ...
o JoT.—%

The last integral involves jumps of Vuy - Vpy, across the edges of the elements;
error estimates for the finite element method shows that this is O(h) because in
the limit h — 0 these jumps are zero.

9.5.9 Numerical example

Effect of the smoother Consider first an inverse problem with incompressible
inviscid flow modeled by

—Aw =0 in Q ¢1n = wout =Y wy:O = Oa wtop =1 (91)
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When (2 is a rectangular pipe Q* = (0, L) x (0, 1) then ¢ = y and the velocity ug
is uniformly equal to (1,0). Let vg = (0,1)é, D be (0, L) x (0,1/2) and consider

m{%n/ |Vep — vg]* subject to (9.1) in Q.
D

Assume that only the part of the top boundary ¥ in the interval z € (1/3,2/3)
varies. By starting the optimal shape algorithm with a non-rectangular pipe
we should recover the rectangular one. We apply the method without mesh
refinement but with different scalar products to define the gradients. In one case
we use the above theory, i.e. the scalar product of HZ(X). In the second case
we use L2(X), which amounts to directly using the variations of criteria without
smoother. The results shown in Fig. 9.2 prove the necessity of the smoother;
after four iterations the top boundary oscillates too much and the mesh is no
longer compatible. In this case the mesh nodes are moved proportionally to the
motion of the top boundary.

R
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Fi1a. 9.2. Effect of the smoother (i.e. a good choice for the spaces). Initial guess
(left) and after 10 iterations. Without the smoother after four iterations the
mesh is no longer compatible (bottom). The level lines for the initial guess
and the final results are shown; while the first ones are in the interval (0,0.1),
the final ones are in (0,0.001). The exact solution is the straight pipe.

9.5.10 A nozzle optimization

Statement of the problem Consider a symmetric nozzle of length L > 0. Incom-
pressible potential flow is modeled by

ep—Ap=0in Q, g—i = Glps (9.2)

r

where 0 < ¢ << 1 is a regularizing constant used to avoid the singularity of
Neumann conditions. The inflow and outflow velocities can be rescaled so that
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I
g‘[q = —1, g\m = ﬁ7 g‘I‘?’uI“l = 0’ (93)

where |T'| denotes the length of I'. We consider the inverse problem of designing
a nozzle that gives a flow as close as possible to a prescribed flow ug4 in a subset
of Q, say in a given region D = [0, L] X [0, d]. One way to fulfill this requirement
is through the optimization problem

Jo(I'?) Ve — 9.4
in (%) = [ 196 = wal®, (94)

where O’ the set of admissible boundaries:

O ={T%:DNT% =0, Q C QT C 9T}, (9.5)

for some given security rectangle Qo = (0, L) x (0, H). The upper parts of I'* are
horizontal.

As stated, the set O’ is too large and the problem may not have a solution.
Let I = (a,b) be an interval and let O be the set of admissible boundaries which
have a representation {z,y(x)},c7 in the (z,y) plane:

O =1{T3 ={z,a(x)}yer, « € H*(I): d < a(x) < H,Vz €I,
a(a) = I, a(b) = |I?[,o'(a) = o/ (b) = 0}.

Note that O is a subspace of H3(I) and hence it inherits the Hilbert structure
of HZ(I). We will minimize the function (9.6). So our problem is

2
dx, (9.6)

2

(P) min J(I'3) /|V<p—ud‘ —l—e/ da

meo dx?

where ¢ is the solution of (9.2) and the second term is here to insure the existence
of a solution to the optimization problem.

9.5.10.1 Computation of the Gdteauzr derivative In one dimension, H® —
C*, s>k +1/2, hence all admissible « are C! at least. We will use a norm on
« associated with the scalar product of HZ(I):

an dQﬁ 1
B = [ Tagie lalugn =0y ©0)

Now, grad,,J, the H3(I) gradient of J, is related to the Gateaux derivative J/ (3)
by

d d*
J&(ﬁ) = d}\'](ra+)\ﬁ)|)\:0 = < grad,J, B >H§(1) = /1 @gradaJﬂ

- /IJ;.g.
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Hence grad,J is the solution of

d* d
@grada{] =J inI grad,J = %gradaJ =0atz=aandz =05, (9.8)

where J/, is defined by the following theorem.
This scalar product will force the regularity of the boundaries when an iterative
process like the gradient method is to be applied (see Fig. 9.2).

9.5.11 Theorem
The function J), is given by

d4
(ep+ Vo.Vp) + 2.4 ¢ (9.9)

I =
@ dz?t’

1
na ()

where n(a) is the y component of the exterior normal to I's, and p € H'(Q2) is
the adjoint state, which is the solution of the Neumann problem

/ (epw + Vp.Vw) =2 / Vw. (Ve —ug)dedy VYo e H'(Q).  (9.10)
Q D

Proof Let

d

Pul®) = Zo(Mhing)liey € H'(Q), (9.11)
the Gateaux derivative of ¢. It is the solution of

Vw € H'(Q), / (el (B)w + Vi, (8).Vw) dxdy (9.12)

Q

0 gw

=- /Fa Ié] (scpw + Vo.Vw — %(gw) + E) dry (9.13)

where R is the radius of curvature of I', and dvy the unit length element on the
boundary of I'y,. But in our case g = 0 near and on I'> and 3 =0 on I} ;i # 3.
Then the variation of J is written as follows
d 3 d’a d?f
aJ(I‘aer) },\zo =2 /D Vol (8).(Vo —ug) dedy + 2/15@@ dr. (9.14)

Next, introduce p as above and replace w by p in (9.10). As 3 € C*, we can
use the mean value theorem for integrals and approximate the element of volume
dxdy by Bdr thus using the definition of p with w replaced by ¢/, (5) and (9.12):

d
7 (Taas) Lo
d*a d*

= — . 2 S
/Fi; B(epp + V. Vp) dy + [deQ T3

d*a

1
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Fia. 9.3. Some shapes generated by the algorithm on its way to convergence
and the triangulation for one of them.

9.5.12 Numerical results

We use a conjugate gradient in HZ with mesh refinement (see Fig. 9.3). The
initial mesh has 72 nodes, 110 triangles and five control points. In the end,
after four refinements, the mesh is made of 9702 nodes, 18 980 triangles and 80
control points. We also compare with the results of the direct computation: we
optimize directly on the big mesh (9702 nodes). It appears that computation
with refinement is better (Fig. 9.4) but also faster than the direct computation
(direct computation: 34h 11m 57s, iterative computation: 3h 37m 31s).

9.5.13 Drag reduction for an airfoil with mesh adaptation

This is a drag reduction problem for Euler flow with constraints on the lift and
the volume treated by penalty. The cost function is given by:

J(x):%—i—lOO’
d

C—CP

Vol — Vol°
cy

Vol°

+0.1‘

where Cy and Cj are the drag and lift coefficients and Vol is the volume, super-
script 0 denotes initial quantities. The initial airfoil is a RAE2822. The design
takes place at Mach number 0.734 and Reynolds number 6.510° (Fig. 9.5, 9.6
and 9.7). The different ingredients are those described in Chapter 5. A Delau-
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F1G. 9.4. Upper: cost function J versus iterations (direct computation and com-
putation with refinement). Lower: norm of the gradient versus iterations.

nay mesh generator with adaptation by auxiliary metric techniques is used. The
metric is based on the intersection of the metrics for the conservation variables.

With P1 discretization, fourth-order elliptic problems need mixed formula-
tions which are not convenient for general 3D surfaces. Therefore, we use a local
second-order elliptic smoother and, to avoid global smoothing of the deforma-
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Normalized convergence histories for the
cost and gradient with and without adaptation
1 T T

‘GRADIENT WITHOUT ADAPTATION’ —
0.9 ‘GRADIENT WITH ADAPTATION’ == -
‘COST WITHOUT ADAPTATION' - -~

0 5 10 15 20 25 30 35
lterations

Initial and optimized shapes with and without adaptation
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INITIAL —
_‘OPTIMIZED WITHOUT ADAPTATION’ -----
0.06 - >~._ ‘OPTIMIZED WITH

~. ADAPTATION’ ----
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—0.06 L
0 0.1 02 03 04 05 06 07 08 09 1

X/Chord

Fic. 9.5. Shape optimization in the transonic viscous turbulent regime: cost
function and norm of gradients for airfoil optimization for the optimization
alone and when combined with adaptation (top) and the initial and final
shapes for each approaches (below). With adaptation, we can be confident
that the mesh is always adequate for intermediate states.
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tions, the smoothing is only applied locally to recover the behavior of fourth-
order operators. This can be seen therefore as an alternative to the fourth order
smoother (see Chapter 5 for more details on this smoother).
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Fi1a. 9.6. Shape optimization in the transonic viscous turbulent regime. Initial
(left) and final (right) meshes when using adaptation during optimization.

F1a. 9.7. Shape optimization in the transonic viscous turbulent regime. Initial
(left) and final (right) iso-Mach contours for the previous meshes.

9.6 Approximate gradients

In control theory there is a practical rule that it is always better to use the exact
gradient of the discrete problem rather than a discretized version of the gradient
of the continuous problem. But in some cases it is difficult or unnecessarily
expensive to compute the exact gradient of the discrete problem. For example,
we have seen that in the cost function the variations due to the motions of the
inner nodes are an order of magnitude smaller than those due to the boundary
nodes. It would seem reasonable then to forget then. However, if this is done
too soon the algorithm may jam. For nonlinear problems there would be a great
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speed-up if we could link the number of iterations of the nonlinear solver with
the optimization loop index.

Another example comes from parallel computing. When the Schwarz algo-
rithm is used to solves PDEs it is not easy to compute the derivatives of the
discretized problems. We analyze one such problem below in the simpler context
of boundary control.

9.6.1 A control problem with domain decomposition

Consider the boundary control problem (S is a given subset of the boundary T
of an open bounded subset of R¢, Q):

min {J(v) = /[(u —ug)? + |V (u — ug)|?] : subject to
veL2(S) o

0
u—Au=0in Q, a—u|s=£v Ur—g = uq}- (9.15)
n

The v-derivative of J is easy to obtain from
6J =2 / ((u —uq)ou + V(u — ug) - Vou + o(|v]) = / &(u — ugq)dv.
Q S
This is because the PDE in variational form is

/(uw+Vu-Vw):/§vw Yw € Hy. ().
Q s

To approximate the problem let us use a finite element method with v € V},
continuous piecewise linear on the triangles of a triangulation of €:

min Jp(v) = /Q[(u —ug)? +|V(u—uq)|?] : /Q(uw + Vu - Vw) (9.16)

veEV,

:/fvw, Yw € Vp,
s

where V}, is an approximation of H&F, 4 (). Then the discrete optimality condi-
tions are obtained in the same way:

0J = / E(u — ug)dv.
s

The Schwarz algorithm Let Q = Q; UQy. Let I' = 00 and I'y;; = 0Q; N§2;. The
multiplicative Schwarz algorithm for the Laplace equation starts from a guess
u?,u9 and computes the solution of:

u—Au=finQ, wulp=ur
as the limit in n of ], i = 1,2 defined by

1 1 :
uftt — AuTt = fin Qy,



Approzimate gradients 205

aun+1
n+1 o _ n+1 N ) 1 _
u |m91—s =ur uj" [r, =uy an |s =&
n+1 n+1 __ .
uy" " — Auy ™ = f in Qy, X
oulyt

un+1|Fﬂ§2—S =ur un+1|F21 = ’U,T on |S = &w.

Derivative of the discrete problem The discretized problem is

min JY (v) = ||[u® — uql3 : u? =0, n=1L.N VYwel,
vEV}

ul|oq,, = u?il /Q [ufw + VujVw] = /vaw
3

where N is the number of Schwarz iterations. The exact discrete optimality
conditions of the discrete problems are:

pY = ApN =2 —wug) pNT —ApNT =0 prlt=p".

These are difficult to implement because we must store all intermediate functions
generated by the Schwarz algorithm and integrate the system for p™ in the reverse
order. So here we will try to compute approximate optimality functions; the
criterion for mesh refinement will be based on the v-derivative of J

On = —|ju — uqlls,

where uy, is computed by N iterations of the Schwarz algorithm. Now, using the
Schwarz algorithm in the steepest descent algorithm with the Armijo rule for
mesh refinement and approximate gradients, we have the following result.

9.6.2 Algorithm
while h > h,,in

{

while |grad, ,J™| > €h?”

try to find a step size p with
~ Bplgrad, I < J(z" — pgrad, ™) — J(")

< _a/)'gradzNJle

if success then
{zmtt = 2™ — porad, yJ™; mi=m+1}
else N: =N+ K;
}
h:=h/2; N:= N(h);
}
Here z is the boundary control v, J is the cost function defined by (9.16) and the
gradient grad, yJ is © —u4 computed by IV iterations of the Schwarz algorithm.
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Let us denote by a,b the boundary of the domain i, ¢,d the boundary of
Q9; a is inside Qs and c is inside 1, and let S be the boundary of a small circle.
Functions named with capital letters are defined on €27, others on .

The following gives a complete description of the algorithm used. The test
for increasing the number of the Schwarz algorithm [6] is based on the decrease
of cost function being less than 0.1(0.8)"Y and the mesh refinement, controlled
by an integer giving h = O(1/n), is based
(i) either on the norm of the approximate gradient of Jp, the function 65, being

less than e(n) = 107",
(ii) or on the decrease of the cost function being greater than 0.001(0.8)™.

Naturally other choices are possible.
We give below the program in the freefem++ language [1].

U=10; u=1; P=10; p=0;

for( int k=0; k<=N; k++){ AA; A; BB; B; j=1;}

uu = uxom+U*x0M- (u+U) *C/2;

pp = p*om+P*0M-(p+P)*C/2;

plot(sh,uu,value=1);

crit = int2d(sh) ((uu-ue) "2 + (dx(uu)-dxue)"2 + (dy(uu)-dyue)~2);

real LL= 1e-10+int2d(sh) (pp~2+dx(pp) “2+dy(pp) ~2),

K= int2d(sh) ((uu-ue)*pp+(dx (uu) -dxue) *dx (pp)
+(dy (uu) -dyue) *dy (pp)) ,

rho=abs (K/LL) ;

if(crit > critold-0.1/sqrt(real(N)))

{N=N+1; cout<<"N="<<N<<endl; critold=1e30;}

else {

v = v - rhox(uu-ue);

gradJ=int1d(sh,f) ((uu-ue) "2);

critold=crit; // -rhoxgradJ/4 -K+K/LL/4;

}

} else{

gradJ=eps; n=n+1;

th = buildmesh( a(5*n) + al(5%*n)
+ b(5%n) + c(10%n) + £(-15%n));

TH = buildmesh( e(5*n) + e1(25%n));

sh=buildmesh (e (5*n)+a(5*n)+al(5%n)
+b(5*n)+c(10*n)+e1 (25%n)+f (-15*n)) ;

uu=uu; V=vV; W = uu-ue;

eps = eps/10; j=0; critold=1e20;

o

criter<<-log(crit)<<endl;

gradient<<-log(gradJ)<<endl;

schwarz<<N+1<<endl;

nodes<<n<<endl;
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epsilon<<-log(eps)<<endl;
3t

w=u-ue; plot(w,value=1);

Y
B
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Fia. 9.8. These plots show the computed solution u (top/left) and the error
(u—wugq) (top/right) (maximum relative error 0.01); the second (bottom/left)
and seventh (bottom/right) meshes.

In this algorithm the optimal step size is computed exactly because the criterion
is quadratic. Note that the integrals are computed on the whole domain so uu, pp
denotes either u,p or U, P or (u+U)/2,(p+ P)/2 depending on whether we are
in 1, Q5 or Q1 NQs. Figure 9.8 shows the computed solution u, the error u — ug
and the second and seventh finite element meshes (the last is the ninth). Both
meshes are generated automatically by a Delaunay-Voronoi mesh generator from
a uniform distribution of points on the boundaries.

9.6.3 Numerical results

The domain is made of the unit circle plus a quadrangle made by the rectangle
(0,3) x (0,1) minus the unit triangle and minus a disk S. The function which
is to be recovered by the optimization process is uqg = e~TV2 sin(y). The weight
on the control has been purposely chosen with oscillations: £ = sin(30 * (x —
1.15)) + sin(30 * (y — 0.5)). We have an automatic mesh generator controlled by
a parameter n and the number of points on the boundary is proportional to n.
The number of Schwarz iterations is initialized at 1.

The results are shown on Fig. 9.9. After 30 iterations the gradient is 10~°
times its initial value, while without mesh refinement it has been divided by 100
only (multigrid effect).
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Fi1c. 9.9. Upper: evolution of the cost function J without mesh refinement
(curve criter0) and with mesh refinement either on the norm of the gradient
(curve criterl) or on the decrease of the cost function (curve criter). Lower:
number of Schwarz iterations N and mesh nodes n versus iteration numbers.
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9.7 Conclusion

It is a well known rule in optimization to use the exact gradient of the approx-
imate problem rather than the approximate gradient of the exact problem. We
have shown here that mesh refinement within the optimization loop enables us
to slacken this rule. Our motivation is two-fold; first, there are problems where
the exact gradient of the approximate problem cannot be computed simply; sec-
ondly, there is a multi-grid effect in combining mesh refinement with the descent
algorithm which results in an order of magnitude speed-up.

9.8 Hypotheses in Theorem 9.3.2.1

Before closing this chapter, we would like to verify the hypothesis of Theorem
9.3.2.1.

9.8.1 Inclusion

If Ly is obtained by ¢*1, ...,ql"} and this set contains the vertices that yielded
Ly, then obviously
Ly C Ly C Hg([)

9.8.2 Continuity
From [5], we know about the continuous dependence of the solution of a PDE

with respect to data:

o HZ(I . HY(Q

" 0—(>)a, = u" —(>)u, = J" = J
Similarly in the discrete case, the spline is continuous with respect to the vertex
position so

; ; Hg(I) H'(Q)
" =g =al = ay, =ul — up, = J)— .

9.8.3 Consistency
It is obvious that
Va, dap — a with Jp, — J,

because one just puts vertices on the continuous boundary, applies the construc-
tion, and, as the number of vertices increases, the discrete curve converges to the
continuous one if the following is observed:

e Corners of the continuous curve are vertices of the discrete curves.

e The distance between boundary vertices converges uniformly to zero.

9.8.4 Continuity of 6

Congjecture There exists e such that « € HZ = u € H?*T<(Q).

Arguments We know that o € C%' = u € H3? and o € OV' = u € H? [4].
This technical point of functional analysis is needed for the continuity of 8. If so
the following convergence properties hold
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n H3/2+e o)
—

H2 H1+e
ot —a, =u u, = u"|y — u|
) ’ P R}

H3/2+E(Q) H1+e
pn I b, :>pn|2 I p|27

2
= vu'vp'ls “F vuvpls.
9.8.5 Continuity of On(ap)

Recall that a variation day, (i.e. a boundary vertex variation d¢’, j € X) implies
variations of all inner vertices dco, §¢*, Vk. The problem is that 6 is a boundary
integral on X and 6}, is a volume integral! We must explain why:

8J, = /(Vuh(V6qh + Véq )Vpr — Vup - ViV -
0

d?a d*Sa

9 et
tee 5 ds? ds?

d4
LT = —/ Yol up+Vqu+26—a .
» dS4
This is the object of Lemma 9.5.8.1.

9.8.6 Convergence

This comes from the theory of finite element error analysis [2]:

9.8.6.1 Lemma

/ VupVpr, — VuVp | < ChY2([pll2 + [lull2)
=

with the following triangular inequalities

e |apby, — abl = (ap, — a)(by, — b) + blap, — a) + (bp, — b)a
< |bl|an — a| + |al|bp, — b| + |an — al* + |br, — bJ?
° |Vuh — Vu|0’2 < |V(uh — Hhu)|0’z} + |V(Hhu — u)|0’2

plus an inverse inequality for the first term and an interpolation for the second.
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NUMERICAL RESULTS ON SHAPE OPTIMIZATION

10.1 Introduction

In this chapter we present some constrained shape optimization problems at var-
ious Mach numbers ranging from incompressible flows to supersonic. All these
computations have been performed on standard personal computers. The overall
calculation effort even for 3D configurations is a matter of hours. This includes
mesh adaptations, gradient computations and flow solutions. When mesh adap-
tion is used during optimization a final computation is performed on the final
shape. This is to make sure that the solutions is fully converged and mesh-
independent.

We have chosen not to report all the examples presented in the first edition of
the book, but rather retain the most insightful configurations. In particular, we
want to illustrate the application of incomplete sensitivities in some important
classes of problems such as drag reduction under constraints on the lift and the
volume. The chapter also aims at showing how to reformulate the problem in
cases not suitable for direct application of incomplete sensitivities. This reformu-
lation often tells us a lot about the initial problem itself. Several situations where
incomplete sensitivity cannot be originaly applied are considered: shape design
in radial and axial turbomachines and sonic boom reduction. The reformulation
aims at using either the governing equations or extra engineering information
to link all involved quantities in the functional and constraints to shape-based
quantities such as aerodynamic coefficients or purely geometric quantities.

F1a. 10.1. Supersonic drag reduction. Iso-Mach evolution (initial and step 11).



Ezxternal flows around airfoils 213

N K17 7]
i, 7
"y W ol s
ez ¥ izl
XD s

2
ZS>d

XX »A&VE\\VVVV"‘\’;':
w,,"‘@’ii“:“t‘f\
MNERY
RN QY
Z S
RN

F1G. 10.2. Supersonic drag reduction. Mesh evolution (initial and step 11).

10.2 External flows around airfoils

We consider a drag reduction problem under volume and lift constraints. The
flow Mach number is 2. The initial profile is a NACA0012 (Figs. 10.1 and 10.2).
For the shock to be attached, the leading edge has to be sharp. But the initial
shape has a smooth leading edge. This means that the optimization procedure
has to be able to treat the apparition of singular points. This cannot be done if
we use a CAD-based parameter space (splines for instance).

The drag has been reduced by about 20% (from 0.09 to 0.072) as the shock
is now attached while the volume has been conserved (from 0.087 to 0.086). The
initial lift coefficient should be zero, as the airfoil is symmetric. Due to numerical
errors, the lift varies from —0.001 to 0.0008. The final shape is almost symmetric
without specific prescription.

Results for a similar constrained drag reduction problem with mesh adapta-
tion have been shown in Section 9.5.13 for a RAE2822 profile in the transonic
regime at Mach number 0.734 and Reynolds number 6.510¢ and at an incidence
of 2.79° (see Fig. 10.3) [8,7].

10.3 Four-element airfoil optimization

Let us now consider a multi-component shape. The initial airfoil is a four-element
profile at inflow Mach number 0.2 and 4° of incidence (see Fig. 10.4 and 10.5).
The aim is to increase the lift at given drag and volume. One can also consider
a maximization of the lift-to-drag ratio at given volume.

The ratio has almost doubled after optimization and the volume conserved.
This result is, however, unphysical as the drag here is only due to numerical
dissipation. Indeed, for this subsonic inviscid configuration we should have a
zero drag solution. This is a classical problem with upwind solvers especially
when the mesh is coarse. We saw in chapter 4 that for these high incidence
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Fic. 10.3. Transonic turbulent flow. Pressure coefficients over the initial and
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Fig. 10.4. Four-element airfoil optimization. Final iso-Mach contours and
adapted mesh.

configurations we need turbulence models and accurate time integration as the
flow is unsteady.
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F1a. 10.5. Four-element airfoil optimization. Initial and final (step 5) shapes.

10.4 Sonic boom reduction

Sonic boom and fuel consumption reduction are important research issues for the
qualification of supersonic civil transport aircraft. Fuel consumption reduction
can be seen as drag reduction at a given volume and lift, for instance. Sonic
boom concerns both noise generation over land and its impact on marine life.
Knowing the pressure distribution at a given distance below the aircraft, we
can find the pressure signature on the ground using nonlinear wave propagation
methods [13,11].

The characteristics of the problem are mostly inviscid [2,12,4]. The sonic
boom paradox makes the optimization problem difficult as drag and sonic boom
reductions are incompatible. Indeed, at high speed, drag reduction leads to sharp
leading edges and attached shocks, while to reduce the sonic boom the shape
needs to be smooth and the shock to remain bow (see Fig. 10.6).

This problem is also interesting as the sonic boom is defined on a bound-
ary away from the wall. Therefore, the application of the incomplete gradient
formulation is not straightforward and needs a redefinition of the problem.

To illustrate this problem we consider a 2D model problem for sonic boom
where the aim is to reduce the pressure jump on the lower boundary of the
computational domain and also the drag under volume constraint. The geometry
is a 2D fore-body at zero incidence and the inflow Mach number is 2.

We have noticed that to reduce the pressure jump along this boundary it is
sufficient to keep the leading edge smooth while doing drag reduction (see Fig.
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10.7) introducing the following requirement:

e specify that the wall has to remain smooth;
e ask for the local drag force around the leading edge to increase while the
global drag force decreases.

In other words, incomplete sensitivity is not evaluated for the following func-
tional:
J(z) = Cq + |Vol — Vol’| + |Ap|,

where Ap is the pressure rise along the lower boundary of the computation
domain. Instead, incomplete sensitivity calculation is made for:

J(z) = Cyq + |Vol — Vol°| + ﬁ
where C¢ is the drag force generated around the leading edge.

Minimization using descent directions based on incomplete sensitivity for this
new definition of the functional shows that Cy3'°¢ is increased by about 10% the
leading edge remaining smooth while the global drag decreases (see Fig. 10.7).
This also corresponds to a reduction of the pressure rise on the lower boundary.

0.2
0.1
0
—0.1
-0.2
1 ‘ \ AN \ 1 A
—0.1 0 0.1 0.2 0.3 0.4

F1G. 10.6. Sonic boom and drag reduction. Initial (lower) and final (upper)
iso-Mach contours. The shock remains bow and is even pushed away from
the wall.

This idea has been extended to a full aircraft [6] (see Fig. 10.8). We consider
a supersonic business jet geometry provided by the Dassault Aviation company
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Fi1G. 10.7. Sonic boom and drag reduction. Global and local drag coefficients
evolution and the pressure rise along the lower boundary.

(see Fig. 10.9). The cruise speed is Mach 1.8 at zero incidence and the flight
altitude is 55000 ft.

One difficulty in sonic boom prediction for 3D geometries is the definition of
the pressure signature on the ground. This is why usually only a 1D signature
(along the trace of the centerline of the aircraft on the ground) is analyzed. This is
because in cruise conditions maximum boom is observed along the centerline. In
fact, even this 1D trace on the ground is difficult to obtain because of numerical
diffusion due to having not enough refined meshes away from the aircraft. Mesh
adaptation is a powerful tool to remove this difficulty [1]. For extension to 3D
geometries we need to define C°® evaluated over the leading edge regions I'jo.
which is defined as where uq..7 < 0, us being the inflow velocity and 7@ the local
normal to the shape.

Figure 10.10 shows a cross-section of the close-field CFD pressure signature
in the symmetry plane and after propagation with the wave model. Figure 10.11
shows iso-contours of normal deformations with respect to the original shape.
The near-field initial pressure rise (IPR) is higher for the optimal shape but
lower after propagation: it is not enough to control the IPR to reduce the boom.
In this optimization the drag is reduced by 20% while the lift is increased by
10% and the geometric constraints based on local thickness and overall volume
conservations are satisfied.

10.5 Turbomachines

We show how the incomplete sensitivity approach can be adapted to rotating
blades, both axial and radial. Axial blades are mainly used for air and radial
blades for heavier liquids such as water, wine and oil. Because of this difference
in weight for the liquids (basically more that 1000 times) a one percent gain
in efficiency means a lot in terms of energy consumption for radial blades. We
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Fia. 10.8. Shock wave pattern and illustration of the near-field CFD compu-
tation domain and the initialization of the wave propagation method with
CFD predictions. The coupling should be done far enough from the aircraft,
justifying the mentioned need for mesh adaptation.
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Fia. 10.9. By-section definition of the original and optimized aircrafts.

especially discuss the case of blade cascades but what is said here can be applied
to any axial or radial stator or rotor.
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Fia. 10.10. Cross-section of the near-field CFD pressure variations in the sym-
metry plane (left) and after propagation (right) for the initial (dashed curves)
and optimized (continuous curves) shapes.
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Fig. 10.11. Iso-contours of normal deformation with respect to the original
shape.
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10.5.1 Auxial blades

Let us consider first the design of axial blades [5,9]. Such blades are used in
ventilation systems. A ventilation system is defined by its number of blades N
and by its running characteristics. The blade cascade is obtained by considering
cross-sections of the ventilation system for a given radius Rnin < R < Rmax.
Periodicity allows us to consider only one blade (see Fig. 10.12 and 10.13).

The other characteristics are the air debit g, the rotating velocity w, the profile
chord ¢, the distance between two blades ¢ = 2rR/N, the angle A between the
profile chord and the z axis, the angles G, 81 and (2 between, respectively, the
inflow velocity and the normal to the leading and trailing edges and the z axis,
the incidence angle o = B, — X and the deflection angle # = G2 — (3;. The inflow
and outflow boundaries are chosen such that the inflow remains constant and the
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FiGc. 10.12. Blade cascade obtained at radius R.

outflow velocity has the same angle along it. In other words, these boundaries
have to be far enough from the blade.

Uy
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Fic. 10.13. A typical blade and how to define the aerodynamic forces.

The inflow conditions are given by the air debit and the rotation velocity (see
Fig. 10.15):

U, = 1 ’

The aerodynamic forces Cj,Cy, and C,, are expressed in the frame attached
to the inflow velocity (see Fig. 10.14). The efficiency of a ventilation system is
defined by:

_qAp

n= wC, (10.2)
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where Ap is the pressure difference between the inlet and outlet boundaries.
Optimizing a ventilation system therefore means increasing its efficiency. This
means for a given debit, keeping constant or increasing the pressure difference
between inlet and outlet and reducing the aerodynamic moment. In a car cooling
device, for instance, this implies a reduction in fuel consumption as well as noise.

Fic. 10.14. Aerodynamic efforts on the blade.

In this case we therefore have a special constraint due to the fact that we want
to prescribe a given difference of pressure between the inlet and outlet. This is a
classical constraint for internal flow applications. Again, this is not suitable for
the incomplete sensitivity method as one needs a cost function and constraints
to be described through boundary integrals over the shape, while this constraint
involves inflow and outflow boundaries. In order to use our approximation, we
need therefore to express this constraint through boundary integrals. Integrating
by parts the steady momentum equation, we have:

/u(u.n)d0+ / Tndo =0,
r r

where T'= —pl + (v + 14)(Vu + VuT) is the Newtonian stress tensor.

A first approximation is to neglect viscous effects at the inlet and outlet
boundaries (see Fig. 10.15). Then, using the periodicity conditions for lateral
boundaries, we have:

/u(u.n)do—i—/ u(u.n)da+/ pnda—|—/ pnd0+/ Tn,do = 0. (10.3)
r; 10 r; T, r

w

Let us denote mean value quantities at the inlet and outlet boundaries by u;,
Ug, Pi, and p,. The inlet and outlet boundaries have the same length L. From
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Fi1a. 10.15. Blade cascade computational domain.

the continuity equation (V.u = 0) and due to periodicity on lateral boundaries
and the slip condition on the shape, we have u;.n; = —u,.n;.
The first component (along the z axis) of (10.3) is therefore reduced to:

1 9 C
Ap =Po —Di = 7Cz§Poo|uoo| Z (103)

where C,, = Cycos(f) — C;sin(f) is the horizontal aerodynamic force. Hence,
the pressure difference between inlet and outlet boundaries can be expressed
through the horizontal aerodynamic force on the blade which is a boundary in-
tegral making possible the application of incomplete sensitivities. This approach
has been numerically and experimentally validated [9] for blade cascades. With
incomplete sensitivities the cost of the optimization is about 1.5 times the cost of
the initial flow evaluation. It is observed that the reformulation of the functional
is effective: the cost function is decreasing while the pressure difference between
inlet and outlet is increasing.

10.5.2 Radial blades

The previous analysis can be extended to radial blades used in centrifugal pumps.
Indeed, in radial turbomachinery, the pressure difference between inlet and outlet
should be conserved or increased, while the torque should be reduced by the
design [3]. Unlike axial blades here the rotation vector is orthogonal to the blade
axis and flow moves away from the rotation axis. In radial turbomachines the
main shape parameter is the spanwise blade angle distribution from leading to
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trailing edges. It has been observed that blade efficiency is not very sensitive to
small variations of its thicknesses [10]. This means that the volume of the blade
will remain quite unchanged during design.

As for axial fans, centrifugal pumps are designed for a given design point
and a hydraulic efficiency is defined by (10.2). We therefore need to express the
pressure difference between inlet and outlet in terms of boundary integrals over
the shape involving products of state by geometry quantities. The flow rate is
enforced through the inlet boundary condition on the velocity.

Neglecting viscous effects and working with the momentum equation for ro-
tating flows one can show that, again, maintaining unchanged the radial and
axial forces on the blade will imply the pressure difference between the inlet and
outlet to remain unchanged [3].

10.6 Business jet: impact of state evaluations

We saw in Chapter 2 that transonic viscous flow over airfoils has a shock appear-
ing earlier on the profile than the same flow computed without viscous effects
included, and this impacts the final shape after optimization. We would like to
see the impact of state evaluation on the optimization for a full aircraft in the
transonic regime. Viscous simulations use a k — ¢ turbulence model with wall
functions. We consider the same drag reduction problem as in (10.2) under lift,
volume, and also thickness constraints.

The inflow Mach number is 0.8 with an incidence of 1.5 degrees. The Reynolds
number is 5108 for viscous simulations and corresponds to a cruise altitude of
40 000 feet. We perform two optimizations with incomplete gradients based on
inviscid and viscous state evaluations. The optimization concerns only the wing.
There are about 10 000 optimization points over the wing. Both the leading
and trailing edges are let free to move and no limitation is introduced for the
deformations. The approach confirms the expected wing spanwise twist without
any dedicated parameterization (see Fig. 10.16). The drag has been reduced
by about 10% while the lift, the volume and the local by-section maximum
thickness are almost unchanged for both optimizations. The final shapes are
slightly different both chordwise and spanwise (see Fig. 10.16). The deformation
is clearly three dimensional. Lift is recovered by incidence correction and the
thickness as mentioned in Chapter 6 (see Fig. 10.17).
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CONTROL OF UNSTEADY FLOWS

11.1 Introduction

In this chapter we present some results for passive and active flow control prob-
lems with gradient based control laws in fixed and moving domains. We already
mentioned this issue in Chapter 8 where an example of shape optimization for
an unsteady flow has been discussed. In the aeroelastic cases, we have chosen
the structural characteristics in order to have resonance. One difficulty in multi-
disciplinary problems involving fluid and structure is the non-conformity of in-
terface discretizations used in the different models. The coupling algorithms are
presented using simple flow models. The extra cost compared to the original
uncontrolled simulations is less than 5%.

Control of unsteadiness in flows is of great importance for industrial appli-
cations. For instance, in fluid structure interaction problems it might lead to a
resonance with the structure eigen-modes. Therefore, the prediction and control
of such flows is useful.

Passive control is currently in use in aeronautics to delay transition to tur-
bulence and reduce the drag. The procedure is simple and consists in adding
a suction device in the leading edge region of wings (the amount of suction is
less than 0.1% of the inflow velocity). The suction intensity is mainly constant
in time and has been tuned for commercial aircraft for cruise condition. Active
control is not yet at the same level of industrial development. In aeronautics it
also implies security and qualification problems.

Both passive and active control problems can be reformulated as unsteady
cost function minimization problems. We can define control laws from gradi-
ent methods based on exact or partial gradient evaluations. We aim to show
how to use a gradient-based shape optimization tool, first designed for steady
configurations, as a tool for flow control.

We saw in Chapter 7 that different control laws can be obtained depending
on the minimization algorithm we use and more precisely on the corresponding
dynamical system. Hence, different active or passive control laws can be derived
but none of them are optimal except if the minimization algorithm can reach the
global minimum of the minimization problem.

One advantage of the gradient-based control law is that it does not require
any evaluation of the flow to build the transfer function. Indeed, the control law
is built in real time and is self-adaptive: if we change the Reynolds or Mach
numbers or even the shape, the same gradient-based law will produce a new
control.
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To make the control cheap, an important issue is then the validity of incom-
plete sensitivities in time-dependent problems. We recall that the key idea in
incomplete gradient evaluation is that the sensitivity with respect to the state
can be neglected in the gradient for cost functions defined on the shape and
involving products of state by geometry quantities. Incomplete sensitivity makes
it possible to perform analysis and control at the same time (as no adjoint prob-
lem is solved). In Chapter 8 we saw how to implement small shape deformations
using equivalent injection/transpiration boundary conditions [5-7]. Indeed, for a
control law to be efficient and realizable the amount of the required deformation
or equivalent injection/suction velocity has to be as small as possible. For this
reason, transpiration boundary conditions are more suitable for such simulations
than Arbitrary Lagrangian Eulerian (ALE) formulations, for instance. ALE for-
mulations introduce extra uncertainties due to the mesh movement based on
spring type models solved with iterative solvers. These perturbations can be of
the same order, or bigger, than the amount of the control introduced. Another
argument in that sense comes from the fact that in control we would like to act
on small eddies with high frequencies introducing small amounts of energy, but
ALE rather considers flow structures with long time-scales which can be seen
by the structure. In fact, a combination of ALE techniques and transpiration
boundary conditions is necessary to efficiently take into account both aspects.

A similar remark can be made when using unsteady RANS models to sim-
ulate turbulent flows. Indeed, as we said, we are aiming to act on small eddies
which drop, in principle, into the part of the spectrum modeled by k — € type
models. For this reason, we think that LES models should be used to avoid losing
this information. But in that case, the uncertainties due to boundary conditions
should be better understood in LES models, especially for external flows.

11.2 A model problem for passive noise reduction

Consider the following minimization problem:

min J(z(y), y,t, u(@(y),y, 1))- (11.1)

z€0aq

The state equation is a modified Burgers equation
wp +0.5(u?)y — vy, = (py + g(y, ) + x(y))u, on D=]-1,1[ (11.2)

u(ta _1) = ui, u(tv 1) = Ur, U(t = Ovy) = U()(y).

Here the control is a function z(y) in space only and it does not depend on time.
It can be seen as a passive control defined once for all. Our aim is to reduce state
fluctuations in time. Of course, the unsteadiness can be completely removed
only if z = g(y,t), but then the control would depend on time. We consider the
following configuration: p = 0.3, = 107%, g(y, t) = 0.5sin(107t) cos(67t)y. The
equation is discretized on a uniform mesh with 101 nodes with a classical explicit
RK3 scheme in time and a consistent numerical viscosity is used for stabilization.
The admissible control space is Onq = [—1,1]10L.
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We consider the minimization of the following functional
Taw) = [ it ). = [ @+ )y (113
t>0 D
One can also consider a functional expressed in frequency space such as:
Je) = [ i) (114
w<Wmaz

using the Fourier transform of the signal j(¢). The aim then is to minimize the
overall spectral energy (or some other norm) for instance.

Figure 11.1 shows that a control obtained by minimizing (11.3) or (11.4) can
be efficient in reducing the fluctuations. Here the gradient is computed using the
reverse mode of automatic differentiation described in Chapter 5. The former
functional also requires the linearization of a FFT series calculation in the loop
linking the parameters to the functional. We voluntarily consider that point as
a black-box.

11.3 Control of aerodynamic instabilities around rigid bodies

We describe how to control unsteady flows around fixed rigid bodies. Compared
to the previous example here the control depends on time. The aim is to show
that incomplete sensitivities are also efficient to define control laws. The control
laws are prescribed via equivalent injection velocities corresponding to the shape
deformation prescribed by the minimization approach (here the steepest descent
method).

We have validated the approach for various flows such as flows around a
circular cylinder at various Mach numbers and flows over different airfoils [3].
We show the case of a buffeting control by injection/suction.

We consider a RA-16 profile at 3.5° of incidence. The inflow Mach number
is 0.723 and the chord-based Reynolds number is 4.2 x 10°. The unsteady wake
creates a periodic movement of the upper-surface shock (Fig. 11.2). The main
frequency is at about 15 Hz. The correct prediction of this flow is a difficult task
in itself. We want to reduce the shock displacement by mass injection/suction
for two different locations of the injection device between 0.4 < (z/chord) < 0.6
or 0.35 < (x/chord) < 0.65.

The maximum value for the injection intensity corresponds to 5% of the
inflow velocity. The unsteady cost function here is the lift coefficient. We aim
to reduce its fluctuation. We can see that in both cases the control is efficient,
but that in the first case we obtain a higher value for the resulting lift coefficient
after control and the same level for the drag (see Figs. 11.3 and 11.4).

11.4 Control in multi-disciplinary context

Some problems involve several physical models. Prediction of flutter and design
of the structure leading to a higher flutter speed is a good example where ac-
curate prediction of the physics of the problem involving fluid and structure
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Fia. 11.1. Model problem for noise reduction. Evolution of j(¢) (upper) and
its spectral representation on a given time window for the uncontrolled and
controlled simulations of (11.2) minimizing (11.3).

characteristics is necessary for a correct design. One shows coupling strategies
between two (or more) models for the flow and structure behavior together with
a dynamic system used for minimization.

11.4.1 A model problem

Let us consider a one-dimensional coupling between a first-order parabolic and a
second-order hyperbolic equation (e.g. an incompressible fluid and a wave-based
structural model). The calculation domain is split into €; =] — 1, 5[ for the
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Fic. 11.2. Buffeting control. Four Mach fields for the non-perturbed flow.

parabolic equation and Qg =|S, 1] for the hyperbolic one (S is seen as the shape
with |S| <« 1).

The flow model (parabolic) is represented by an advection-diffusion equation
for a variable u (a velocity) with c(y) € IR and u(y) > 0:

U + (CU’)ZI - (Nuy)y = f(y7 t)7 on Ql(t) (115)
The structural model (hyperbolic) is a wave equation for U (a displacement):
Ui — Uyy = u(S(2))0(S(t)), on Qa(t). (11.6)

To be able to handle mesh deformation in the fluid domain, one also introduces
the following equation for the motion of the domain §;:

-Y,, =0, on Q(t), (11.7)

where Y is the displacement of a material point in ;(¢). The system above is
considered with the following initial and boundary conditions:



232 Control of unsteady flows

Lift coefficient evolution
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Fiac. 11.3. Buffeting control. Lift and drag coeflicient histories without and
with our gradient-based control law for two different positions for the control
devices 0.4 < x < 0.6 and 0.35 < = < 0.65 and with a maximum injection
velocity corresponding to 5% of the inflow velocity. In this former case, not
only is the unsteadiness removed but the average lift is also improved.
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Fia. 11.4. Buffeting control. Iso-Mach contours after control (left) and differ-
ent instantaneous deformations simulated by injection boundary conditions
(right).

u(—1,t) = uy(S,t) =

Uy(5,t) = U(L,t) = 0,
Y(-1,t) =0,Y(S,t) = U(
u(y,t) = uo(y) on M (t),
Uly,t) = Uo(y), Ue(y,0) = Us(y)

11.4.1.1 Handling domain deformation To account for time-dependent do-
main deformations one uses the following integration rule:

i
(/ g(yat)dy> :/ gt(y,t)dy+/ g y.n do, (11.8)
w(t) w(t) Ow(t)

where ¢ is the speed at which the boundary moves. Integrating (11.5) on £2; and
using (11.8) and the divergence formula one has:

(/w(t) udy)l-f—/w(t)(u(c—y))ydy - L<t>(”u”)ydy (119)

ALE formulations (Arbitrary Lagrangian Eulerian) are discrete forms of this
expression [7].
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Discrete (11.5) One observes that domain deformations add a term into the
advection operator. The speed of deformation needs to be accounted for in the
upwinding procedure. In one dimensional discrete €1, = |J,]ys, yi+1[ this is easy
to define at each node i:
n+1 n

Y Y

VimTTAr
Discrete (11.9) is then straightforward using finite volumes or elements if one
uses the following approximation:

/
/ udy N |wn+1|un+1 _ |wn|un
w(t) At

where |w™]| is the length (surface in 2D, volume in 3D) of the control volume at
iteration n after mass lumping.

Discrete (11.6) In the same way, the discrete wave equation in the moving domain
Qa,(t) using P! finite elements reads:

/ Uspwrdy — / U, yw; = / W(SESE))widy.  (11.10)
Qa(t) Q2 (1) Qa(t)

Expressing U on the basis w;, ¢ = 1,..., N with N the number of points in Q9 (),

N
Uy, t) = Z Us(t) wi(y),

one has:
Mi,i—lUiN_l(t) + Mi,iUiH(t) + Mi,i+1 U{g_l(t) + Ki,i—lUi—l(t) + Kiﬂ‘Ui (t)
11.11)
+Kii+1Ui1(t) = U(S(t))/ﬂ ( )5(5@))%‘6@ = U(S(t))wi(s(t)s,
2p (T

where M and K are, respectively, the mass and rigidity matrices:

M;; = / wiw;dy,
Q25 (1)

K; ;= / wiw'sdy.
D2y, (1)

Finally, one needs a temporal discrete form for U”(¢). One popular choice is by
an implicit second-order Newmark scheme (see below for details of coupling in
time):

+1
vt 4+ ut

2

+1
UH? + U”?
—

The deformation Qo (t") — Qo (t"1!) is given by y' ™' = y? + U, The
coupling by the right-hand-side uses u"1(S™). One notices that the number

Urtt =ur + At (11.12)

Ut U 4+ At
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of discretization points remains constant. In dimension more than one the con-
nectivity remains unchanged as well. If mesh adaptation is used between two
deformations the connectivity changes. Then one needs to use a transient fixed
point algorithm for the set (metric, mesh, solution) in order to reduce the impact
of connectivity changes on the solution (see Chapter 4).

Discrete (11.7) Finally, discrete domain deformation for §2,,(t) is obtained by
solving (11.7) by P! finite elements. This propagates the deformation of Qs (t)
defined by U through €y (¢).

To summarize, the following steps have to be taken by this coupling (below
we will see more sophisticated coupling strategies):

e knowing U™(S™);
e solve (11.7): Q1,(t") — Q15 (t" 1) by ynHt =y + Y+
e solve (11.9) and get u™*1;

e using u"T1(S"), solve (11.11) and get a new U™

11.4.1.2  Equivalent boundary condition Small variations around S = 0 can be
expressed by changing the boundary condition at the interface between models
keeping the domain unchanged. This has the obvious advantage of bringing se-
rious simplification to the coupling algorithm (see also Chapter 6). The overall
model now reads:

w+ (eu)y — (uuy)y = Fy1), on]—1,0] (11.13)

Ui — Uyy = u(0,t)6(0), on]0,1] (11.14)
with initial and boundary conditions given by:

u(yat) = UQ(y) on ] - 170[7

U(ya t) = UO(y)a Ut(y70) = Ul(y) on ]07 1[7

u(=1,¢) =0, U(L,t) =0,

the equivalent boundary conditions at the interface S = 0 are derived noticing
that S(t) = U(0,¢t):

uy(0,1) = uy(S(8), 1) = uyy (0,1)S(t) = —uy, (0,8)U(0, 1),

Uy(0,8) = Uy (S(t),£) — Uyy(0,£)S(t) = —U,y (0, )U (0, £).
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11.4.2  Coupling strategies

The coupling above was semi-implicit in the sense that when information is
available it is used. This can bring a time lag between the two models. The
following diagram gives a sketch of this coupling:

S:n—n+1l—n-+2

! |
F:n—n+1—n+2

For the sake of simplicity, let us show different possible coupling strategies on a
first-order system:

Z=f(2), Z({t=0)=Z. (11.15)

A second order dynamic system can be put in first-order form using an extra vari-
able for the derivative. Z gathers the fluid and structure variables. The governing
equations are therefore the fluid and structure models with terms gathered in
f(Z). In a control problem this system also includes control parameters as one
also has a dynamical system for the evolution of the control parameters (see
Chapter 7).

The easiest way to couple several models is a parallel approach as in the
following first-order explicit scheme where both models are advanced in time
and the necessary information is communicated from one model to the other:

Zo=Z(t=0), Z"T'=27"4 Atf(Z"). (11.16)
There is no time lag between models as shown in the following diagram:

S:n—-n+1—-n+2

Tl Tl
F:n—-n+1l—-n+2

Obviously, the time interval between steps n and n+1 is not necessarily the time
steps used in the calculation. For instance, if an explicit flow solver is coupled
with an implicit structural code, one will take several hundreds of fluid time iter-
ations for one iteration of the structure model. In particular, no communication
is made between the fluid and structure models during the intermediate flow
iterations leaving unchanged the information transfer and dependency between
models. This is important as one would like minimum communication between
the different models. Another popular choice is to use a pseudo-time-stepping
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approach discussed in Chapter 12 for the coupled solution of microfluidic flows.
Iteration n 4+ 1 from n is obtained as a steady solution in 7 of:

Yy — 2" .

introducing subcycling in 7, the following iterations in p:

yreloyr yr - 7"

= f(y?), v°=2"
— = 1), :

corresponds to fully implicit iterations in n when ||[YP*1 — YP|| — 0:

ZnJrl _ Zn

I f(zrth, zrtt =y,

Without being exhaustive, to improve time accuracy one can use either multiple
sub-iterations with Runge Kutta methods or higher order integration rules such
as the trapezoidal rule:

127+ 12

Zo=2Z(t=0), Z""=7"+ At 5

(11.17)

In practice a fully implicit scheme is difficult to implement. One can use an
approximation or prediction of Z™t! by:

ZrYE =z — 7t = 20 4+ 2N AL

F1G. 11.5. Structural model and surface CFD mesh.

11.4.3  Low-complezity structure models

Let us describe now some of the models one can consider for the elastic behavior
of the shape. One would like to consider simple models that are easy to include
in the design process as our motivation is to always perform cheap design and
only a posteriori validate with the full machinery.
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F1a. 11.6. Iso-normal deformations (upper) to the shape and iso-Mach contours
for a coupled inviscid simulation. One sees that iso-contours of structural
deformations are orthogonal to those of Mach contours. This is why meshes
for fluid and structure models are often incompatible.

More precisely, one would like to cheaply include elastic requirements during
the aerodynamic design and inversely enrich the structural design using low-
complexity fluid models. Usually the fluid and structure designs are performed
separately, based on iterative projection schemes: one optimizes the fluid func-
tionals trying to keep unchanged the structural characteristics, and inversely.
As an example, one can be asked for aerodynamic shape optimization under
thickness constraints. The surface shape is then the parameter for fluid opti-
mization and the local thickness of the structure is the parameter in structural
optimization. Figure 11.7 shows an example of such optimization where the local
thickness and the surface shape are optimized under mutual aerodynamic and
structural constraints.

This is linked to multi-criteria and model optimization issues and one should
use partition of territories and game theory for a suitable definition of the de-
sign parameters for each field in order to minimize the effects of incompatible
requirements on the design [12].

Suppose we have a set of parameters X = {z,y} which we split into two
parts. The splitting is after one has identified the subset of parameters active
for the flow and for the structure behavior. One somehow define two territories.
Now the optimization of two functionals J;(X) and J2(X) describing some flow
and structure features can be based on building a sequence of (X = {7, y:})
solutions of:

Tpy1 = argming Jy(z,yy,), such that Ja(xy 11, 9,) < Ja(2h, v5),



Fi1a. 11.7. Example of aerodynamic (drag minimization at given lift) shape and
thickness optimization. Upper; the CAD-free parameterization for the aero-
dynamic optimization (the surface mesh). Middle: parameters for structural
thickness optimization. The initial by-section definition is made from the
CAD-free parameterization. Below: the initial and final shapes. The maxi-
mum thickness has been conserved for each section.
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y;;—kl = argminyJZ(m;a y)v such that Jl(miu y:ﬁ-l) <Ji ('T:u y:;)

If this sequence converges the solution means that no better solution can be
found minimizing each subproblem alone using the available information from
the other subproblem. This is called a Nash equilibrium [8] where no unilateral
deviation in strateqy by any single player is profitable.

From a practical point of view, the splitting is often motivated by incompat-
ible requirements (see the iso-contours in Fig. 11.6). This is sometimes because
the fluid and structure solvers are in the hands of different people and a different
team is in charge of the whole simulation and design chain (the situation gets
worse adding extra specifications on electromagnetism or noise, for instance).
Therefore, if one can account through low-complexity modeling for the main
requirements of both fields, the final design should better suit both fields.

The first elastic model one can consider for an object might be quite simple
only having three degrees of freedom X = (ay;, oy, @) based on the three Euler
angles. The variations of these angles can be described by three coupled ordinary
differential equations:

IX4+AX 4+ KX =5(X,X,C;,Cpn,Cy), (11.18)

where I, A and K describe the structure characteristics. S contains the aerody-
namic forces acting on the structure. S also contains X and X to enforce the
coupling between the flow and structure systems. For a 3D wing, for instance,
having its chord along the x direction and its span along y, the most important
displacement is due to the lift coefficient acting on «,, then due to the aero-
dynamical moment acting on the pitching angle o, and finally due to the drag
forces through a,. Linearizing (11.18), we have:

Iﬁ+<Aa—$) W+<K‘9—S> 5X =0,
X X

which can have undumped modes following the sign of 95/ 0X.

A more sophisticated model can be based on ODEs for eigenmodes of the
structure. This approach is widely used in industry. It is based on the assumption
that the structural modes are weakly modified by the flow (example of coupling
in Figs. 11.5 and 11.6). This assumption appears valid in most situations [10].

One can also build surface-based elastic models and enrich a CAD-free param-
eterization with elastic features. Our aim again is to have only one geometrical
entity during simulation and design and the same also when doing MDO config-
urations. The geometrical definition is therefore again the surface discretization
(in 2D segments and in 3D triangles as presented in Chapter 5). The definition
of normals to the surface is therefore an easy task.

Using an analogy with the models described above one can introduce an elas-
tic model for the displacements of the shape in the normal direction (the normal
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deformation between instant " and t"*! can be defined as X = f::“ i.fidt) in-
troducing a partial differential equation with first and second-order time deriva-
tives and with second and fourth order elliptic operators for instance:

%X 0X 9

BID +C 5 KAX — uA~X = F. (11.19)
The first two terms involve point-wise behavior of the shape and the third
and fourth terms link the surface nodes together. The parameters M (mass),
C (damping), K (stiffness) and p (shell stiffness) encapsulate the mechanical
characteristics of the structure and should be identified in order to reproduce
the overall behavior of the original structure. The presence of second and fourth-
order surface space derivatives enables the model to produce both membrane
and shell-type behavior. I’ gathers the aerodynamic forces on the structure.

This subject has been widely investigated considering two or more solvers

with incompatible interface discretizations in distributed environments [1,2,9,
11]. With incompatible parameterizations for the fluid and structure interface, a
major difficulty comes from information transfer between the two models.

11.5 Stability, robustness, and unsteadiness

We saw that for time-dependent optimization problems functionals can be for-
mulated in the frequency domain. Consider a dynamical system

ut + F(u) = 0,u(p,t =0) = ug (11.20)

with u = u(p, t) the state and p a parameter. It is indeed natural to consider this
system stable around an equilibrium state u(p) (i.e. uz = 0) if the eigenvalues A
of the linearized system

have no negative real part.
Considering the lowest frequency of the system, this can be formulated as:

Re(Appin) = 0,

with Appi;, the eigenvalue of Fj,(u(p)) with the smallest real part.

In the context of fluid-structure coupling, to avoid resonance, one must ask
in addition for the lowest fluid frequency )‘{n i o be higher than the lowest
structural frequency )‘;nin:

Re(A . ) > Re(Ai)-
If a modal representation is used for the structure, Re()\fn in) known. As one usu-
ally assumes the modes of the structure remain unchanged during the coupling,
this constraint can be expressed using information from the fluid side alone.
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Fia. 11.8. Aeroelastic simulation and control for a business jet. Fluid surface
(upper) mesh and structural model (lower). The control aims at keeping
bounded structural oscillations in wings using small instantaneous incidence
correction through flap deflection. The control is defined by (11.21) using
incomplete and instantaneous sensitivity evaluation for the instantaneous lift
coefficient. To make the control realistic the amplitude of incidence correc-
tions has been bounded by 1°. Figure 11.9 shows the wing tip oscillations
with and without the control.
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Fia. 11.9. Aeroelastic simulation and control for a business jet. Wing tip ver-
tical evolution in time without (upper) and with (lower) control. This is a
sub-optimal control as incomplete sensitivity is used and also because the
maximum incidence correction is bounded by 1° and the control frequency
by 2 Hz.
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One natural way to apply this idea to shape optimization is to ask for the
optimum to realize similar stability requirements evaluated for the Hessian of
the functional with F(u(p)) = V,J(u(p)). Indeed, for robust optimization one
aims at an optimum having:

Vpd(u(p)) =0, and Re(Apiy (Vppd)) > 0,

which is naturally achieved in the context of convex optimization. In practice,
the Hessian is not available. If one uses a BFGS formula (see Chapter 7) pro-
ducing a symmetric positive definite approximation of the Hessian the quadratic
approximation of the problem is therefore stable and so is the original problem
if the BFGS approximation is valid. If this eigenvalue has multiplicity one it
can be estimated by a power iteration method for the inverse of the Hessian
approximation as the largest eigenvalue .

Now, accounting for unsteadiness can also be seen as growth of small pertur-
bations in the system. Let us consider the linearization in the state of (11.20):

v + Fu(u(p))v =0, v(0)=c¢.

If the flow is unsteady F, has eigenvalues with negative real parts at u(p), and
in particular:

Re(Apip (Fu(u(p)))) < 0.

Therefore, another alternative to functionals such as (11.3) or (11.4) for shape op-
timization with constraint on unsteadiness control is to require for Re(A i, () =
Re(Appin (Fu(u(p)))) to increase during optimization:

Re()‘min (p)) < Re()‘min (popt))'

11.6 Control of aeroelastic instabilities

The problem of interest is to predict the aeroelastic behavior of the coupled
system and to control situations where the structure behavior becomes unstable
due to fluid perturbations. Control has been performed for all cases using the
body incidence. This is easy to prescribe for an on-board device acting on the
flaps.

We consider the flow over a business jet. The fluid and structure systems
have been excited by inflow periodic perturbations. The perturbation frequency
is 10 Hz and its amplitude is less than 1° for both inflow incidence angles. These
perturbations might happen in stormy weather or during take-off and landing in
the wake of bigger aircraft. One sees that a control law based on small incidence

HTf the largest eigenvalue in modulus of a matrix A is of multiplicity one, it can be obtained

k+1 _ _AVF T (AVE V)
by VAT = qavar Amax = lime—oo Sy
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corrections defined by instantaneous incomplete sensitivity of lift fluctuations is
effective:

Sy = —pVa, (0:C1(1)?, i=1,2 (11.21)

where «; are the three aircraft incidences angles. These corrections are bounded
by 1°. This control behaves like a Kalman filter in the context of nonlinear
coupling (see Fig. 11.8 and 11.9). The control is adaptive in the sense that if the
flow conditions change the control naturally adapts to the new flow.
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FROM AIRPLANE DESIGN TO MICROFLUIDICS

12.1 Introduction

In this chapter we show the application of optimal shape design to microfluidic
flows. Microfluidics is a recent field of research. It deals with flows in structures
bringing into play dimensions characteristic of the order of a micrometer. These
flows develop nanometric characteristic lengths, for instance in boundary layers,
and the range of variation of variables is multi-scaled which makes the calculation
of these flows complex. The modeling often involves multi-physics. The behavior
of the system is governed by several coupled variables. Sometimes, the quanti-
ties are not detectable by the available measuring apparatus and modeling and
simulation are valuable tools to develop approaches to make them detectable.

Integrated electrokinetic microsystems have been developed with a variety
of functionalities including sample pretreatment, mixing, and separation. Elec-
tric fields are used either to generate bulk fluid motion (electroosmosis) or to
separate charged species (electrophoresis) [1,2,7,9,13,14]. Examples of sepa-
ration assays include on-chip capillary zones, electrophoresis and isoelectric fo-
cusing. Preconcentration methods include field amplified sample stacking and
isotachophoretic preconcentration. These applications involve the convective-
diffusion-electromigration of multiple ionic and neutral species.

Again we shall try to introduce low-complexity modeling and incomplete
sensitivity for both cheap simulation and design and also a better understanding
of the mechanisms involved.

Our experience is based on the prototyping of designed devices performed by
Prof. Juan Santiago at the Microfluidic Laboratory at Stanford University.

The applications of microfluidic devices are multiple. Let us quote some ex-
amples:

e Health: biomedical research, DNA sequencing, protein folding, detection
of possible chemical reactions with other substances (used for instance for
tests of new molecules on a given target), rapid mixing.

e Aeronautics and space: switches, actuators and microfluidic measurement
instruments.

e Environmental applications: detection of pollution in water or food.

e Data processing: cooling of the computers by pumps not having moving
parts.

Usually, the realization of these devices uses the techniques of micro-electronic

engraving, mainly on silicon supports. The optical techniques require dynamic
microscopy and the use of neutral substances excitable by certain frequencies
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of light and fluorescence. We notice that solutions discovered after modeling,
simulation and optimization are often nonintuitive. In other words, mathematical
modeling allowed in certain cases a return to physical modeling, in particular by
identifying the significant points in a coupled situation. Thus the approach allows
for the development of subsets with reduced complexity which can be used in
efficient design platforms.

In this chapter we consider the following problems:

e Optimization of the extraction of microfluidic samples before their intro-
duction in transport for separation or stacking devices.

e Shape optimization in microfluidic devices.

e Modeling and optimization of rapid mixing devices used for protein folding.

12.2 Governing equations for microfluids

The system of equations applicable to electrokinetic microfluidics usually gath-
ers a Stokes system and advection-diffusion equations for the species with a cou-
pling between the two sets of equations through the electric field. This is briefly
described in Section 12.7. The Stokes system is suitable because for typical elec-
trokinetic microchannel applications the observed flow motion has a velocity of
about 107 m/s — 1073 m/s, channel thickness of 100 ym and kinematic viscos-
ity of about 107° m2s~'. This leads to Reynolds numbers ranging from 0.001 to
0.01.

Also, due to spontaneous charge separation that occurs at the channel walls
there is formation of an electric double layer [13]. The typical size of this layer
is a few nanometers. The stiffness of this electric double layer makes it difficult
to compute using classical numerical approaches applied to the Stokes model.
However, it is known that at the edge of the double layer the flow is parallel and
directly proportional to the electric field [7,13]:

uw=—( Vo (12.1)

Here ( is a positive constant which depends on the material with which channels
are built and involves what is called zeta potential and also the fluid permittivity
and dynamic viscosity. The flow is therefore parallel to the wall and to the
electric field. We will use this information to derive boundary conditions and
low-complexity models for the flow. This is similar to the derivation of wall
functions for turbulent flows.

12.3 Stacking

Let us describe an important phenomenon in microfluidic flows and introduce
an example of low-complexity modeling. The aim of stacking is to amplify the
local concentrations of species to make them observable by existing devices. One
uses the fact that an ion sample passing from a region of high to another of low
conductivity will accumulate at the interface between the regions. An analogy
can be given with particles in a supersonic region placed before another subsonic



248 From airplane design to microfluidics

region. In the subsonic region the flow velocity is lower and therefore particles
in the supersonic region will catch those subsonics.

Consider the case of three ionic species. The third species is the sample
species of interest whose molar concentration is low and one would like to in-
crease it through stacking. Typically the sample species is three or four orders of
magnitude smaller than other species and consequently one needs to stack the
sample species by a factor of about 1000 to make it observable. Representative
experimental conditions are described in [1,9,12].

A single interface of conductivities is represented by a simple error function
profile for the initial concentration:

Chit(z) = %bl (”Y +1—-(y- l)erf(ao:))
i) = by (1 + erf(ax)) (12.2)
22 (1) = — 216100 () — 23C003 ()
where b; = 100, bs = 0.1, @« > 0 and v > 0. Note that « controls the sharpness

in the initial plug and v indicates the initial concentration ratio between high
and low conductivity regions in the sense that

lim ¢ (z)/b1 =~, lim cilnit(a:)/bl =1.

——00 xr—00

An important property of 7y, both experimentally and numerically, is that it also
indicates the final stacking ratio of ¢3. Let us check that on a one-dimensional
model. Neglecting diffusion and the motion of the ambient fluid, the species
conservation equation for different species becomes

e+ 6% (ziyicicﬁx) =0. (12.3)

A constant current density j is applied in the axial direction defined by the
difference of the electric potential at the ends of the channel:

o ‘/left - V;ight
- Tatotala

where L is the length of the channel and
L .
Ototal = / oz, t)dx, o(z,t) = Z 22vic.
0 i

Let us further suppose that oiota is independent of time. The electric field is
then locally defined as:

E=¢, =2

ER
pt

(12.4)

Now in our setting of three species the concentration of sample species ¢3 in-

creases as it migrates from a region of high conductivity to a region of lower
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drift velocity. Hence the stacked sample keeps increasing with time and the con-
centration progressively approaches a maximum steady value. Now in the steady
state the net flux of the species ¢® at the left and right edges balances:

(2303 E) |iote = (2303¢> F) |right
Then considering the initial conditions (12.2) we have

3

2 i .2 1 2 92 (.2
Oleft = E 2 ViClegy N 21V1Clepy + 23V2Clog & (2101 — 212202)b17Y.
i=1

As j is constant this implies

3
Cleft Eright _ Oleft
3 = = =
Cright Eleft Oright

When diffusion and motion of the ambient fluid are present the above arguments
can still be used to provide an upper bound for the stacking capacity. Indeed,
both diffusion and the convective motion tend to distort the front where stacking
happens and hence one expects a lower final stacking ratio in this case.

Figure 12.1 shows the behavior of a one-dimensional model made from equa-
tion (12.4) for the electric field, an algebraic equation such as (12.1) linking the
electric field and the flow velocity (no pressure effects) and equations (12.3) for
the different species. The model produces the correct stacking limit and migration
time. Despite its simplicity, this model is therefore suitable as a low-complexity
model in design. For instance, it gives enough information for the definition of
the length of a separation and stacking channel. It also gives good estimations
of the different species migration times. It can therefore be used to characterize
the initial plug characteristics. Below, we will see other low-complexity models
in shape design.

12.4 Control of the extraction of infinitesimal quantities

The first control problem we consider is a state control problem using the ap-
plied electric fields through the potentials V,,, Vi, Ve1, Voo and V,, shown in Fig.
12.2). Indeed, before any analysis, it is a question of being able to extract a
suitable sample from the solution to be analyzed. This sample must have certain
geometrical characteristics with in particular very low dispersion and with the
concentration gradient parallel to the electric field, which means iso-contours of
concentration normal to the walls (see Fig. 12.3 [1,10]). This is essential for the
quality of the analysis as detection tools are highly sensitive to the dispersion of
the sample. Separation occurs during transport due to the difference of mobility
of species in the electric field.

12.5 Design of microfluidic channels

Separation improves with the length of the channel and the intensity of the
electric field [3,11]. This former quantity cannot exceed some limit for stabil-
ity purposes [9,14] and the required compactness of the devices (10 meter long
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Fi1c. 12.1. Low-complexity model reproducing the right theoretical stacking ra-
tio limit (here v = 10).

channel on a support of 10 em?) implies the introduction of turns which in turn
have undesirable effects as they introduce skew in the advected bands. Skew im-
plies a dispersion of the electrophoretic sample bands in the flow. This leads to a
shape optimization problem. By skew we mean that if iso-values of species con-
centration are normal to the wall before a turn, they lose this property after (see
Fig. 12.6). This curved-channel dispersion has been identified as an important
factor in the decrease of separation efficiency of electrophoretic microchannel
systems. Unfortunately, we notice that reducing the skew often introduces a new
type of residual dispersion associated with band advection away from the chan-
nel boundaries. We also notice that to avoid this effect it is necessary for the
channel walls to be as smooth as possible with minimal curvature variation (see
Fig. 12.7). This is somewhat contradictory to the shapes obtained from a mini-
mization based only on skew minimization. Regularity of the shape needs to be
controlled as well during optimization.

The optimization formulation for such devices has to include therefore the
following points:

e minimize the skew due to turns;

e minimize the residual dispersion associated with band advection;
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F1G. 12.2. Typical geometry of an extraction/separation device. V,,, Vi, Vo1, Voo
and V,, denote the different electric potentials applied.

e minimize variations in walls curvature;

e maximize the length of the channel;

e minimize the overall size of the device.

The skew can be qualified in different ways. For example, we can ask for iso-
values of the advected species to be always normal to the flow field and consider
a functional of the form:

T
() = /0 /Q (Ve(, 1) x u(z))2dadt, (12.5)

where T is the total migration time. This functional is not suitable for sensitivity
evaluation using incomplete sensitivity concepts described in Chapter 8 as it
involves information over the whole domain. In addition, this cost function is
too restrictive as we are actually interested only in minimizing the final skew
(i.e. after the turn) and therefore consider, for instance:

I(z) = /Q (Ve(@, T) x u(z))2da. (12.6)
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F1G. 12.3. Upper: initial extraction. The extracted band (in the right channel)
will be transported for separation. In this example the initial band is not
suitable for transport. We aim at a band with minimum dispersion and with
iso-contours orthogonal to the walls. Middle: after optimization. The control

law has been experimentally validated (lower). Control uses pinching and
pull-back steps using applied electric fields.
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This functional is still over the whole domain. Another way to define the skew
which avoids the previous difficulty is to ask for all particles traveling on char-
acteristics to have the same migration time.

We therefore consider:

J(z)< X||dTS||_/X,||dTS||>2’ (12.7)

for any couple of characteristics y and x’ linking the outlet to the inlet. Here
again, the cost function is over the whole space, but we can consider only a few
characteristics. The two main characteristics are those defined by the internal
and external walls of the channel:

o= ([ o= for) w9

where I'; is the inner wall and I', the outer wall in a turn. We recall that in
our model velocity is parallel to the walls from (12.1). This last formulation
is interesting as it only involves boundaries which we know to be suitable for
incomplete sensitivities. Another interesting feature of formulations (12.7) and
(12.8) over (12.5) is that they do not require knowledge of the distribution of the
advected species. Also one notices that dispersion increases with the variation of
the shape curvature (see Fig. 12.7). One therefore tries to find variations bringing
the least modification in curvature over simple 90° and 180° curves. These two
curves are sufficient to build any channel pattern. Variations of curvature along
inner and outer channel walls are represented through:
2
) , (12.9)

(L 151- £el) (1 Bl

where s is the curvilinear abscissa and 0 denotes initial inner and outer walls.
Minimization should be performed keeping this constrained close to zero. To
achieve compactness of the global device, it is preferable not to move the external
walls, especially in 180° turns. This is satisfactory as then the second term in
expression (12.9) vanishes. Figure 12.4 shows various shapes achived for a 90°
turn with different regularity requirements.

Cost function (12.8) is suitable for the application of incomplete sensitivities.
We can however increase direct geometrical contributions by the fact that the
velocity is parallel to the walls. The cost function we consider for derivation with
respect to the walls is therefore:

J(x):(/m%—/rof—i)Q. (12.10)

where 7 is the local unit tangent vector to the wall. In incomplete sensitivity, u is
frozen when linearizing (12.10). We compare this approximation of the gradient
with the full gradient by finite differences (see Fig. 12.5).
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Fia. 12.4. Shapes obtained under the same optimization conditions for three
admissible spaces with different minimum regularity required for the shape
(I: initial, IT, III, IV: increasing regularity required).
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sensitivities (left). Right: the deformations obtained using these gradients.
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12.5.1 Reduced models for the flow

We take the opportunity of this shape optimization to again show how to avoid
considering the full physical model during optimization. The governing equations
have been described in (12.14) and (12.15) in the electroneutral case. We saw how
to reduce the full system for one-dimensional problems to quantify the optimal
length of channels needed for separation. We saw how to simplify the functional
to bring it into the domain of validity of incomplete sensitivities. This is similar
to making the following hypothesis for the state equations.

The calculation of flow velocity and migration of species have been uncoupled.
In other words, in system (12.14) the species are considered as passive. The
pressure gradient is supposed to be negligible and the velocity field is everywhere
proportional to the local electric field and therefore parallel to the walls following
expression (12.1).

ul|| E=-V¢. (12.11)

Indeed, in the design problem of interest it is enough for the velocity vector to
be known up to a multiplicative constant: we want the migration times along
the two walls to be the same, but the exact value of this time is of no interest
for the design.

Once the design is made using cost function (12.8), we need to check that
the final design indeed reduces the skew. This can be checked by advecting a
plug for a single species ¢ by the velocity field defined above. Again, the speed
of advection is of no interest. Most important the velocity field is a stationary
field. Advection is time dependent but it is only a post-processing step.

We show the skews produced by a 180° turn in Fig. 12.6. No symmetry
assumption has been made during design. Figure 12.7 shows three classes of
optimal shapes for the 180° turn. The optimal shape has been prototyped and
experimental results correspond to the predicted behavior by the low-complexity
model described above [11].

12.6 Microfluidic mixing device for protein folding

Another application of interest is to build mixing devices for protein folding
applications [5,8]. These devices are used in biomedical research. One looks for
different configurations in a ribosome chain having different behavior in the same
situation. For instance, one might be interested in finding a protein reacting to
the presence of a given virus. The optimization aims to control the folding time
and in particular to reduce it to force the chain folding in other ways than its
natural tendency. All other parameters being frozen, the final shape of the chain
depends on the time it takes to fold. Up to now the largest limitation concerns the
treatment of times shorter than the molecular diffusion characteristic time. This
time is proportional to the square of the length-scale which implies a constraint
on the size of the device. One would like to use other mechanisms involved than
diffusion to reduce the folding time. In particular, we aim to take advantage of
transport and pressure effects.
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F1c. 12.6. Concentrations for the initial 180° turn: effect of the turn on the
advected species.

U'S

FiG. 12.7. Three optimal shapes for the 180° turn. The two shapes on the right
are local minima.

The mixer shape considered is a typical three-inlet/single-outlet channel ar-
chitecture. The model is symmetric so we only study half of the mixer [6]. Our
model is a 2D approximation of the physical system [4]. Experiments show a 5%
deviation from a 3D model which is satisfactory for a 2D model to be used as a
a low-complexity model in optimization [6].

Our aim is to optimize the corner shapes (see Fig. 12.9). We parameterize the
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corner regions by cubic splines. The total number of parameters is eight, four for
each corner. The total dimension of the micro-mixer cannot exceed 22um long
and 10um large. The lithography step in fabrication limits the minimum feature
size to a minimum of 1 pum (i.e. the minimum channel thickness one can realize).
The width of the side channel nozzles is set to 3 ym and the width of the center
channel nozzles to 2 ym. The maximum side velocity is Us = 10~%m/s. A typical
flow Reynolds number based on side channel thickness and the flow inlet is about
15.

The cost function to minimize is the mixing time of the considered Lagrangian
fluid particle traveling along the centerline. The mixing time is defined as the
time required to change the local concentration from 90% to 30% of the inlet
value cq:

Y30
J(x) :/ ﬂ, (12.12)
Yoo HU’H
where yg¢ and ysg denote respectively the points along the symmetry line where
the concentration is at 90% and 30% of co. v is the normal component of the
velocity. This cost function is not suitable for incomplete sensitivity as it is not
a boundary integral and it does not involve the product of states by geometry
entities. One therefore needs to compute the full gradient. However, because we
want to use a black-box solver for the state solution one cannot use the adjoint
approach. One rather uses a multi-level evaluation of the gradient as describe in
Chapter 8.
More precisely, we use a different level of discretization for the state u with
the same state equation looking for state sensitivity on a coarse mesh while the
state is evaluated on a much finer mesh (the direct loop being x — u — J):

d= %(w) + %(w) ey (%(If/c(“f)))

where subscripts f and ¢ denote fine and coarse meshes, u; denote the state
equation solution evaluated on f, and Iy,.(.) (vesp. I./¢(.)) is an interpolation
operator between the fine and coarse meshes (resp. coarse and fine). By fine mesh
we mean a mesh fine enough for the solution to be mesh independent. This means
that the linearization is performed on a coarse mesh for the state contribution
but around an accurate state computed on a fine mesh. Obviously if the coarse
mesh tends to the fine one, the approximate gradient tends to the gradient on
the fine mesh. This approach works if the approximate gradient d satisfies:

dVJ>e>0,

which is illustrated in Fig. 12.8 showing a comparison of the full gradient with
this approximation. The cost of an incomplete evaluation of the gradient using
finite differences on a coarse mesh is around two evaluations of the functional on
a fine mesh. On each new shape the state is recalculated on a fine mesh (with
about three times more points than in the coarse mesh).
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12.7 Flow equations for microfluids

We briefly describe the governing equations for the microfluids we consider.
We assume a uniform and constant electrical permittivity ¢ in (12.13) and low
Reynolds number flows. Even though the formulation accounts for charge accu-
mulation in the flow resulting from a coupling between electric fields and con-
ductivity gradients, net electroneutrality is observed almost everywhere in the
flow [7,9,13].

Let us consider the case where we have m different charged species in some
ambient fluid. Let p¢ = F Y, 2,C* = >, z;c' be the net charge density where
z; € 7 is the valence number of species i, C? is the molar concentration and F
is the Faraday constant. The charge induces an electric field which is supposed
to come from the potential ¢. Hence we get our first equation

—eAp—p° =0, (12.13)

where ¢ is the permittivity of the ambient fluid. The motion of the ambient fluid
is governed by Navier-Stokes equations, but because in typical applications the
Reynolds number is very low we can also use the Stokes system in the presence
of an electric field:

put — ppAu + Vp — p°Vo = 0,

V.u=0.
Here p is the density of the fluid and p is the dynamic viscosity. The movement
of each species is governed by ci +V -J¢ = 0 where the current density J is given
by _ _ o

J'=—v;2;c!'Vo — d; Vet + cu
where v; is the mobility times the Faraday constant and d; the diffusivity of

species 7. We have now introduced all the necessary variables and parameters.
Taking into account that V - u = 0 one has:

V)= -2,V ¢ — vizict Ap — d; Act + Ve
This gives the system
pur — pAu + Vp — p°V¢ = 0,

V.u=0,

i A — U2 A — vV L= | =

¢ = i vz AG — vz Ve +uVe =0, i=1m gy
_EA(b_pe:O,

P — Zzici =0.

The net neutrality assumption corresponds to the cases where p¢ = 0. In these
situations the system reduces to:
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pur — pAu + Vp =0,

V.-u=0,

¢ — d; At — vizic' A — 1,2,V 'V o+ uVe' =0, i=1,....,m (
- A¢p =0,

— Z zici =0.
One difficulty in solving (12.15) is that the electroneutrality constraint (the last

equation) is not respected. Usually one of the species is deduced from the con-
straint but this usually introduces a deviation in the solution over time:

12.15)

-1

1% :
M= it 12.16
c Zmz,zc ( )

=1

Also, in this case the physical characteristics of C™ are not taken into account
during integration. Hence, it is interesting to include the electroneutrality con-
straint explicitly in the numerical model and use involutive completion to solve
the constrained partial differential system (PDAE) [15].

These systems must be solved with the reduced order wall boundary condition
(12.1) for the flow. For the electric potential we apply a Dirichlet boundary
condition at the inlet and the outlet boundaries where a difference of potential is
applied with homogeneous Neuman boundary condition along the walls. Together
with the boundary condition for v along the wall, this condition enforces the non-
penetration boundary condition for the velocity. The boundary conditions for the
concentrations is Dirichlet at the inlet boundary, and homogeneous Neumann
along the walls and at the outlet.

12.7.1  Coupling algorithm

We need to solve the above coupled systems cyclically. At the same time, we
would like the order in the cycle not to influence the overall solution. We use
the following explicit fixed point iterations. If the intermediate fixed point con-
verges, it is fully implicit but only based on explicit iterations. Stability concerns
are therefore removed and one can fix a priori time steps corresponding to the
physical situation we would like to capture. However, a stability condition exists
for the artificial fixed point iterations. For sake of simplicity, consider a Cauchy
problem

y'(t) = f(y(t)),y(0) = yo,

with an explicit Euler scheme (yn+1 — yn)/hn = f(tn,Yn), one needs a stability
condition of the form h,, < H(yn, f(yn)). To overcome this difficulty we use the
following algorithm:

Yo :=y(0)
for n=0...N do
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20 1= Yp; m = —1
repeat
m:=m-++1
(Zm+1 = 2m)/dm + (Zm+1 — Yn)/h = f(tnt1, 2m)
until |zm+1 — 2m| < tol
Yn+1 = Zm+1
endfor
Here we have a stability condition of the form d,,, < G (2, f(yn)) but there is no
(explicit) stability condition on h. Obviously, the accuracy in ¢ can be improved
using higher order schemes and faster convergence in m can be achieved using
convergence acceleration techniques.
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TOPOLOGICAL OPTIMIZATION FOR FLUIDS

13.1 Introduction

The concept of topological optimization was discovered in connection with the
design of the most robust shape with an elastic material of given volume:

ou
J = pAu—AV(V-u) =0, =0, —|p, = 13.1
e J) = pAu = AV(V ) ulr, 5,0 =9 (13.1)
where v is the co-normal: % = uVu-n+AnV-u. Here u is the displacement; the
shape is clamped on I'; and subject to a load g on I';,. Unconstrained boundaries
correspond to points where g is zero.

The problem could be solved with J = fr g - u, the compliance, or equiva-
lently the energy of the system. Let ug be the solution of the elasticity equations
for a shape €.

It has been shown [10, 7] that sequences of shape Q™ yielding

J(ugn) —  sup  J(ugq)
{o:]0l=1}

do not converge to a set: an increasing number of tinier holes in the material
always improves the design. Furthermore there is a limit but in a larger class
namely, for some A:

{Jw) : =V -(AVu) =0, ul|p, =0, n-AVu

max r, = g}(13.2
{A:f(A,p,2)=1} } ( )
where x — A(z) € R?*? is the elasticity constituent matrix of a non-isotropic
material which is, in general, the limit of a composite material as the laminated
structure becomes finer.

A number of studies [1] have been devoted to the regularization of (13.1) such
that the solution exists. In 2D, for instance, working with J(u) + €[0Q? - i.e.
a penalization of the perimeter of the boundary — insures the existence of a so-
lution u¢ and convergence of u® to u solution of (13.2) when ¢ — 0. Numerical
methods to compute these regularized solutions can be found in [1,9,4,5].

Later, in a seminal paper, Sokolowski et al. [13] (but it seems that Schumacher
[12] was earlier) studied the convergence of the solution u¢ of

u—Au = f, in Q\B(z°), uloqg =0, %L‘)BF(EO) = 0. (13.3)
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When € — 0 the solution converges to
u—Au=f, inQ, u|lspg =0. (13.4)

However (u€ — u)/e has no limit! Surprisingly (u —u)log e has a limit u/. which
Sokolowski and Zuchowski [13] proposed to call the topological derivative of u
with respect to a domain variation about z'. The limit is not the same if the
circular hole is replaced by an elliptical hole. Anyway it opens the possibility
of a quasi-gradient shape optimization method where the removal or addition
of circular holes would be based on the sign of u/., especially after Nazarov et
al. [11] obtained the variation of a functional J(u) due to the perforation of the
domain at z°.

The same idea can be applied to problems with Dirichlet conditions on the hole;
then shape optimization with Dirichlet condition on the boundaries could be
solved with the help of such topological derivatives. Since most fluid flows have
Dirichlet conditions we will restrict this chapter to these boundary conditions.

13.2 Dirichlet conditions on a shrinking hole

Let us compare the solution u of the Dirichlet problem in 2
—Au=f, ulpo=y (13.5)

and compare it with u¢ solution of the same problem in Q\B(z, ¢). By a trans-
lation we can reduce the analysis to the case f = 0.

Locally around z° it is reasonable to consider that u ~ ag + @ - &, so that for
€ < 1, we can compare the two problems (d = 2, 3):

—Au=0, in R? Uloo R ag+a- T
—Au =0, in RA\B(z°,¢) u|oo ~ap+a-7, ulpB(z0,c) =0 (13.6)

13.2.1  An example in dimension 2

Consider a Dirichlet problem for the Laplace operator in a disk of radius L. In
polar coordinates it is: r € (0,L), 6 € (0,2n)

10w 10 [ Ou .
2902 + o (TE> =0, u(L,0)=ao+aiLlcosd+ asLsinf (13.7)

It is easy to see that u = ag + a1 + asy.

The same Dirichlet problem in the same disk but with a round hole {|z| < €} is:
€ (0,L), 6 € (0,2m)

1 9%u 12(8u

56 + mow TE) =0, u(L,0)=ao+ aiLcost + baLsind,



Solution by penalty 265

u(e, ) = 0. (13.8)

When a; = ap = 0 then u = ag(log£)/(log£). When a9 = az = 0, then
u = v(r)a; L cos § where

—v+r(r) =0, v(e) =0, v(L) =1,

SO U = L72a1 cos 9(%) Similarly for as, so finally

].Og r L2 ) 7"2 _ e2
u5:a0 Z +T(@1COS€+G281H0> (m)

Notice that

ap 1
€ o log — [
b log e OgL+O(€)+O< loge)
Therefore
. ut —u L

so u has a topological derivative at 0, it is ag log% which, by the way, is —oo at
r = 0. A Maple graphic of the solution is shown in Fig. 13.1

Fic. 13.1. Left: solution with a hole in the domain and comparison with the
solution without (the flat surface). Right: solution by penalty with p = 1000
in the vicinity of 7 = 0. In both cases the part z < 0 is removed for clarity.

13.3 Solution by penalty

Let I' denote the boundary of Q, 2% a point in € and let us approximate
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—Au=f, in AN\B(% e ulr=g, ulpB(a0,e) = 0, (13.10)
by
Pliz—zoj<ct — Au= f, in Q ulpr =g, (13.11)

where p is a positive constant destined to tend to 4+oco. In variational form one
searches for u € H'(Q2) with u = g on I" and

p/ uw + Vu-Vw:/ fw, Yw € w € H(Q). (13.12)
B(x0,¢) Q Q

Proposition 13.1

1 1
[ulp2(B0,) < %C(Ifliam) +1915,4 0!
where C' is a constant independent of € and p. Therefore u|pzo.ey — 0 when
p — o0 and so u converges to the solution of (13.11).

Proof There exists g € H!(Q) with support outside B(x°,¢€) such that § = g on
I'. Working with v = u — g brings us to the case g = 0. The proposition is proved
by choosing w = u in (13.12).

Proposition 13.2 Let u, be the solution of (18.12) and u the solution of (13.5).
The derivative v = €2 lim._,(u, — u) satisfies

/ VoVuw = —pi,(z°)w(z?), Yw e H(Q)
Q

if the principal value

1
_ oy _ 1
p(x”) = gl_r%g |x|<6up(x)dx

exists.

Proof By subtraction of (13.12) from (13.5) in variational form

/ V(up —u)Vw = fp/ UpW.
Q B(z9,¢)

When the data are smooth there is enough regularity to approximate the integral
on the right-hand side by —pu(z?)w(2°)me2.

Much is hidden in the hypothesis: when there is enough regularity. Rather
than a mathematical investigation of the limit process we will construct an an-
alytical solution of the problem in the next paragraph. Proposition 13.2 does
not contradict (13.9). It means that p should be function of € to be consistent.
Even though Proposition 13.2 and (13.9) differ, they are of the same nature.
Numerically the two derivatives induce the same descent direction.

Even with mesh adaptation it is very difficult to capture the singularity cre-
ated by the penalty term, as shown in Fig. 13.2; to know if there is a singularity
at £° we have to proceed analytically.
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—

IsoValue

0.0478482
0.0966765
0.145505
0.194333
0.243161
0.29199
0.340818
0.389646
0.438475
0.487303
M 0.536131
Il 0.584959
M 0.633788
M 0.682616
M 0.731444
M 0.780273
M 0.829101
M 0.877929
M 0.926758
M 0.975586

F1a. 13.2. Solution of (13.12) by the finite element method of degree 2 in the
unit square when the hole is at (0.25,0.5), ¢ = 102 and p = 10*

13.3.1 A semi-analytical example

Let us again consider the case of the disk Q = B(0, L) = {|z| < L} with enforce-
ment of the Dirichlet condition on the hole B(0, €) by penalty, namely solve for
all r < L and 6 € (0, 2m):

10w 10 [ Ou

u(L,0) = ag + a1 Lcosh + bo L sin 0,

where Ip is the characteristic function of the set D; recall that p is a constant
destined to be large so as to impose u(r, ) = 0 for all r < e.
As before, the solution of this system is obtained in three steps. First with
a; = 0;0, u solves
10, Ou
—plr<c -—((r—=—) =0, L,0)=1. 13.14
phccut ~= (1St u(L,9) (13.14)
The solution is proportional to the Bessel function of the second kind u =
aKy(ry/p) in the hole and 1+ Blog(r/L) when r > e. To match the two we
need
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1+ Blog (%) = aK(ey/D), g = a/pK{(ey/D).

Hence
-
u = cl<cKo(rv/p) + Irse (1 + clog ze\/f)K{)(e\/ﬁ))

where ¢ = Ko(e\/p) — €y/plog 5+ Ky(ey/p). When € — 0, u — 1 except at 7 = 0.

Similarly when a; = d;1 (resp. a; = d;2) then v = v(r)L cos@ (resp v(r)L sin0)
with v solution of

—plr<cu — % + 19 (r@) =0, u(L,0) =1. (13.15)

The solution in the hole involves Bessel functions of the second kind Ki: v =
aK1(r\/p). Outside the hole u = £ + B(1 — £). Matching u and u’ at r = € gives

€ L L
ai(e/P) =7 +5(1-F) . avBKieR) =  + 0%

One can conclude that when € — 0 and p is fixed, the solution of (13.13) is not
smooth but tends to ag + a1z + azy uniformly in Q\B(0, p). The behavior of u
when € — 0 and p — oo simultaneously is another story.

13.4 Topological derivatives for fluids

After Hassine et al. [8], S. Amstutz [2] established the following result for the
solution of the Navier-Stokes equations ug in a domain 2:

—vAu+u-Vu+Vp=0, V-u=0, u|pq = ur. (13.16)

Theorem 13.3 Assuming that ur = 0 on 9B(2°, €), the functional u — J(u) €
R has the following expansions

T(ugn pao.0) = J(ug) +dmv (log %) ) (%) o <(log %) _1> in 2D

J(ugnBa0,0)) = J(uq) + 6mveu(z®) - v(z°) +o(e)  in 3D  (13.17)
where v is the adjoint state, solution of

—vAv —u- (Vo +Vol) +Vg=—-J,(u), V-v=0, v|go=0. (13.18)

13.4.1  Application

Shape optimization problems with criteria J(€2) for which (13.17) is available
are solved by the following fixed point algorithm:
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(a) (b)
(c) : (d) :

F1a. 13.3. Topological gradient for finding the best pipe with Stokes flow, four
iterations of the algorithm. (Courtesy of Hassine-Masmoudi, with permission)

Topological gradient based algorithm

1. Choose a shape Q°
2. Loop until no change
3. Compute the flow ug and the adjoint v
4. To define Q" +!
e at all points 2° where u(2°) - v(2°) > 0 remove a small disk from the
domain Q"
e at all points where u(z?) - v(2°) < 0 add to Q™ a small disk around

20.
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5. End loop

The convergence of this algorithm is not known. In practice it may be necessary
to moderate the changes in domain shape and take into account the connection
between changes.

With a method based on the topological gradient with penalty, Hassine et
al. [8] found the best pipe to transport a creeping flow (Stokes equations) given
the input and output boundary. At a given flow rate one must maximize the flux
through the inflow boundary. The computational domain is a square. Results are
shown in Fig. 13.3 The solution was already known, in a way, because Borrvall et
al. [3] studied the 3D flow in a thin channel and by assuming a parabolic profile
in z, reduced the problem to a 2D flow with a varying coefficient h(x,y) in the
PDE, the thickness of the channel. The equations are similar to a Stokes flow
with a penalty term in h=1(z, ), indicating that the parallel walls of the channel
could collapse and block the flow.

13.5 Perspective

Topological optimization based on perforations of the domain is mathematically
very interesting but numerically difficult, a situation reflected by the fact that
no convergence proofs are known for {J(Q™),Q"} above. On the other hand,
the penalty approach allows for more general algorithms with non-constant p(z)
with the convention that above a threshold pj; it is a hole, below p,, it is 2 and
in between it is a porous mterial. Then a standard gradient algorithm can be
applied to find the optimal p(-) which minimizes J.

Several studies show that the level set method is a good compromise between
topology optimization and boundary optimization. It was notice by Allaire et
al. (see de Gournay [6]) that the level set method can remove holes but cannot
create new ones, so the trick is to take an initial shape which has many holes.
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CONCLUSIONS AND PROSPECTIVES

Can we say something about the future ? Throughtout this book we have tried
to describe our experience of different aspects of shape optimization for various
applications involving CFD. In particular, we insisted on choices where we had
to compromise between complexity and accuracy for the optimization platform.

Optimal shape design is not only a field of control and optimization, it also
poses complex implementation problems to which the practical aspects require
great attention. The capture of these aspects implies having good numerical
talents, therefore calling for multi-skilled teams. In addition, very large computer
CAD and simulation codes require rigor and efficiency for the platform to be
efficient.

We think that these problems are more in the range of applications of gradient-
based methods rather than genetic algorithms. Practical problems have a large
number of degrees of freedom, and most cost functions seem to be smooth and
differentiable with respect to the unknowns, so the only problem remaining is
that there are many local minima; a global search strategy would be welcome but
perhaps not at the cost of removing the speed-up that differential optimization
methods give.

Topological optimization is also not necessary for flow problems. There does
not seem to be radical changes of configurations which could not be foreseen at
the parametrization stage.

As to the practical aspects for shape design problems, the treatment of the
state equations in the vicinity of the shape is very important. We think that wall
functions are essential for this purpose for turbulent flows, and not only for flows,
but for any situation where multiple scales and anisotropy might be present for
the state variables.

In all cases, it will be more and more necessary to consider multi physics
applications with CFD being only a small part of the global problem. Adaptive
coupling algorithms are therefore needed, such as those presented here, allowing
the minimization algorithms, as a part of a simulation platform, to treat very
complex state equations. But these may lead to much complexity; the optimiza-
tion algorithm may turn out to be insufficiently robust.

From the minimization point of view, we think that future challenges will be
more in the area of multi-point, multi-model, and multi-criteria optimization.
Game theory and the definition of collaborative strategies in design can be a
remedy for incompatible requirements during design.

Unstructured mesh adaptation will be increasingly necessary in industry, as it
gives real freedom for complex geometries. But other methods like the fictitious
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domain method, level sets and non-conforming grids will compete in the future.

Despite all the progress of automatic differentiation of computer programs,
sensitivity analysis and computation of derivatives will remain a major difficulty
in OSD. Black-box simulation software will give a good future to finite differ-
ences unless the vendors include AD in their products. As models become more
and more complex, people will develop their own computer programs less and
less and this will reduce the applicability of traditional approaches with adjoint
equations and state linearization, both requiring the source code. But perhaps
some commercial software will use operator overloading, and encapsulation of
automatic differentiation in direct modes will be easy to add. The reverse mode
of AD, however, probably will be for the specialist as the complexity of reduced
storage is not easy to design.

In the context of the above statements and except for genetic algorithms
where hybrid methods are desired, we think that progress in OSD will be more
on efficient and robust strategies in design for multi-disciplinary, multi-point
and multi-criteria applications and not so much on innovative algorithms. This
is due to the maturity of scientific computing and to the fact that scientists and
engineers will consider sensitivity analysis and system optimization on a par with
numerical simulation.
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